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Preface

In this book, my aim is to provide the reader with a foundation in general
topology that will adequately prepare him for further work in a broad
variety of mathematical disciplines. The arrangement of the material is
such that the book can also serve as a reference for the more advanced
mathematician.

The reader is assumed to have a background of at least one semester
of rigorous analysis; for such persons, the treatment herein is self-
contained and the material can easily be covered in a two-semester
course.

Chapters I-II provide a short introduction to the axiomatic founda-
tions of set theory. Chapters III-VI are devoted to general topological
structures; the emphasis is on the mapping, and an extended treatment
of identifications is given. Separation axioms are introduced in Chapter
VII; after that, with only very few and explicitly noted exceptions, all
spaces in the book are assumed to be Hausdorfl. By imposing in-
creasingly more severe conditions on the topology, the development
proceeds down the hierarchy of topological spaces to the metric spaces;
then convergence, compactness, function spaces, and completeness are
taken up. The use of homotopy methods in general topology is started
in Chapter XV. In the usual manner, these methods lead to “elementary”
proofs of the classical results in Euclidean zn-space, such as Brouwer’s
fixed-point and domain-invariance theorems; a proof of the complete
Jordan curve theorem is also given. After discussing the homotopy
classification of spaces and some of its features, the entry of algebra into
topology (via the fundamental and higher homotopy groups) is presented
in Chapter XIX; this chapter is part of some work that was done jointly
with W. Hurewicz. The last chapter is devoted to the covering homotopy
theorem in fiber spaces and illustrates an interplay between many of the

vii



viii Preface

concepts discussed in the book. Two appendices, one on linear topo-
logical spaces and the other on limit spaces, are included.

Nearly every definition is followed by examples illustrating the use of
the abstract concept in some fairly concrete situations. This device
makes the book suitable for self-study. It also enables the instructor who
uses the book as a text to proceed rapidly to those parts of the subject
that he deems of greater importance.

Remarks, in small type, call attention either to further developments,
or to direct applications in other branches of mathematics.

The problems, which are given at the end of each chapter, can all be
solved by the methods developed in the book. Moreover, no proof in
the text relies on the solution of any problem. Some of the problems are
routine. Others are important theorems that complement the material
in the text; these are accompanied by hints for their solution.

The notation of symbolic logic used throughout the book 1s given
immediately after the table of contents.

I wish to thank E. A. Michael and Ky Fan, who read the original
manuscript, for their valuable suggestions; and H.-J. Groh and P. A.
White, for their help with the proofreading. I am particularly indebted
to H. Salzmann for his constant willingness to discuss points of detail
and content: his imaginative and penetrating criticisms and suggestions
have led to many improvements.

I also wish to thank Mrs. L. Syfritt, for her tidy and meticulous typing
work; and the members of Allyn and Bacon who were involved with this
book, for their patience and cooperation. Finally, T gratefully acknowl-
edge the support given me by the National Science Foundation during
the period that this book was being written.

James Dugundji “
The University of Southern California
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Basic Notation

Throughout this book, the notation of symbolic logic will be used to
shorten statements. If p and ¢ are propositions, then:

pV q (read: p or q) denotes the disjunction of p and ¢. The assertion
“p V q” is true whenever at least one of p, ¢ is true.

p A g (read: p and ¢) denotes the conjunction of p and ¢. The assertion
“p A ¢ is true only in case both p and g are true.

— ¢ (read: not ¢) denotes the negation of ¢. The assertion “— ¢” is true

only if ¢ is false.

p = q isread: p implies ¢. By definition, “p = ¢” denotes “(—= p) v ¢”. In
particular, the statement “p = ¢” is true if and only if the statement
“(= q) = (= p)” is true.

p<q isread: p is logically equivalent to g. By definition, “p <> ¢” denotes
“(p=9 A (g=p).

An expression p(x) that becomes a proposition whenever values from
a specified domain of discourse are substituted for x is called a prop-
ositional function or, equivalently, a condition on x; and p is called a
property, or predicate. The assertion “y has property p” means that
“p(y)” is true. Thus, if p(x) is the propositional function “x is an
integer,” then p denotes the property “is an integer,” and “p(2)” is true
whereas “p(1/2)” is false.

The quantifier “there exists” i1s denoted by 3, and the quantifier “for
each” is denoted by V. The assertion “Vx 3y V z: p(x, y, 2)” reads
“For each x there exists a y such that for each 2, p(x, y, 2) is true”; its
negation is obtained mechanically by changing the sense of each quanti-
fier (preserving the given order of the variables!) and negating the
proposition: thus, “Ix Vy 3 2: — p(x, v, 2)".

XV1



Elementary Set Theory
I

In this chapter, we shall first discuss a part of set theory informally and
then give an axiomatization adequate to support both this and the
subsequent development.

I. Sets

Intuitively, we think of a set as something made up by all the objects
that satisfy some given condition, such as the set of prime numbers, the
set of points on a line, or the set of objects named in a given list. The
objects making up the set are called the elements, or members, of the
set and may themselves be sets, as in the set of all lines in the plane.

Rigorously, the word set is an undefined term in mathematics, so
that definite axioms are required to govern the use of this term; one
such system is given in 8. Although we shall deal with sets on an
intuitive basis until then, whenever we apply the label sef to something,
we shall later prove this usage to have been formaily justified.

The membership relation is denoted by € and sets are generally
indicated by capital letters: “a € A” is read “a belongs to (is a member,
element, point of) the set A”; —(a € A) is written a € 4. The notation
a = b will mean that the objects a and b are the same, and a # b denotes
—(a = b). If 4, B are sets, then “4 = B” will indicate that 4 and B

1



2 Chap. 1 Elementary Set Theory

have the same elements; that is, V x: (v € 4) < (x € B); —(4 = B) is
written 4 # B.

A C B(or B D A), read “Ais a subset of (is contained in) B,” signifies
that each element of 4 is an element of B, thatis, V x: (x € 4) = (x € B);
equality is not excluded—we call A4 a proper subset of B whenever
(4 C B) A (4 # B). The following statements are evident :

1.1 4 C A for each set 4.
12 If A CBand B C C, then A C C (that is, “C” is transitive).
13 4= Bifandonlyif both 4 C Band B C 4.

Of these, 1.3 is very important: the equality of two sets is usually proved
by showing each of the two inclusions valid.

The axioms of set theory allow only two methods for forming subsets
of a given set. One of these is by appeal to the axiom of choice, and will
be discussed later. The other is by use of the following principle: If 4
is a set and p is a property that each element of A4 either has or does not
have, then all the x € 4 having the property p form a set. 'This sub-
set of 4 is denoted by {x € 4| p(x)}; it is uniquely determined by
the property p. Clearly, {xe 4 | p(x)} C {xc A | q(x)} if and only if
Vxed: p(x) = ¢g(x); thus two properties determine the same subset
of A whenever each object in 4 having one of them also has the other.

Ex. 1 If 4 is the real line, the closed unit intervalis {x€ 4| 0 < x < 1}.
Ex. 2 If A is the real line, {xe A | x® = 1} = {x€ 4 | x* = 1} even though
the defining properties are different. Note that if 4 were the set of complex

numbers, these two properties would not determine the same subset.
Ex.3 Foreachset 4, {xed|x=x} ={xecd|xcd} = A4

For each set 4, the null subset @, C Ais{x € A | x # x}; it has no
members, since each x € A satisfies x = «x.

1.4 All null subsets are equal. Thus there is one and only one null
set, o, and it is contained in every set: @ C A4 for every set 4.

Proof: Let A, B be any two sets. If @, C @, were false, there
would be at least one element a in @ 4 notin & z; in particular, we would
then have an a € 4 such that a # a, and this is impossible. In the same
way, @y C @ ,; therefore, by 1.3, @, = @ and all null sets are equal.

If A4 has only the finitely many members a4, - - -, a,, we say that A isa
finite set and write 4 = {ay,---, a,}. Observe that for any set 4 (4
may even be the null set), {4} is a set containing exactly one element,
and 4 e {4}.



Sec. 2 Boolean Algebra 3

Because of their frequent occurrence, the following special symbols
will be used for certain sets:

Z = set of all positive and negative integers, and zero.

Zt={neZ|n> 0}

N={neZ|n > 0}

Q = set of all rational numbers, and Q* = {g€ Q| ¢ > O}

E' = Euclidean line. The closed interval {xe E'|a < x < b} is
written [a, 8]; the open interval {x€ E'|a < x < b} = ]a, 0],
and ]a, 8] ([a, 8]) 1s the left (right) half-open interval. The unit
interval [0, 1] is denoted simply by I.

E™ = Euclidean n-space. We shall use vector notation: If

= (x;, -, x)€b®andy = (yq, -, yn) € E",
then x +y = (%, + yy,--+, %, + ¥,), and for any real A,
Ax = (Axg, - -+, Ax,). We write |x| = A/fo, so that the distance
1

between x and y is |x — y|. The unit n-cube I™ is the subset
{(xg, - 2)eE* |0 x, < Li=1,-..,m.

S™ = the unit n-sphere in E"*! = {xc E"*' | |x| = 1}. Thus S* is
the circumference of the unit circle in E?; observe that S° =
{xeB'|x = +1}.

V* = the unit #-ball in E™ = {x € E™ | |x| < 1}; its boundary is S*~1,

2. Boolean Algebra

The elementary set-theoretic operations are defined in this section, and
a list of standard formulas, which are convenient in symbolic work, will
be indicated.

2.1 Definition Let I" be a given set, and A, B two subsets. The
union, A U B, of A and B is {x €[ | x belongs to at least one of
A, B}. The intersection, A N B, of A and B is {x €T | x belongs
to both 4 and B}.

Ex.1 LetA=1[0,1] C E'and B =11,2];then4 v B = [0,2]and A n B =
Z. Note that it is precisely because of the null set that the intersection of two sets
s always a well-defined set.

Ex.2 Foreveryset A, AV g = AandAdn g = .

According to the definition, a necessary and sufficient condition for
two sets A, B to have elements in common is that AN B # @ if
AN B = g, the sets A and B are called disjoint. The following two
statements are immediate consequences of 2.1:



4 Chap. I Elementary Set Theory
22 Tor any two sets A, B, always ANB C A4AC AUB.

23 fAC Cand BC D,thenAUBC CUDandANBCCnD.

The formal properties of the operations U and N are given in

2.4 Theorem Each of the operations U and N is:

(1). Idempotent: VA: AU A=4=A4AnNnA.
(2). Associative: AU (BUL)=(AUByuUC and

ANnBNC)y=AnNB)NC.
(3). Commutative: AUB=BUAand ANB=BnNA.
Furthermore, N distributes over U and U distributes over N:

ANnBUC)=ANBuLANC),
AUuBnNC)y=(AuB)nAuC)

Proof: Verification of (1)—~(3) is trivial. To give an example of a set-
theoretic proof, we establish distributivity of N over U. Using 1.3, we
find that the proof decomposes into two parts:

(a). Left side C right side:
xeAN(BUC)=(x€Ad) A [(xeB) v (xe()]
=>{xeANB)v (ke ANC)
=xe(ANB)UAnC).

(b). Right side C left side: All implications in the above string are
reversible.

Because of associativity, we can designate 4 U (B U C) simply by
AU BU C. Similarly, a union (or intersection) of four sets, say
(AUuB)U(DUC), can be written AU B U CU D because, by
associativity, the distribution of parentheses is irrelevant, and by com-
mutativity, the order of the terms plays no role. By induction, the same
remarks apply to the union (or intersection) of any finite number of sets.

n
The union of n sets, 4y, --, 4,, is written | 4,, and their intersection
n 1
isN 4.
1

The relation between N, U, and C is given in

25 The statements (1) A C B, (2) A =4NB,and 3y B=A4AUB
are equivalent.



Sec. 2 Boolean Algebra 5
Proof: As an example in the use of 2.2-2.4, we prove only (1) < (2),
leaving the rest for the reader. If (1), then we have
A=ANACANBCA,
which proves (2). Conversely, if (2), then 4 = A N B C B, establishing
(1)-
2.6 Definition The difference 4 — B of two sets is {x € 4 | x € B}.

Ex.1 If4=1[0,1and B =1,2], then 4 — B = 4.
Ex.2 A— g =AandA—-B=A — (4N B).

The difference operation does not have formal properties so simple as
those of U and N: for example, since (AU A) — 4 # AU (4 — 4),
the location of parentheses in A U 4 — A is important. To construct a
suitable calculus involving the difference operation, we introduce the
complementation operation :

2.7 Definition If B C 4, the complement €,B of B with respect to
Ais 4 —- B.

Note that the complementation operation is defined enly when one set
is contained in the other, whereas the difference operation does not have
such a restriction. The relation between 2.6 and 2.7 is given in

2.8 For any two sets 4, B, if the complement is taken with respect to
any set E containing A U B, then 4 — B = AN %;B.

Proof: Since AU B C E, we have
A~ B={xeE|(xecd) A (xEB)}
={xeE|xcdln{xcE|xEB} = AN%EB.

The following properties of complementation are immediate:

29 If Eis any set containing 4 U B, then:
(). An%A= o, AVEA = E.
(2). Cu(€:4) = A.
3). %o =L CLE = &.
(4). A C B ifandonlyif ;B C % A.

We write € instead of ¥, whenever the set E has been specified and
is to be kept fixed. The basic relation between U, N, and % is

2.10 Theorem (De Morgan) If complements be taken with respect
to any set E containing 4 U B, then:
(1). ¢4 v B) = (¢4)n (¥B).
(2). ¥(ANB)=(%4)VV(¢B).
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Proof: We have
xeC(AUB)<>xEAVB«(x€EA) A (xEB)
< xe(¥A) N (¥B)

and this establishes (1). The proof of (2) is similar; it can, however, be
deduced from (1) by “complements”:

F|¢AVEB] = €A NEEB = AN B,
and apply 2.9(2).

2.1l Remark The formulas in 2.2-2.5 and 2.8-2.10 comprise a short list of
results useful for formal calculations with sets; the role of 2.8 is to change
differences to complements. As examples, we prove:

a. (4 - Byvw(B -4 = (4 v B)— (4nB). For taking complements
with respect to E = 4 v B, and using 2.4, 2.5, 2.9, 2.10, gives
4 - B u(B— 4
= (A NEB) V(B nNFA)
=(AVUBYN(AVEA) Nn(EBYB NEBUFA)
=AUVUBNEBNA =AY B) —(4AdnB).
F IfAvuX=FEand AnX = g, then X = €z4. For,
X=EnX=UAvE:ADNX=XnEC:4
=A@ANnCA) V(X nCpd) = (A v X)NCud

2.12 Remark A Boolean algebra B is a set together with two binary operations
+, -, and a unary operation ', satisfying the following axioms:

1. Each operation -+, - is commutative.
2. There exist elements 0, 1 witha + 0 = a, a-1 = a for every a € B.
3. The distributive laws
a-b+c)y=ab+a-c
a+ (b-cy=1(a+by(a+c
hold.

4. g0 =0anda + a’ = 1 foreachae B.

(It is not necessary to postulate associativity of the -+ and - operations;
this is a consequence of the axioms.) The collection of all subsets of a
fixed set E, with +, -, , 0, 1 interpreted as W, N, ¥z, @, F, respectively,
evidently forms a Boolean algebra. By observing that the systematic inter-
change of + with - and 0 with 1 in the axioms simply gives the same set of
axioms, we obtain the duality principle: For each formula true in a Boolean
algebra, there is a true “dual” formula obtained by replacing each occurrence
of +, -, 0, 1 with -, +, 1, 0, respectively. This is the “method of
complements”; observe that each one of De Morgan’s rules follows from
the other by duality.

The theory of Boolean algebras is equivalent to that of commutative
rings with unit, in which each element is idempotent, a-a = a, (that is,
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Boolean rings). Indeed, given a Boolean algebra B, define operations @, O
by a@®b=(a-b) + (@ab,aOb=ablcf 2.11(a)]; with @, O,Bisa
Boolean ring, #(B). Conversely, from a Boolean ring R, one obtains a
Boolean algebra b(R) by using the operations a + b =a @b — (@ O b),
a-b = a O bin R. These transformations are inverses in that b[»(B)] = B
and 7[H(R)] = R.

3. Cartesian Product

The cartesian product is one of the most important constructions of set
theory: it enables us to express many concepts in terms of sets.

With each two objects g, b, there corresponds a new object (a, b),
called their ordered pair. Ordered pairs are subject to the one condition:
(a, b) = (¢, d) if and only if @ = ¢ and b = d; in particular, (a,d) =
(b, ) if and only if @ = . The first (second) element of an ordered
pair is called its first (second) coordinate.

3.1 Remark The concept of an ordered pair can be expressed in terms of sets by
defining (a, b) = {{a}, {a, b}}; the reader can easily show that {{a}, {a, b}} =
{{c}, {¢c, d}} if and only if a = ¢ and b = d. For the sequel, we need only
know that ordered pairs are uniquely determined by their first and second
coordinates; the means for accomplishing this are immaterial.

3.2 Definition Let A, B be two sets, distinct or not. Their cartesian
product, 4 x B, is the set of all ordered couples {(a, b) |a€ 4, be B}.

Ex.1 Let 4 =B = Z; then 4 x B can be represented as the set of lattice
points in EZ?,

Ex.2 Let A =B = E'; then A x B, being the set of all ordered couples of
reals, can be represented as the points in E?,

Ex. 3 Let A =S B=1[0,1]. 4 x B can be regarded as those points of
E? lying on a cylinder of altitude 1. Similarly, S' x S* is represented as the
points on a torus.

‘We have the basic
33 AxB=g<x[4d=g]lVvI[B= g]

Proof: If A x B # @, we can display some (g, b)) € A x B; then
ac A, be B shows 4 # @ and B # . Conversely, if 4 # @ and
B # 7, we can display some a € 4, b € B; by displaying (a, b), we show
A x B# g.

In similar fashion, the reader can show

34 If C x D # w,then C x D C A x B if and only if
[C C 4] A [D C Bl
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It follows at once from this and 1.3 that for nonempty sets 4, B,
A x B =B x Aif and only if 4 = B; the operation 4 x B is there-
fore not commutative.

The relation of x to U and N is summarized in the following trivial

3.5 Theorem x distributes over U, N, and —:

Ax(BuClC)y=4xBudxC,
Ax(BNC)y=4xBnAxC,
Ax(B-C)=4xB-A4xC.

The cartesian product of three sets A, B, Cisdefinedby 4 x B x C =
(4 x B) x C, and that of n sets by induction: 4; x --- x 4, =
4y x --- x 4, 1) x A,; an element of 4; x ... x A, is written
(@, - -+, ay), and a; is called its ith coordinate. One should note that the
operation “x” is not associative: (4 x B) x C # A x (B x () in
general.

4. Families of Sets

If to each element o of some set .&/ # @ there corresponds a set A,
then the collection of sets {4, | « € .o/} is called a family of sets, and &
is called an indexing set for the family. It is not required that sets with
distinct indices be different. Observe that any set & of sets can be con-
verted to a family of sets by “self-indexing”: one uses the set # itself as
indexing set and assigns to each member of the set # the set it represents.
In this section we extend the notions of union and intersection to
families of sets; it should be noted that this is not done by any limiting
process, but rather by independent definitions that reduce to the previous
ones whenever the family is finite.

4.1 Definition Let I' be a given set, and {4, | « € &/} a family of sub-
sets of I'. The union {J A4, of this family is the set
24
' {fxel'|JaeA:xe A,

and the intersection () 4, is the set
{xel'|Vae L xe 4,}.
We frequently denote { ) 4, by | 4, and by U{4, | « € 2/}; similarly
3 [4=X-4
for M A,
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Ex.1 Foranyset X, X = U {{x} | xe X}.
Ex. 2 1In the case of infinite intersections and unions, some nonintuitive situa-
tions can arise:

a. Letdy={neZ|nzkhk=12 -.-. Notethat 4; D 43 D +-- is
a descending sequence of nonempty sets, each containing its successor;
vet (| dn = @.

n

b. For eachne Z*,let 4, =[0,1 — 2-"] and B, = [0,1 — 3~"]. Note
that each A4, is a proper subset of B,, and that no 4, equals any By.
However, J 4, = U B, = [0, 1[.

n n

From the definitions, it is evident that the union and intersection of
a family of sets does not depend on how the family is indexed: This is
expressed by saying |_J, (N are unrestrictedly commutative. Similarly,
o o
if the indexing set itself is expressed as a union, & = | ., it is
Ae &

immediate that (J{4, | ce o/} = (J [U{4,|acec2/,}] and
Ae¥

M4, | e} = )\C)g [N{4, ] «e )],

which expresses that (), (0 are unrestrictedly associative.
o o

For these extended notions,
4.2 Theorem (1). |J distributes over N and [N distributes over U:
[U{de | e e JN [U{B; | B e Z}]
= Ulda N By | (e, ) e % 5.

[N{4e | e}V [N{B, | B e H]
= M{4, U By | (e f) € o x B}

(2). If complements be taken with respect to I', then
€U 4) = N €4, and €(N) 4,) = U €4,
(3). U and (N distribute over the cartesian product:
Ul | ec o} x ULBs | Be 2}
= U4, x Bg| (e, B) e A x B}

N4y | eed} x ({By | Be B}
= M{4, x Bs| (e, B) e x B}

The proofs are all trivial and are therefore omitted.

The general distributive law of (M) over () is more delicate, and will be

o B
considered in 9.7 and 9.8.
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So far, we have assumed that ./ # @ ; there are formal advantages in
allowing the indexing set to be the null set. If &/ = g, the definition in
4.1 gives that | J {4, | c € &/} = @, since no x € [ satisfies the condition

o

Joe: xe A,; similarly, we find that N {4, | e € &/} = T, where T
o

is the specified domain of discourse. In the future, we will call a family
{A, | « € o} nonempty whenever we wish to emphasize that the indexing
set &/ # o; this, of course, does not exclude the possibility that some
4, = &.

5. Power Set

5.1 Definition Let A be any set. Its power set Z(A4) is the set of all
subsets of 4.

Ex. 1 TFor any set A, @ € #(A4) and 4 € P(4).
Ex. 2 B C 4 is equivalent to B € #(4); a € 4 equivalent to {a} € #(4).

Its relation to the set operations is

5.2 Theorem ﬂ and Z commute: ﬂ P(4,) = 9’((\ 4,). Though
U and & do not commute, U QZ(AQ) C g’(U A,).

o

The simple proof of the first part is left for the reader. To see that
(U and & do not generally commute, let 4, = {1}, 4, = {2}; then

U Z(4,) has three elements, whereas Z(| 4,,) has four.

6. Functions, or Maps

The notion of a map (or function) is basic in all mathematics; it is here
defined in terms of the primitive concept “set” by identifying functions
with their graphs.

A map of a set X into a set YV is determined by sending each x € X
to some y € Y; since to say “x is sent to y” can be expressed simply by
“(x, ) is an ordered couple,” a map is determined by specifying what
the ordered couples are, that is, by specifying a subset of X x Y.

6.1 Definition TLet X and Y betwo sets. A map f: X — Y (or function
with domain X and range Y) is a subset f C X x Y with the
property: for each x € X, there is one, and only one, y € Y satisfying

(x,y)ef.
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To denote (x, y) € f, we write y = f(x) and say that y is the value f
assumes (takes on) at x, or that y is the image of x under f, or that f
sends x to y.

Since maps are sets (of ordered couples), two maps f, g are equal if
and only if they have the same domain X and f(x) = g(x) for each
x e X. The usual way to define a map is to specify its domain X and
value at each x € X: if the value at x € X is r(x) € Y, the map

{(@ 7(%)) | xe X}

is written x — 7(x).

Ex.1 A mapf: X — Y sending all x e X to a single point, b€ Y, is called a
constant map. Note that a map need not send distinct points of X to distinct points
of Y, nor need it take on all values in its range.

Ex. 2 'The map x — x of X onto itself is called the identity map of X, and is
written 1: X — X, or 1x. If 4 C X, the map i: 4 — X given by a — a is called
the inclusion map of 4 into X. P

Ex. 3 Assume that at least one of X, Yis @, sothat X x Y = & by 3.3. If
X = @, there is exactly ome map @& — Y, since & = @ X Y is a subset as
required by 6.1 (the assertion that & is not a map is false). However, if X # & and
Y = @, then @ is not a map (there can be no y € @).

Ex. 4 For any sets X, Y, the map p;: X x ¥ — X determined by (x, ¥) — %
is called “projection onto the first coordinate”; py: X x Y — Y, where po(x, y) =y
is “projection onto the second coordinate.”

6.2 Definition Let f: X — Y. Then:

(1). For each 4 C X, f(A) = {f(x) | x€ A} C Y is called the
image of 4 in Y under f.
(2). For each B C Y, f~(B) = {x | f(x) € B} C X is called the

inverse image of B in X under f.

Ex.5 LetX=[-1,1], Y = [0, 2],and f: X — Y be x — x2. Then f[0, ] =
[0, 2] and f 70, 4] = [—%, 3].

Ex. 6 If X = &, the unique map & — Y has image .

Ex. 7 Let f: X — Y. If py, ps are the projections in Ex. 4, we have f(4) =
polf N (4 x Y)]and f~4(B) = plf N (X x B)].

Let f: X— Y be given. Then f induces a map (still denoted by f),
f1 PX)— P(Y) by A— f(4). The map f: X — Y also induces a map
[ P(Y) — P(X) by B—fY(B). Of these two induced maps, f~* is

the most important because of

6.3 Theorem Let f: X— Y. Then the induced f ~*: #(Y)—~ #(X)
preserves the elementary set operations. Precisely,

. FTHU B = U H(Ba):
@. FTHO B = 0 f 7H(B.):
B B~ B) = fTHB) — £ B,
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Proof: We establish only (2); the proofs of (1) and (3) are similar.
We have

xef "I(O B,) < f(x) € O B, < Va: f(x) € B,
o Va:xefYB,)
<X € Of ~1(B,).

In contrast to 6.3, the induced map f: #(X)— Z(Y) behaves less
satisfactorily. Though it preserves unions, it does not in general preserve
intersections:

Ex. 8 Let f: £* — E' be the constant map x — 1. Then, with 4 = [0, 1],
B = [2,3], we obtain @ = f(4 0 B) # f(4) nf(B) = {1}.

The reader can easily prove

6.4 If f: X — Y, then for the induced map f: #(X)—~ P(Y):
(). A 4 = U F(A).
(2)- ) 4o) € () /(Ao)-

For the combined action of f and f 1, it is simple to verify
Y t

65 Iff: XY, then:
(1). Foreach 4 C X, f~1[f(4)] > 4.

(2). Foreach 4 C X and B C Y, f[f~YB)Nn 4] = B N f(4);
in particular, f[f~}(B)] = B N f(X).

Given f: X— Y and g: Y — Z, their composition go f: X — Z is
defined as the map x — g(f(x)). We can clearly compose the induced
maps 71, g7 and we have

6.6 Theorem ILetf: X— Yandg:Y—Z. Then(gof) ' =f"tog™1

Proof:

xe(gef) 1 Cogof(¥) e Ceflx) eg(C)
sxef g O = xefrog7O),

Given an f: X — Y and a subset 4 C X, the map f considered only
on A is called the restriction of fto 4, is written f | 4, and can alternatively
be defined as f| 4 = f N (4 x Y). In the reverse direction, if 4 C X
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and g: A Y is a given map, a map G: X — Y coinciding with g on 4
(that is, satisfying G | 4 = g) is called an extension of g over X relative
to Y. The following result is very useful:

6.7 Theorem Let X be any set, and {4, | « € &/} any family of subsets
with {J 4, = X (a “covering” of X). For each « ./, let an

far Ay, — Y begiven, and assume thatf, | 4, N Ay = f; | A, N A,
for each (o, 8) e .o/ x /. Then there exists one, and only one,
f: X— Y which is an extension of each f, ; thatis, Ve e & : f[ 4, = f,.

Proof: For each x € X, define f(x) = f,(x), where « is any index for
which x € 4,; this definition is unique because, if also x € A4, the
hypothesis /. | 4, N Ay = fy | A N A, gives f(x) = £) = fy(#).
x — f(x) 1s therefore a map f: X — V; it is evidently an extension of
each f, over X; and it is unique because each x belongs to some 4,, so
any map that satisfies the requirements will have to assume the value
fa(x) at x (that is, the same value as f).

If {4, | «co/} is a covering of X, and if 4, N Ay = @ whenever
o # B, then the family {4, | « € &} is called a partition of X. We obtain
at once the

6.8 Corollary If {4,]|ae.s/}is a partition of X and if for each o € .o/
there is given an f,: 4, — Y, then there exists a unique f: X — ¥
which is an extension of each f,.

Proof: 'The requirement f, | A, N Az = fz| A, N Az of 6.7 is
evidently satisfied.

If f: X — Y takes on every value in its range, f is called surjective (or
a surjection; or “onto”). Observe that for surjective f, 6.5(2) takes the
simpler form: V B: B C Y = f[f"Y(B)] = B.

If f sends distinct elements of X to distinct elements of Y, f is called
injective (or an injection; or one-to-one). Evidently f is injective if and
only if [x # &'] = [f(x) # f(x)], or equivalently, [f(x) = f(x")] =
{x = &]. The restriction of an injection to any subset is also an injection.

If f is both injective and surjective, f is called bijective (or a bijection;
or a one-to-one onto map).

Ex. 9 The map F: 4 x B— B x A given by (a, b)— (b, a) is bijective. The
map p;: X x Y- X is surjective. The map f of Ex. 5 is neither surjective nor
injective; however, f| [0, 1] is injective.



14 Chap. 1 Elementary Set Theory

Clearly, f: X-— Y is bijective if and only if Vy € Y: f~1{y} is a single
point. Thus, with each bijection f: X-> Y, we have also a map
f 71 Y — X determined by y — f ~*({y}) [this differs from f ~*: (V) —
P(X), since the domains are not the same]; it is evident that f ~1: V- X
is also bijective and that (f~)~ = f.

The following proposition indicates a simple method for establishing
that a given map f(resp. g) is injective (resp. surjective).

69 Letf: X— Yandg: ¥V — X satisfy go f = 1;. Then f is injective
and g is surjective.

Proof: 'The map f is injective, since [f(x) = f(¥')] = ¥ = go f(x) =
gof(x')= x'. gis surjective, since for any x, € X, %y = g[f(%,)]

Ex. 10 As a trivial example illustrating the use of 6.9, we show that for any
map h: X — Y, the map f: X - X x Y defined by x — (x, 4(x)) is injective.
Let p;: X x Y — X be projection on the first coordinate; since it is immediate
that py o f: X — X is 1%, it follows from 6.9 that f is injective.

7. Binary Relations; Equivalence Relations

A binary relation R in a set 4 is, intuitively, a proposition such that for
each ordered couple (g, b) of elements of A, one can determine whether
a R b (“aisin relation R to b”) is or is not true. We state this formally in
terms of the set concept.

7.1 Definition A binary relation R in aset 4 isasubset R C 4 x 4.
(a, b) € R is written a R b.

Ex.1 For any set 4, the diagonald = {(a, @) | a€ A} C A x A is the relation
of equality. Note that in binary relations, each pair of elements need not be re-
lated: If @ # b, neither (a, b) nor (&, @) is in 4.

Ex.2 R = (4 x A) — 4 is the relation of inequality.

Ex. 3 'The relation < between real numbers is the set

{(%9) | = <y} C E* x E™.

Ex. 4 The relation of inclusion in #(4) is {(4, B) | 4 C B} C #(4) x P(A).

Ex.5 An evident generalization of 7.1 is to define any subset of X x Y to be
a binary relation between the elements of X and those of Y;thusamapf: X — Y
would be a special type of binary relation.

Let A be a set with a binary relation R. If B C A,then(3.4) 58 x B C
A x A, and therefore R N (B x B) is a binary relation on B [corre-
sponding to the statement “(xeB) A (ye€ B) A (x Ry)"]; we call
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R N (B x B) the relation induced by R in B. In particular, a binary
relation in A induces a definite binary relation in every subset of 4.

Equivalence relations are very frequently used in all mathematics;
they arise whenever one desires to regard all those members of a set
that have some preassigned characteristic as a single entity.

7.2 Definition A binary relation R in A is called an equivalence
relation if:

(1). YacA:aRa (reflexive).
(2). (aRb)=(bRa) (symmetric).
(3). (@aRb) A (bRc)= (aRc) (transitive).

If a R b, we say that a and b are equivalent.

Ex. 6 The relation of Ex. 1 is an equivalence relation.

Ex.7 In N, {(x,3) | x = ¥ mod 2} is an equivalence relation.

Ex. 8 In the set of vectors C E3, let a R b denote that a and b have the same
direction. Then R is an equivalence relation.

Ex. 9 Letf: X — Y be a map. The relation {(x, x) | f(x) = f(x’)} is an equi-
valence relation in X.

Ex. 10 Each of the following relations satisfy exactly two of the requirements
of 7.2. (a) In E?, the relation [0, 1] x [0, 1] is not reflexive. (b) The relation of
Ex. 3 is not symmetric. {c) In E?, the relation {(x, ¥) | |x — ¥} < 1}is not transitive.

Ex. 11 Any symmetric and transitive relation R that satisfies the condition
Ya3db:aRbis in fact an equivalence relation, as the reader will immediately
verify.

Let R be an equivalence relation in 4. For each a € 4, the subset
Ra = {be A | b R a} is called the equivalence class of a. The fundamental
theorem on equivalence relations is a consequence of

7.3 Lemma Let R be an equivalence relation in 4. Then:
(1). HRa|acd}= A
(2). IfaRb,then Ra = Rb.
(3). If m(aRb),thenRanRb = g.

Proof: Ad (1). Because R is reflexive, we have a € Ra, and therefore
U{Ra|ac A} = A.
Ad (2). Let x € R a; using transitivity of R gives

xeRawxRa=xRbsxcRb

showing Ra C R b. For the converse inclusion, observe that because R
is symmetric, we have b R a; consequently, x R b = x R a by transitivity,
proving that Rb C Ra.



16 Chap. I~ Elementary Set Theory

Ad (3). Assume Ran Rb # @. Choosing £ Ran Rb, we have
(éR a) A (&R b), so that symmetry and transitivity of R give a R b.

7.4 Theorem Let A have an equivalence relation R. Then the
collection of distinct equivalence classes partitions 4 into mutually
disjoint sets, called R-equivalence classes, such that any two
elements of A belong to a common R-equivalence class if, and
only if, they are equivalent.

Proof: Let {4, | o€ o/} be the collection of R-equivalence classes.
Since each A, is some one of the sets R a, the partition property of
{4, | o€} is clear from 7.3. Again by 7.3, observe that if 4, = R a,
then also 4, = R b for each b satisfying b Ra, and Rbn 4, = o if
—(b R a); the rest of the theorem is now immediate.

Each element a of an R-equivalence class A4, is called a representative
of 4,; observethat ac A, < 4, = Ra.

Ex. 12 In Ex. 1, each R-equivalence class contains exactly one element. In Ex.
7, there are exactly two equivalence classes, the set of even integers, and the set
of odd integers: 0 and 1 are representatives of these classes. In Ex. 8, there is one
R-equivalence class for each direction in E®; the unit vector in each class can be
taken as a representative for that class. In Ex. 9, the R-equivalence classes are

the sets {f “*(») | ¥ e f(X)}.

7.5 Remark The reader can prove the converse and extension of 7.4: R is an
equivalence relation in 4 if and only if there is a partition {4, | c € &} of 4
such that R = U {4, x 4|« o/}. Furthermore, the sets A4, are pre-
cisely the R-equivalence classes.

With each equivalence relation R in A4, we construct a new set
according to the following

7.6 Definition Let 4 have an equivalence relation R. The set whose
elements are the R-equivalence classes is called the quotient set of
A by R and is written A/R. The map p,: A— A/R given by
a— R a is called the projection of 4 onto A/R.

Clearly, p, is surjective, but not in general injective (since Ra =
Rb = A, whenever a R b); note also that A/R C Z#(A). We omit the
subscript on p, when no confusion arises. A set of elements, one from
each equivalence class, is called a system of representatives for A[R.

Let 4, B be two sets with equivalence relations R, S, respectively. A
map f: A — B is called relation-preserving if a R a’ = f(a)Sf(a’).
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7.7 Theorem Letf: A— B be relation-preserving. Then there is one,
and only one, map f,: A/R — B/S such that the diagram

4 —> B

W |

A/R —> BJS
S
commutes (that is, pgo f = f, o p,). fi is called the map induced
by f in “passing to the quotient.” Conversely, if for any two maps
f, [« the above diagram commutes, then f is necessarily relation-
preserving, and f, is the map induced by f.

Progf: For each R-equivalence class A, = Ra, define f, by
R a— S f(a). The S-equivalence class S f(a) is independent of the
representative @ € A, selected: for if also a'€ 4, then Ra = Rd
so, by 7.3, a R &'; since f is relation-preserving, we find f(a) S f(a');
consequently S f(a) = Sf(a’). Thus, f, is uniquely defined. The

commutativity follows by observing
prof(a) = Sf(a) = fu Ra = [y o pa(a).

Finally, f, is unique because p, is surjective: if g, were another map for
which the diagram commutes, then g, (4,) # fi (4,) for at least one 4,,;
since p 4 is surjective, this would require g, o p4(a) 5 f, o p(a) for some
a € A, which is impossible because of commutativity.

To prove the converse, assume that maps f, f, give a commutative
diagram. Let a R a’; then p,(a) = p4(a’) and therefore, by commuta-
tivity, we have pg o f(@) = pp o f(a’). This shows f(a) S f(a') and proves
that f is relation-preserving.

Ex.12 Letd =B = Z withR ={(a,a’)|a=a"mod4}, S ={(}b)]|b=
¥ mod 2}. The f: A — B given by n—n is relation-preserving, and passing
to the quotient gives fy: A/R — B/S. By using the representatives 0, 1, 2, 3 for
AR and 0, 1 for B/S, the reader can verify f,(0) = f.(2) = 0, f(1) = f:(3) = 1.

8. Axiomatics

Though the intuitive idea of calling any collection of objects a set will suffice for
most purposes, an exposition of general Set Theory requires more precision, for
without explicit axioms telling how the term set can be used, and to what collections
it can be applied, various contradictions arise. There are several different axio-
matic set theories, each having technical advantages and shortcomings; we
present here a version based on the Bernays—-Godel-von Neumann axiomatics,
The treatment is not intended to be either complete or formal, nor is the system
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of axioms asserted to be independent; these matters properly belong to the domain
of Logic. It is desired to indicate only a framework within which we will work,
which avoids the known antinomies and which, at least until now, has not led to
any contradictions.

Ideally, we would like to have associated with each property p a set E(p) con-
sisting of all objects having property p. The assumption that this is true leads at
once to the Russell antinomy of the set of all sets not members of themselves:
assuming that the property p(x) = (x is a set) A (¥ € x) determines some set
Z(p), we must conclude that [Z(p) € Z#(p)] < [%(p) € #(p)]. To block this
contradiction, we adopt the attitude that it is not the conversion of properties to
collections that is at fault, but rather the assumption that #(p) is a set and is there-
fore eligible for membership in the collection determined by p. The basic idea of
this approach is, then, that there are two types of collections—classes and sets:
any collection of objects specified by some property is a class, whereas only those
classes that can be members of a class are sets. Heuristically, a set is a class that can
be regarded as a single entity.

The undefined terms in the axiomatic development are “class” and a dyadic
relation € between classes; all variables, such as .27, A, «, - - -, represent classes, and
for any two classes, the statement &/ € 4 is either true or false. A property p will
mean a formula built up from statements ‘.27 € %~ by negation, conjunction, dis~
Jjunction, and quantification of class variables by means of the predicate calculus.

We begin by defining classes to be equal if they have the same members; for-
mally,

8.1 Definition
(A CHB) = (NVxixned > xeB),

and

(o = B) (L C B) A(F C ).

This definition permits substitution with respect to the second class variable~
in the relation x €.97; that is, (x €./) A (F = %) = (x € #); to obtain it also
for the first requires

I Axiom (of Individuality) (xc.27) A (x = y) = (y eH).

Next we distinguish between classes and sets by
8.2 Definition The class 4 is called a set if there is a class .%7 such that 4 € .27,

We now wish to postulate that any collection specified by a property that
characterizes its members is a class. However, since nonsets cannot be members of
anything, the members of a class must be sezs. We formulate this by

H Axiom (of Class Formation) For each property p in which only set variables
are quantified and in which the class variable %7 does not appear, there is a
class .o/ whose members are just those sets having property p; in symbols,
(x e ) <= (x is a set) A p(x).

Because of Axiom 1, the class & is uniquely determined by its defining property;
we will denote %/ by the notation {x | (x is a set) A p(x)} and sometimes by .o7(p).
Observe that with this terminology, the Russell antinomy becomes the harmless
statement
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8.3 'The Russell class Z(p) is not a set.

Using Axiom II, the Boolean operations .27 U ¥ = {x | (x €.2) Vv (x € &)}
and o NF = {x| (xef) A (x€P)} with classes, as well as the cartesian pro-
duct & x A of classes, are defined and are classes. The universal class is
{x | (x is a set) A {x = x)}, and the null class @ is {x | (x is a set) A (x # x)}; as
in 1.4, @ is unique and a subclass of every class. Equivalence relations in classes
can be defined as in 7, leading to

8.4 An equivalence relation in a class &/ partitions % into pairwise disjoint
subclasses.

The next string of axioms guarantees at least one set and postulates that certain
constructions using sets will yield sets.

1T Axiom (of Null Set) & is a set.

IV Axiom (of Pairing) If A, B are distinct sets, then &/ ={x|(x=A4)V (x=B)}
is a set (which contains exactly two elements). It is denoted by {4, B}.

V  Axiom (of Union) If {4,|aec.o/} is a family of sets (recall that, as defined
in 4, this means that &/ and each A, are sets), then {J {4,|ecece/} =
{x|3aec:xe d,}is aset.

VI Axiom (of Replacement) If A is a set and if f: 4~ &7 is a map, then f(4)
is a set.

The next axiom deals with subset formation.
VIl  Axiom (of Sifting) If A is a set, then for any class &7, 4 N % is a set.
In particular,

85 If 4 is a set and p is a property in which only set variables are quantified,
then {x | (x e .4) A p(x)} (which we will write as {x € 4 | p(x)}) is a set.
For, if ./ is the class determined by p, we have 4 N/ = {x | (x€ A) A
(x is a set) A p(x)}, and the requirement x € A makes the stipulation “(x is a set)”
redundant,

Since members of classes must necessarily be sets, the precise definition of the
power class () of a class & is P(F) = {F | (# is a set) A # C &/}; thus,
even if 4 is a set, Z(A) has for members only those subclasses of A known to be
sets,

VIl  Axiom (of Power Set) If A is a set, then P(A4) is also a set.

To indicate how these axioms are used, we establish that some frequently
occurring constructions with sets will yield sets.

8.6 If {A,]«e.of}is afamily of sets, then () {4, | « € &} is a set.

According to Axiom V, S={J{4,|« e/} isaset;letting p(x) =[Va €/ :x € 4},
in which only the set variable « is quantified, 8.5 shows that {x € S | p(x)}, which
is precisely [} {4, | « & &}, is a set.

8.7 1If A is a set, then so also is {4]}.

If A = @, then III and VIII give that { @} is a set. If 4 # &, then {4, &}
is a set because of IV. Letting .2/ be the class determined by the property p(x) =
(x = A), we find from 8.5 that {4, @} N/ = {4} is a set.
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8.8 'The cartesian product of two sets is a set.

Let A, B be sets, and for each a¢ € 4 define a map B — A4 x B by b — (aq, b);
according to V1, the image, {@o} X B,isaset;since 4 x B = UJ {{ag} X B|aoe 4},
V shows that 4 x B is a set.

8.9 If A and B are sets, then the class of all maps 4 — B is a set.

We have just seen that 4 x B is a set so, by VIII, (4 x B) is also a set.
Since a map is a subclass of 4 x B specified by some property, 8.5 shows that each
map is a member of the set #(4 x B). Using now the property m expressed in
6.1, the class of all maps 4 — Bis {x € #(4 x B) | x has property m} so, again by
8.5, it is a set.

8.10 'The class of all sets is not a set.

Let Z(p) be the Russell class. If the class A4 of all sets were a set, then VII would
imply that A » J(p) is aset; since 4 N H(p) = {x | (xisaset) A (x Ex)} = Z(p),
this contradicts 8.3.

We now add

IX Axiom (of Foundation) In each nonempty set A there is a u € 4 such that
und= g (thatis, Vx:x e 4 = — (x € u)).
Loosely speaking, this axiom asserts that each nonempty set must contain
“atoms” u, which form its “foundation.” Its use is shown in

8.11 (1) No nonempty set can be a member of itself.
(2). If A, Bare nonempty sets, then it is not possible that both 4 € B and
B € A are true.

Ad (1). Assume there were a nonempty set 4 such that 4 € 4; by 8.7, {4} would
also be a set, and because 4 is also the- only member of {4}, the set {4} would
not have a foundation. ‘

Ad (2). Consider the set (¢f. IV) {4, B} in an analogous way.

We now provide for the existence of infinite sets by

X Axiom (of Infinity) 'There exists a set A with the properties: (i) @ € A4, and
(i) if ae 4, then a U {a} € 4.

As an application, we have

8.12 'The class of nonnegative integers is a set.

Let A4 be any set having the two properties listed in Axiom X, and let # C £(A4)
be defined by # = {B € #(A4) | B has the two properties in Axiom X}. Each B
is a set, and by 8.5 and VIII, so also is 4 it therefore follows from 8.6 that N =
M {B| B e %} is also a set. Because each B has the properties (i) and (ii) of Axiom
X, it is evident that N has them also. Referring now to the Peano axioms for the
integers, and calling x U {x} € N the successor of x € N, it can be easily verified
that all the Peano axioms are satisfied by N [the principle of mathematical induc-
tion is valid because, by the definition of N, N has no proper subset that satisfies
both (i) and (ii)]. Since the Peano axioms are categorical, it follows that N can be
regarded as the set of nonnegative integers. We denote @ by “0,” {@} by “1,”
{@, {#}} by “2,” and so on.
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An easy consequence from this, 8.8 and VI, is that the class O of rationals is a
set; we will see later that there is a bijection of Z(N) onto the reals; therefore,
by VI and VIII, E! is also a set.

According to this axiomatization, the only general method for producing subsets
of a given set is that given in 8.5. 'To see that there are subsets that we would
like to consider but that cannot be described by any property, consider the
following example of Russell: Let A be an infinite collection of pairs of shoes;
we can define a subset consisting of exactly one shoe from each pair by the prop-
erty “right shoe.” If now A is an infinite collection of pairs of stockings, analogy
would indicate that a subset consisting of exactly one stocking from each pair could
be formed; but because the stockings are identical in all respects, there can be no
property that characterizes exactly one of each pair; in particular, we are not
allowed to call such a collection a subset of 4. Analogous situations arise frequently
in mathematics; to give the broadest scope to mathematical considerations, we
adopt as another method for producing subsets,

XI  Axiom (of Choice) Given anynonempty family {4, | @ €.9/} of nonempty pairwise
disjoint sets, there exists a set .S consisting of exactly one element from each 4,,.
"This is the only existential axiom: in contrast to all the others, a set obtained by
application of this axijom is not, in general, uniquely determined by the given con-
ditions. It has been shown (1938) by K. G&del that if the set theory based on I-X
is consistent, then the set theory based on I-XI is also consistent. Gédel’s result
obviously leaves open the possibility that XI is derivable from the other axioms,
and, in 1963, P. ]J. Cohen proved that it is not. Thus, the axiom of choice is in fact
an independent axiom.
Remark Note that appeal to X1 is not necessary if %7 is a finite set. Indeed, if
Ay, - -+, A, are the sets, then each A; contains some element a; so, by taking p,(x)

to be the property (x = a;), we obtain {x € L:j Ay pi®) V-V pa(x)} as a set

satisfying the requirement of Axiom XI. However, if o7 is infinite (even though,
as in Russell’s example, each A, is finite), some principle such as X1 appears to
be necessary. A property such as “contains one element from each A4,” is illegiti-
mate because properties carve out unigue subsets and it is evident that if there is
one collection satisfying the proposed predicate, then there are others also (unless
each A4, consists of a single element). Taking p,(x) = (x = a,), the procedure used
above for finite .2/ cannot be emulated, since an infinite “or” chain is »zot a pro-
position. And to use a predicate such as 31i: py(x) is inadequate: for, assuming
about x that — pi(x), —p2(x),-- -, one cannot in general conclude V 7: —p(x),
that is, — 3 i: p.(x) [or, that x does not belong to the set determined by 3 7: p,(x)],
without tampering with the rules of logic in the predicate calculus; from this view-
point, the need for XI is related to the w-incompleteness of consistent systems.

9. General Cartesian Products

In this section, the concept of cartesian product is extended to any
family of sets. This extension is based on the observation that the
elements of 4, x A, can be considered to be those maps f of the index
set {1, 2} into 4, U A, having the property f(1) € 4;, f(2) € 4.
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9.1 Definition Let {4, |« €5/} be a family of sets. The cartesian
product HAO, is the set of all maps c: &7 — U A, having the

property Voc e c{a)ye 4,

That [ | 4, is indeed a set follows from 8.5 and 8.9. The notations
IT4, and J]{4,| €/} are used interchangeably. An element
ce| ] 4, is generally written {a,}, indicating that ¢(«¢) = 4, for each «;

with this notation, @, € 4, is called the ath coordinate of {a,}. The set
A, is called the ath factor of [ ] A4,; for each 8 € o7, the map

o] 14— 4,

given by {a,} — a; [or, equivalently, by ¢ -+ ¢(B)] is termed “projection
onto the Sth factor.”

Ex. 1 If each 4, has exactly one element, [ | 4, consists of a single element.
If o/ = @, then again | | 4, has exactly one element, the null set (¢f. 6, Ex. 3).
If o/ # @ and some one 4, = @, then [ [ 4, = &.

Ex. 2 If each 4, = A, a fixed set, then [ | 4, is simply the set of all maps
4

o — 4.
Ex.3 Let4; = {0, 2} for eachie Z*; [ | 4, is then the set of all sequences of
n

0’s and 2’s: {{m} |m = 0 or 2; { = 1,2,---}. The map f: [ [ 4, —[0,1] C E,
n
defined by

ny

Fm) = Z;

is easily seen to be injective; the image is called the Cantor set, and can be de-
scribed geometrically as follows: Divide [0, 1] into three equal parts and remove the
middle-third open interval }4, 4[; this removes all real numbers in [0, 1] that
require 7; = 1 in their triadic expansion. At the second stage, remove the middle
third of each of the two remaining intervals, [0, 1], [, 1], thus eliminating all real
numbers in [0, 1] requiring 7, = 1 in their triadic expansion. Proceeding analo-
gously, removing at the #th stage the union M, of the middle thirds of the 271

intervals present, C = [0, 1] — {J M, is the Cantor set. It consists of all real
1

numbers in [0, 1] that do not require the use of “1” in their triadic expansion.

Since the expansion (using no 1’s) of each member of C is unique, f is a bijection

of 14, on C. In view of Ex. 2, there is a bijection of the set of all maps
n

Z+ — {0, 2} onto the Cantor set.



Sec. 9 General Cartesian Products ' 23

Ex. 3 is analogous to the Russell example of pairs of shoes, in that each
A, has distinctive elements. In the general case where the A, are
abstractly given sets, the possibility remains open that, even though

each 4, # o still [] 4, = & ; to show that it is not empty requires
that we exhibit a ¢: o/ — [ 4, having the property required in 9.1,

and this requires appeal to the axiom of choice. In fact,

9.2 Theorem The following three properties are equivalent:

(1). Let {4, | €5/} be a nopempty family of sets. If each
A, # o,then [[{4,|ced} # o.

(2). The axiom of choice.

(3). If {4, | « € o/} is a nonempty family of nonempty sets (not
necessarily pairwise disjoint!), then there exists a map
c:of -\ ) 4, such that Vae o c(a) € A,. (¢ is called a

24
“choice function” for the family {4, | « € o/}.)

Proof: (1) = (2). Let {4, | «e o} be a family of nonempty pair-
wise disjoint sets. Since | [ A4, # @, we can exhibit an element

¢ = {a,}; then S = () is a set satisfying the requirement in the axiom
of choice.

(2) = (3). For each a e, let A, = {«} x A,; each A, is a non-
empty set (¢f. 3.3 and 8.8) and the family {4, | « € &/} is pairwise disjoint.
By the axiom of choice, there is a set S consisting of exactly one member
from each A; that is, for each « there is a unique (e, a,) € § with
a, € A,. Since

SCU(We x 4,) CUAF x 4,) = x A4,
S is indeed a map &7 — | J 4, as required. Observe that the “chosen”

elements may be the same for distinct «.
()= (1). If ¢: o —(J A4, is a choice function, it is an element of
o

[T4.
o
We can now derive some further properties of cartesian products.

9.3 Theorem Let {4,|«c o/} be a family of nonempty sets, let
# C of,and define P: [ [{4, | ¢ € o/} — H«';Aa | « € %} by P(c)=

c| #. Then P is surjective; in particular, each projection
P | [ 4y — Ay is surjective.
o
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Proof: Let fe[]{4,| « € %} be any given element; we are to find
acel[[{4,]| «e} with P(c) = f. By 9.2(3) there is a choice function
iiod — B—~>Uf{d,|aed — H};thenthemap c: F — U {4, |ced}
givenbyc| # =f,¢c| o ~F = ¢ (cf. 6.8) is an element of

[{4, | «e o}
and P(c) = ¢|# = f. If # consists of the single element e, it is
clear that the map P will be p,, which proves the second part.

9.4 Corollary If A, C B, for each «c./, then HA C HB
Conversely, if each 4, # @ and H A, C H B, then A, C B,

for each «.

Proof: 'The first assertion is trivial; the second follows because,
since each p; is surjective,

=ps] [A4u Cps] ] Ba = By

For the Boolean algebra of cartesian products, we have the following
theorem, whose proof is left for the reader :

9.5 Theorem Let{Y, |« € s/} be a family of nonempty sets; for each
o, let A, B, be subsets of Y,. Then

ﬂA mﬂB uﬂA N B,).
14,918, C 4. By

For a given « and C, C Y,, we denote p; '(C,) by {(C,); this is the
“slab” in [ | Y, where each factor is Y, except the ath, which is C,.
kSimilarly, for finitely many indices «y, - - -, o, and sets
C, CYyo-,Cp CY,,
the subset (C, >N --- N{C, > = p HC)N -+ N p 1 C,,) is de-
noted by {(C,,, -+, C, >

9.6 Corollary In[[{Y,]| « €/},
[1C. = 0 Lo,
(2) g<C'> = <%Ca>:
¢T1Ce = #C.
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Proof:
(D. CEHC < Va: p,lc) e Cy < Va: cepal(C)oceﬂ<Ca>
(2) is proved similarly, and (3) follows from (1) and (2), using 4.2(2).

We now establish the general distributive law of [ over {J:
a 5

9.7 Let {A, | ¢ €9/} be any family of sets, and assume that {&/, [ A%} is a
partition of & with each ./, # &. Let T = [ [ (&7, | Ae%}. Then

N [Videlaecd}] = U [N {4 | AeL)]
AEP teT

Proof: We have
xetEJT[m A | AeBl=teTinen{dyn | e L}

«JteTvieZ: xe Ay
>vVieF JocH,:xcd,
> VieZixeUid,|aedy}
< x€ Q [V{d, | ae}]

To establish the converse inclusion, we need only reverse the single implication.

Now, from VA e 3 ae.,: x € A,, we find that the set

B ={ecd,\|xcd) # @
for each Ae.?, so by 9.2(1) there is a t€ I;[ B, C I:[ .o ; this shows that

3teTVie?:xe Ay and the proof is complete. By “complements,” we
obtain

L,\J [N{A, |aesly}] = tDT[U {4 | A e 23]

9.8 Remark We have seen that 9.2(1) implies 9.7; we now show that, con-~
versely, 9.7 implies 9.2(1), so that the validity of the general distributive law is in
fact equivalent to that of the axiom of choice.

Let {&/, | Ae¥} be a nonempty family of nonempty sets, and let T =
TM{A\|[AeF). For each ae L;\J Ay, let A, ={@)} # @; it is clear that

NV{de|aed,}] = {F} so that by 9.7, also tU [N {din | AeZ)] # @, and
A &T
it follows easily that therefore T # .

Problems

Section 1

1. Prove: {a} = {b,c} ifand only ifa = b = c.

2. If a, b, ¢, d are any objects, show that {{a}, {@, b}} = {{c}, {c, d}} if and only if
botha = cand b = d.

3. Show that 4 C {A} if and onlyif 4 = @.
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[Ty

4. Though the relation “ C” is transitive, give an example to show that “c” is not
transitive.

5. Let A = {ay, -+, a,}. Show that 4 has 2" subsets (do not forget to count the
null subset).

Section 2

1. Let Ay = {ne N | n is divisible by ¢}. Whatis 4, U 4,, A, N 4,?
2. Let A, B be subsets of E. Show:
a. AnB= g < AC%EB<BC%EA
b. AUB=E <%zBC A<=%4 CB.
3. For any two sets 4, B, show:
a. 4 =(4nB) v (4 — B)is a representation of 4 as a disjoint union.
b. Au B = A4 v (B — A)is arepresentation of 4 ¥ B as a disjoint union.

Verify the following formulas:

4. A4-C)-B~-C)=(4-B) -C.

. 4-C)yuB~-C)=AuB)—-C.

M4-CynB-0C)=AnB) —C.

4-B-UA4-C)=4n(C - B).

A4-Bud-C)=4-BnO).

4-BnA4-C)=4-BVQO).

IaAluuwuh=%A1—AQUuw%AMI—AQLNAn—AQuqﬁAJ

11. Prove that the system of equations 4 W X =4 uUB, AnX= g has at
most one solution for X.

12. The set (4 — B) VU (B — A4) is called the symmetric difference, or dis-
crepancy, of 4 and B. Give a geometric interpretation of this set.

SRR

Section 3

1. Prove: If A, B are nonempty sets and (4 x B) V(B x 4) = C x C, then
4=B=C.
2. Let A, B C Xand C,D C Y. Prove:

a (AxCO)n(B x D)=(A4nB) x (CnD).

b. A x C)vu(B x D) C(4vB) x (CubD); show that, in general,
equality does not hold, by verifying
AuB)x(CuD)y=UAXxCOYuBxD V(A xDu(Bx{().

c. €xxy(B x D) = (€xB) x YU X x €,D.

Section 4

LsmwmméyamJ+amn=63-m@1+amn=mJL

x
2. Let {4, ne N} be a family of sets. Let S, = U 4,, £ =0,1,---. Show
o

Ud, =4,y — Sp) w4, — Sp-1) U--- and that this 15 a paiur-

]
wise disjoint union.
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3. Let {4, | ne N} be a family of subsets of a set I'. Define

Limsup 4, = N (U 4n+w)s
n=0 k=0

Liminf 4, = G ( ﬁ Az v 1)
aS0 k=0

Prove:
a. Limsup 4, = {x e I' | » belongs to infinitely many A4}.
b. Lim inf 4, = {x € T' | x belongs to all but at most finitely many A4}.

c. 4, C Liminf 4, C Limsup 4, C J 4,.
1 1

d. Lim inf ¥4, = %[Lim sup 4,], complement being with respect to any
set containing all 4,.

e. Liminf 4, v Lim inf B, C Lim inf (4, v B,), and equality holds if v
is everywhere replaced by N.

f. Limsup (4, n B,) C Lim sup 4, N Lim sup B,, and equality holds if
N is everywhere replaced by .

g A, C A, C---or A3 D Ay D -+, then Lim sup 4, = Lim inf 4,.

4, Let {4, | c e} be a family of sets in F Prove: U A, = @ if and only if

either each 4, = @ or & = ©&.

Section 5

1. Prove: A C B = $(4) C #(B).
2. Prove: n{A| Aec PE) = @.

Section 6

1. Let AC Xand f: X — Y. Leti: A — X be the map @ — a. Show:

a. flA=foi.

b. Writingg = f| 4, g7 (B) = 4 nf~Y(B).
2. Show f(4 n B) = f(4) n f(B) for all 4, B C X if and only if f is injective.
3. Let f: X — Y. Show:

a. 4 C B = f(4) C f(B).

b. f~YED) = €f-1(D).

4. Let f: X — Y. Prove:

a. fisinjective<>Vye Y: f~3(y) = @ orasingle point <V 4: f(F4) C €f(A4).
b. fis surjective <« Vye Y: f~Hy) # @ =V 4:f(E4) D €Ff(4).

5. Let {4, | « €.}, {Bs | Be %} be two coverings (partitions) of X. Show that
{Ae N By | (o, B €. x H}is also a covering (partition) of X.

6. Let {4, | xe}, {Bs|B<c B} be coverings (partitions) of sets X and Y,
tespectively. Show {4, x By | (¢, B/ x #H} is a covering (partition) of
X x Y.

7. Let f: X — Y and g: Y — X be any two maps. Show that X and Y can each
be expressed as disjoint unions: X = X; W X, Y = Y; U Y, such that
f(X1) = Yiand g(Y,) =
(Hint: For each ECX, let QE) =X —glY — f(E)], and take

= N{OE) | Q&) C E})
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Section 7

1. For relations R, S in 4, define Ro.S by aRoSb<3c: (aRc) A (c Sh).
Show that Ro (S o T) = (R0 S) o T. If each of R, S are equivalence relations,
is R o S an equivalence relation?

2. Forany given R, define R"*bya R~* b <= b R a. Show that a reflexive R is an
equivalence relation if and only if Re R = Rand R = R~ 1.

3. If Ris any reflexive and transitive relation, show that R N R~ is an equivalence
relation.

4. For relations R, S in 4, B, respectively, define R x S in 4 x B by

(@, ) RxS(c,d) = (a@aRc) A (b Sd).
If R, S are equivalence relations, show that R x S is an equivalence relation.

5. Let f: A — B. Show that a Rb < f(a) = f(b) is an equivalence relation on 4
and that there is an fy: 4/R — B such that the diagram

P
4 — AJR

N

B
cormnmutes.

6. Let S, R be two equivalence relations in 4, with § C R. Let 1,: 4/S — 4A/R
be the map induced by the relation-preserving map 1,. Define (S a)R/S(S b)
if 1,(S a) = 1,(S ). Show that R/S is an equivalence relation and that there
is a bijection of (4/S)/(R/S) onto 4/R.

Section 9
1. Prove the extended version of 9.5(1):
0 AT 4w = [T(0) Aas
2. Prove I;I A, — I;I B, = y Q., where in each Qy, each factor « # f is 4,, and

the Bth factor is 4; — B;.
3. Let {4, | « €9} be a family of nonempty sets, and let & = {of,; | B € ¥} be
a partition of &7, Construct a bijective map of [1{4, | « € .47} onto

I;I{H{Aalaeeﬂia}}-



Ordinals and Cardinals
I

I. Orderings
Certain types of binary relations are called orderings.

1.1 Definition A binary relation R in a set 4 is called a preorder if it is
reflexive and transitive; that is, if

(1). Va:aRa.
(2). @Rb)A(BRc)y=aRec.

A set together with a definite preorder is called a preordered set.

We denote a preorder R by <; “a < b” is read “a precedes b,” or
“b follows a.” A preordered set 4 will also be written (4, <) whenever
it is necessary to indicate explicitly the preorder being used. If 4 is
preordered and B C A4, the induced relation on B is clearly a pre-
ordering; when we consider B itself as a preordered set, it will always be
with the induced preordering.

Ex. 1 In any set 4, the relation {(q, b) | @ = b} is a preordering. Note that
we do not require each pair of elements a, b € 4 to be related; that is, to satisfy
eithera <borb <a.

Ex. 2 In E!, the relation {(x,3)|x < 3} is a preordering, whereas
{{=, ) | * < ¥} is not.

29
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Ex. 3 Let C be the set of complex numbers, and define z; < 25 if and only if
|z1] < | =z2|. This is a preordering on C. Observe that we do not require that
(a <b) A (b <a)imply a = b.

Ex. 4 In P(X), the relation 4 < B, defined by 4 < Bif and only if 4 C B,
is a preordering. More generally, any family of sets preordered in this manner
is said to be preordered by inclusion.

There is a standard terminology pertaining to preordered sets:

1.2 Definition Let (4, <) be preordered.

(1). me A is called a maximal element in 4 if Va:m < a=
a < m; that is, if either no a € 4 follows m or each « that
follows m also precedes m.

(2). aye A is called an upper bound for a subset B C 4 if
Vbe B:b < a,.

(3). B C A is called a chain in A if each two elements in B are
related.

Ex. 5 In Ex. 1, each element is maximal. No subset of 4 containing at least
two elements has an upper bound. Thus a maximal element in 4 need not be an
upper bound for 4.

Ex. 6 In Ex. 2, there is no maximal element. Every bounded set has many
upper bounds.

Ex.7 1In Ex. 3, ay = 1 is an upper bound for B = {z| |2| < 1} C C, but is
not maximal in C. Note also that although a, is an upper bound for B, it is possible
for some b € B also to satisfy ap < b. In the set B (with the induced preorder!)
each z with |2| = 1 is both maximal and an upper bound for B.

Placing additional requirements on preorderings gives other types of
ordering relations.

1.3 Definition A preordering in A with the additional property
(a <b) A(b<a)=(a=0) (antisymmetry)

is called a partial ordering. A set together with a definite partial
ordering is called a partially ordered set. A partially ordered set
that is also a chain is called a fotally ordered set.

It is evident that partial (total) orders induce partial (total) orders on
subsets.

Ex. 8 Ordering by inclusion in Z(X), or any family of sets, is always a partial
ordering (but, clearly, need not be a total order).

Ex. 9 Let (4, <) be a preordered set, and define a relation S in 4 by
aSh<(a<b)A (b <a). ltis easy to verify that S is an equivalence relation and
that A4/S is partially ordered by Sa < S b < a <b.
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Note that in a partially ordered A, the statement “m is maximal” is
equivalent to “each @ € 4 is either not related to m or satisfies only
a < m,” and also that if @, is an upper bound for B C 4, then there can
be no be B — {ay} with a; < b.

Total orderings of the type in the following definition are very impor-
tant, as we shall see.

1.4 Definition A partially ordered set W is called well-ordered (or
an ordinal) if each nonempty subset B C I¥ has a first element;
that is, for each B # ¢, there exists a b, € B satisfying b, < b for
each b € B.

Every well-ordered set I is in fact totally ordered, since each subset
{a, b} C W has a first element; furthermore, the induced order on a sub-
set of a well-ordered set is a well-order on that subset.

Ex. 10 & is a well-ordered set. In any set {a} containing exactly one element,
a < a is a well-ordering. The partial ordering by inclusion in #(X) is not a well-
ordering if X has more than one element.

Ex. 11 The nonnegative integers are well-ordered: this is one of the ways to
state the principle of mathematical induction. This well-ordered set is denoted by
w; that is, w = (N, <).

Let W be well-ordered, and g € I¥; in W U {g} define an order that
coincides with the given one on W, satisfies ¢ < ¢, and V w: (we W) =
w < g. Then WU {q} is well-ordered, since for each nonempty
E C Wu{g}, either E = {g} or ENW # o, and in the latter case,
the first element in £ N W is the first in £ C W U {g}. We say W U {q}
is formed from W by adjoining ¢ as last element.

Each element @ of a well-ordered set that has a successor in the set,
has an immediate successor; that is, we can find an s # w satisfying
w < s and such that no ¢ # s, w satisfies w < ¢ < s: we need only
choose s = first element in the nonempty set{x € W | (w <) A (w # x)}.
However, an element @ need nof have an immediate predecessor: for
each b < w there may always be some ¢ # b, w with & < ¢ < w. In fact,
adjoining to w a last element ¢, we note that ¢ has no immediate pre-
decessor.

2. Zorn’s Lemma; Zermelo’s Theorem

Our objective in this section is to prove the fundamental

2.1 Theorem The following three statements are equivalent:

(1). The axiom of choice.
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(2). Zorn’slemma: Let X be a preordered set. If each chainin X
has an upper bound, then X has at least one maximal
element.

(3). Zermelo’s theorem: Every set can be well ordered.

Before we begin to prove this theorem, we must first study the
auxiliary concept of a “tower.”

2.2 Definition IL.et X be a set, let # C #(X)be any nonempty family
of sets, and let p: F — X be a fixed map. The family & is called a
p-tower whenever:

(a). oeF.
{4, \ o€} is any totally ordered (by inclusion) family of
sets in &, then U A, e F

(c). If A e F, then also A U {(p(A)} eF.

Observe that if {#; | B € %} is any family of g-towers in ZF(X), then
ﬂ 4 is also a p-tower. Indeed, (a) o € ﬂ &4 18 clear; (b) any chain

{A | @ € .27} in ﬂ F 4, by virtue of its members belonging to each %,
has its union in each F g, S0 U A, e ﬂ 3; and (c) is verified analo-

gously In part10u1ar then, the 1ntersect1on A of all sub gp-towers of a
given g-tower is itself a ¢-tower. .# is minimal in the sense that it
contains no proper sub g-tower.

The proof of 2.1 will lean heavily on the

2.3 lemma If % is a ¢-tower, then there exists an 4 € # such that
p(d) e 4.

Proof of Lemma: Let # C % be the minimal p-tower. We wish to
show that .# is totally ordered by inclusion. For, by defining
A=U{M|Med},
we would then have 4 e.# and also 4 U {p(4)} € #, which would
show 4 U {p(4)} C 4 and consequently that ¢(4)e 4, as required.
To prove that .# is totally ordered, we proceed formally: calling M € .4
medial whenever, for each M, € #, either M, C M or M C M, is true,

we are to show that each M € . is medial. To do this, we first establish
an important property of medial sets:

1. Let M € # be medial. Then, for each M, € #, either M, C M,
or MU {p(M)} C M,; that is, any M, € 4 either lies in M or
contains M U {p(M)}.
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Proof of I Let 9y = {M,e.# | M, C M or MV {p(M)} C M,}.
To show %, = .#, it suffices to prove that &, is a p-tower, since
%y C M and .4 contains no proper sub ¢-tower.

(a). @ €%y, since g C M;in particular, %, is not empty.

(b). Let {M, | « € &/} be a chain in %,,. Since each M, e ¥, there are
two cases:

(). Feed: M U{p(M)} C M,.

(i) Veesl: M, C M.

In case (i), M U {p(M)} C (J M,; and in case (i), \J M, C M, so
always | M, € F,.

(c). Let M, e ¥%y. We must show M, U {p(M,)} € %y,; that is, either
M, U {p(M,)} C M or M U {p(M)} C M, U {p(M,)}. Because

M, e ,,, there are two cases to consider:

(i). MU {p(M)} C M,
(ii). M, C M.

In case (i), M U {p(M)} C M, C M,V {gp(M,)}; therefore one of
the desired alternatives is true. In case (ii), because M is medial
and M, U {p(M_)} € #, we have in addition to (ii) that either
M, Uiep(M) C Mor M C M,V {p(M,)}. In the first of these cases,
we are through; in the second case, (ii) gives M, C M C M, U {p(M )}
and because (M) is a single point, we conclude either that M, = M
or that M = M, U {p(M,)}; each possibility shows M, U {p(M,)} € %y,
Thus %), is a p-tower, and I has been proved.

We finally show that .# is totally ordered:
11. Each M e .# is medial.

Proof of II: Let 4 = {Me.# | M is medial}; again we need only
prove that & is a p-tower, to assure ¥ = 4.

(a). @ €9, as is clear; in particular, % is not empty.

(b). Let {M, | e € o/} be a chain in %. If M is any member of .#,
then because each M, is medial, either Vaes/: M, C M or
Jaed/: M C M,; thus either {J M, C M or M CJ M,; that is,

o o
UM, e9.

(c). Let Me @; to show that M U {p(M)} is medial, choose any
M, € M. Because M 1s medial, (1) says that either M, C M (so that
M, C MU {p(M)}) or MU {p(M)} C M,; this shows M U {p(M)} is

medial.
Thus ¥ = .#, and 2.3 has been proved.
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We now prove the theorem

Proof of Theorem 2.1: (1) = (2). Let F C Z(X) be the set of all
chains in X; for each nonempty 4 € &, let a, be an upper bound and
define Ty = {x e X | (a4 < %) A —(x < ay)}. To prove (2), it suffices
to show some T, = @, for this means that either there is no x with
a, < x or that each x satisfying a4 < & also satisfies x < ay, that is, a,
is maximal,

We argue by contradiction. Assume all 7'y # @ ; then, by I, 9.2,
there is a choice function ¢: F —(J{T,| 4 € F} with ¢(4) e T, for
each 4 € #. Defining ¢( o) = x, arbitrarily, we will now prove that
F' = F U{gz}isa c-tower.

(a). o eF"
(b). If {4, | e} is any chain in &', then |J 4, € &' that is, any

[44
two elements a, be(J 4, are related. In fact, we can find two sets

o
A, Ay with ae A,, be Ay; since {4, | « € o/} is a chain, one of these
(say, 4,) contains the other, so that a, b are contained in the single set 4,
and consequently are related. Thus (J 4, € #".

(c). Let Ae#'; then AU {c(A)} e F'. We need show only that each
a € A is related to ¢(A4). For this, we have a < a, (since a4 is an upper
bound for 4) and a, < ¢(4) since c(A) € T,.

Applying Lemma 2.3, there is some A € #’ with ¢(4) e A. This is
the desired contradiction: for, since @, is an upper bound for A4,
necessarily ¢(4) < a,, whereas ¢(d) € T, requires —(c(A) < a,). Thus
some T, = @, and therefore @, is maximal in X,

(2) = (3). Let E be any set. Clearly, there are subsets of E that can
be well-ordered ( &, for example). We are to show that E itself is such a
set. To this end, we work with the family # of all ordered couples
{(4, <4) | (4 CE) A (<,is a well-ordering of A4)}.

Preorder # by “propagation,” defining (4, <) < (B, <j) if:

(a). 4 C B.
(b). <ginduces <, on 4.
(). yeB—A4A) A (xed)=x<zy.

Transitivity of < is obvious, and because of (a), (b), (#, <), is in fact
a partially ordered set. We first prove that (#, <) satisfies the require-
ments of Zorn’s lemma.

Let {(4,, <,) | « € &} be any chain in (¥, <); we will show (} 4,

[+4
has a well-order <, such that ((J 4, <) is an upper bound for this
chain. Define < as follows: Given two elements a, b € |} 4,, observe

74
that because of (a), {4, | « € &/} is a chain under set-inclusion so that
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a, b are contained in a common A,. Selecting any such A4,, define
a <y b if and only if @ <, b. This definition is independent of the 4,
used because of (b) and is evidently a partial order on (_J 4,. To prove

o
that it is a well-ordering, we note first that because of (a) and (c), <y
also has the property (ye 4,) A (x <y y) = (xe d,). Thus,if Q C(J 4,

is nonempty, there is an index « with O N 4, # @, and theaﬁrst
element in O N 4, is first in Q. Clearly, each (4,, <,) < (U 44 <v)s
[44

so that we have an upper bound.

By Zorn’s lemma, there is a maximal (4, <) in (%, <). We assert
that 4 = E. Otherwise, there is an a, € E — 4, which we could adjoin
to A as last element, getting (4, <,) < (4 U {ay}, <'); and, because
(#, <) is partially ordered, this would contradict the maximality of
(4, <)

(3) = (1). Let {4, | €9/} be any family of nonempty sets. Well-
order \J 4, and define ¢(«) = first element in A4,, to obtain a choice

function.

2.4 Remarks 'ThoughZermelo’stheoremassuresthateverysetcan bewell-ordered,
no specific construction for well-ordering any uncountable set (say, the real
numbers) is known. Furthermore, there are sets for which no specific con-
struction of a total order (let alone a well-order) is known, for example, the
set of real-valued functions of one real variable, Note, also, that a well~
ordering guaranteed by Zermelo’s theorem is obviously not unique, and is
not stated to have any relation to any given structure on the set. For example,
a well-ordering of the reals cannot coincide with the usual ordering.

2.5 Applications 1. Zorn’s lemma is a particularly useful version of the axiom
of choice: It is applicable for existence theorems whenever the underlying set is
partially ordered and the required object is characterized by maximality [¢f. the
proof of (2) = (3)]. As a simple example of its use, we prove the existence of a
Hamel basis B for the real numbers.

A subset B = {b, | « € &/} C E* is a Hamel basis if (1) each real x can be written
as a finite sum

~N=

x = D ¥obey

with rational 7,,; and (2) the set {b, | « € &7} is rationally independent, that is,

n

zrmba‘=0©mt =0 foreachi =1, ..., 2.

1
The rational independence assures that each x can be written as required by (1)
in exactly one way.

To prove existence of B, let &7 be the family of all rationally independent sets
of reals. &7 # @, since, say, {1} €.7. Partially order & by inclusion: Then any
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chain {4, | B € #} has an upper bound, |J 4, since any finite collection of elements
]

in {B_) Ay lies in some one 4; and so is rationally independent. Thus there is a

maximal B €.%7; B is a Hamel basis, since for each x, B U {x} is not rationally
independent and therefore there is a relation rx + 74,0, + * - * 7a,ba, = 0, which
necessarily involves x and has r # 0 because B is rationally independent, so
that

as required.

Hamel bases arise in several connections: If b; € B, then the set of reals generated
by B — {b,} is not a Lebesgue measurable set. Similarly, the functional equation
Sflx + 9) = f(x) + f(v), which has f(x) = cx as its only continuous solutions, has
others also, none of which is a Lebesgue measurable function.

2. A proof analogous to the preceding one shows that every vector space has
a basis.

3. In a commutative ring R with unit, every ideal # # R is contained in a maxi-
mal ideal (Krull’s theorem). The proof is immediate by verifying that the set of all
ideals containing 4, and not containing 1, satisfies the requirement of Zorn’s
lemma.

Since in R every maximal ideal is a prime ideal, this has as immediate
consequence the following result: Let X be an infinite set. Then there exists
a p: PX)—{0}v{l} such that u(F) =0 if F is finite, w(X) = 1, and
WA v B) = u(A) + ((B) whenever 4, B, are disjoint. [In the Boolean ring,
P(X) (. 1, 2.12), let F be a maximal ideal containing the ideal of all finite
subsets, and set w(4) = 0 if 4 €%, and u(4) = 1 otherwise.]

3. Ordinals
Since every set can be well-ordered, we study ordinals in greater detail.

3.1 Definition TLet W be a well-ordered set.

(1). SC Wisanidealin WifVa:(xeS) A (y <x)=>yeS.
(2). Foreachae W, theset W(a) = {xe W | (x < a) A (x # a)}
is the initial interval determined by a.

Clearly, W and o are ideals in 7; & is also an initial interval, but
W is not. For the properties and interrelation of these concepts we have

3.2 (a). Every intersection, and every union, of ideals in W is itself an
ideal in W.
(b). Let I(W) be the set of all ideals in 1 and J(¥) the set of all
initial intervals in W. Then J(W) = I(W) — {W}: the
ideals # W are the initial intervals.
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Proof: (a). (xe N S) A (y<a)=>Va:(xeS,) A (y <x)=
[¢4
VYaryeS,=ye()S, and similarly for union.

(b). Each initial interval is obviously an ideal. Conversely, let
S # W be an ideal; then W — S # &, so it has a first element a. We
prove S = W(a).
(i). x€ W(a) = x € S, since a is the first element of W not in S.
(ii). x € W(a) <= a < x = x € S, since otherwise, because .S is an ideal,
we would have a € S.

A map f of a well-ordered set (I¥, <) into a well-ordered (X, <') is
called a monomorphism if it is an order-preserving injection [that is,
a <b=f(a)y < f(b)]; f is an zsomorphism if it is a bijective mono-
morphism. Clearly, the composition of two monomorphisms is also a
monomorphism. It is easy to see thatif f: W — A is an order-preserving
bijection and if 17 is well-ordered, then the order in 4 is also a well-
ordering and f is an isomorphism.

3.3 Theorem (1). The set I(I¥) of all ideals of a well-ordered set is
well-ordered by inclusion.

(2). The map a — W(a) is an isomorphism of ¥ onto the set

J(W) of its initial intervals [ @ included in J(W) C I(W)].

Proof: (2). Cleatly, a <b= W(a) C W(b) and a # b= W(a) #
W(b); thus a— W(a) is bijective and [using order by inclusion in
J(W)] order-preserving. It follows at once that J(I) is well-ordered by
inclusion and that @ — ¥(a) is an isomorphism.

(1). Since
W)y =JW)v {W}

and since the ordering by inclusion in /(W) is determined by adjoining
{W} to J(W) as last element, I() is also well-ordered.

One consequence is the extremely useful
34 Theorem Let W be well-ordered, and 2 C I(W) any family
with the following properties:

(a). Each union of members of 2 belongs to 2.
(b). If W(a) € X, then also W(a) U {a} 2.

Then 2’ = I(W) and, in particular, We 2.
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Proof: Assume X' # I(W); by 3.3 there is a smallest ideal S€2.
Either S has a last element, or it does not.

(). If S hasalast element, b, then S = W(b) U {b}; because W(b) C S,
we would then have W(h) e X and, by using (b), that Se X, which
contradicts the definition of S.

(ii). If S does not have a last element, then S = \J {W(a) | W(a) C S};
as before, each (@) € Z, so by using (a), we conclude that S € 2, again
contradicting the definition of S.

Thus, the assumption X' # I(W) is false, and the theorem has been
proved.

4. Comparability of Ordinals

In this section we are going to show that given any two ordinals, one of
them must be isomorphic to an ideal of the other.

4.1 Lemma Let W, X be well-ordered sets, and let ¢: W— X be an
isomorphism onto an ideal of X. Then any monomorphism
f: W— X must satisfy the condition ¥V w: p(w) < f(w). In particu-
lar, there can be at most one isomorphism between an ideal S C W
and an ideal 7' C X.

Proof: We show that the assumption

weW|(f(w) <¢®) A (f() # ¢(w))} # @
implies that (W) is not an ideal in X. For there would then be a
smallest w, with [f(w,) # p(w,)] A [f(w,) < ¢(wy)], and ¢ cannot take
on the value f(w,): indeed, if w < w,, then p(w) < f(w) < f(w,); and
if wy < w, then f(w,) < ¢(w,) < p(w). The second part is immediate.

4.2 Theorem (Comparability of Ordinals) Let W and X be well-
ordered sets. Then one, and only one, of the following three
statements 1s true:

(1). There is a unique isomorphism of W onto X.

(2). There is a unique isomorphism of /¥ onto an initial interval
of X.

(3). There is a unique isomorphism of X onto an initial interval

of .

Proof: We first show these three possibilities to be mutually exclusive.
(1) A (2) [or (1) A (3)] cannot occur because this would contradict
the lemma, whereas (2) A (3) cannot occur either, since two such maps
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g X — W(ws) and h: W— X(x,) would compose to yield a mono-
morphism g o : W — W(w,), which satisfies g o I(w,) < w, and contra-
dicts the lemma on comparison with the isomorphism 1: W-» W, We
now prove that one of these possibilities always holds by showing that
one of X, W is isomorphic to an ideal of the other.

Let 2 C I(W) be the set of all ideals for which there are isomorphisms
onto ideals of X. We verify that X has the property (a) of 3.4: Let
U {S, | « € &} be a union of members of 2, and for each «, let

Pat g —> X

be the isomorphism onto an ideal of X. By 3.2(a) and the lemma 4.1,

P | Sa NSy = 5| Se NSy for all («, B e x o7, so (¢f. 1, 6.7),

there is a unique map ¢: | S, — U 9(S,), which is easily verified to
o4 [¢4

be an isomorphism. Since by 3.2(a) both | S, and J ¢,(S,) are ideals,
[4 a
we find that |} S, e 2\

If W e X, we have an isomorphism as required (that is, alternative 1 or
2 of the theorem). If W€ 2, then by 3.4 there must be some S, = W(w,)
with W(w,) U {wy} € Z. In this case, we must have ¢ (S,) = X (that is,
alternative (3) of the theorem), for otherwise, ,(S,)= X (%,) and extend-
ing @, by ¢(w,) = x, would give the contradiction W(w,) Uiz} € Z.
The uniqueness of the isomorphisms follows from the lemma.

For subsets of a well-ordered set, the following consequence is of
importance:

4.3 Corollary (a). Any subset A of a well-ordered set W is isomorphic
either to W or to an initial interval of W.
(b). No initial interval of W can be isomorphic to 7.

Proof: (a). Regarding A4 as a well-ordered set, we show the possibility
that ¥ is isomorphic to an initial interval of A cannot occur. If
g: W-— A(a,) were such an isomorphism, then, using the identity map
i: A—~ W, we would have a monomorphism goi: 4> A4 satisfying
g o1 (ay) < ayand contradicting 4.1 on comparison with 1: 4 4. (b)is
a direct consequence of 4.2.

Ex. 1 It is important to note that 4 C W may be isomorphic to W: Taking
W = w and A as the subset of even integers, 2z — #n is such an isomorphism.
However, no initial interval of W can be isomorphic to W.

4.4 Corollary The class of all well-ordered sets is well ordered, if we
define W < X to mean that W is isomorphic to an ideal of X (and
W = X means that W is isomorphic to X).
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Proof: Clearly, W < X is a preordering. To see that it is a partial
ordering, observe that (X < W) A (W < X) = W = X, since by 4.2,
one set isomorphic to an initial interval of another excludes the possibility
of the second set being isomorphic to an ideal of the first. To show that
this is a well-ordering, let Z be any nonempty class and W e #; because
each X € % that precedes W is isomorphic to an ideal of ¥, and because
I(W) is well ordered, there is a first element in £.

5. Transfinite Induction and Construction
There are two induction principles associated with ordinals.

5.1 Theorem (Transfinite Induction) Let W be a well-ordered set,
and let Q C W. If [W(x) C Q] = [x€ Q] for each x € W, then
Q="Ww.

Proof: The first element, 0, of W is in Q, since o = W(0) C Q,

and evidently there can be no first among the elements not in Q.

Remark 1: 'Theorem 5.1 is frequently stated in the following form:
(a) Let {P(x) | x € W} be a set of propositions. Assume both (i) P(0) is true,
and (ii) for each x, the hypothesis that every P(«), o € W(x), is true implies
P(x) is also true. Then every P(x) is true.

This is evidently 5.1, with Q = {x | P(x) is true}.
Remark 2: On w, the induction principle is equivalent to:
(b) Let {P(i) | i € w} be a set of propositions. Assume both (i) P(0) is true,
and (ii) for each n, the hypothesis that P(» — 1) is true implies P(n) is
also true. Then every P(n) is true.

The equivalence of (a) and (b), on w, follows precisely because each element of
 has an immediate predecessor; and since, as we have seen, well-ordered sets do
not always have this property, the analogue of (b) is not generally true. For
example, on w U {q}, where ¢ is adjoined as the last element, the form (b) does not
establish that P(q) is true.

The second induction principle is the important

5.2 Theorem (Transfinite Construction) Let ¥ be a well-ordered set,
and E an arbitrary class. Assume:
For each x € W, there is given a rule R, that associates with each
¢: W(x)— E, a unique R, (p) € E.
Then there is one, and only one, F: W-— E such that F(x) =
R,[F | W(x)] for each x € .
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Proof: 'There is at most one such F. For, if I, G were two distinct
such maps, there would be a first x with F(x) # G(x); then, since
F| W(x) = G| W(x), we would have F(x) = G(x), contradicting the
choice of x. We now use 3.4 to show that a map F, as required, exists.
Let 2’ be the set of those ideals S of W for which there is a ¢: S— E
satisfying the stated condition. By what we have already proved, o, is
unique on each S, and therefore, on (the ideal) SN S’ we have
ps | SN S = @, | SN S'; as in 4.2, we conclude that any union of
members of X belongs to 2. Let S = W(x)eZ; then W(x) U {x} €2,
since we can extend g, by setting p(x) = R, (¢, | W(x)). It now follows
from 3.4 that W e X, proving the theorem.

Remark 3: Writing 0 for the first element of W, note that W(0) = o&; since
there is only one map, @ — F, the hypothesis of 5.2 tacitly assumes that ¢(0) is
uniquely defined. Thus, in greater detail, 5.2 can be stated as follows: Let W
be well-ordered, E an arbitrary class, and e€ E a given element. Assume that
for each x # 0, there is given a rule R, that assigns to each ¢: W(x) — E an
element R,(p) € E. Then there is exactly one f: W — E such that F(0) = ¢ and
F(x) = R.[F | W(x)] for each x # 0.

Remark 4: In w, 5.2 can be given a simpler form because each element has an
immediate predecessor: Let F be an arbitrary class and ¢ € E a given element.
Assume that for each » there is given a map R,: E— E. Then there exists one,
and only one, F: w — E such that F(0) = eand F(n + 1) = R, ;1[F(n)] for each

nE w.

Remark 5: The reader should observe that 5.2 cannot be proved by simply
defining F: W — E by the formula F(x) = R,[F | W(x)]: such a definition would
be circular in that it defines F in terms of itself. The whole purpose of 5.2 is to
show that there exists a map F: W — E having this property.

6. Ordinal Numbers

In the class of all ordinals, define W = X if W is isomorphic to X.
This is evidently an equivalence relation, so it divides the class of all
ordinals into mutually exclusive subclasses. We wish to attach to each
ordinal an object, called its ordinal number (underscored in the subsequent
text), so that two ordinals have the same ordinal number if and only if
they are isomorphic. Following Frege, we could define the ordinal
number of an ordinal to be the equivalence class of that ordinal. Though
this definition is adequate for most mathematical purposes, it has the
disadvantage that ordinal numbers are not sefs: Without separate
axiomatics for them, we could not, for example, legitimately consider
any collection of ordinal numbers. In this section, we will define
“ordinal number” within the framework of set theory. It will be shown
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that there exists a uniquely defined well-ordered class & such that each
well-ordered set is isomorphic to some initial interval of 2. The
desired objective is attained by calling the members of & ordinal
numbers and a551gn1ng to each ordinal W the o € & for which W = Z(«).

The basic idea is to use the sets postulated by the axiom of infinity
(1, 8, Axiom X): each ¢ € & will be a set whose elements are all the sets
in & that precede it; in other words, each ¢ € 2 will be simply the initial
interval Z(¢) in Z. To illustrate the mechanics, we write down the
first few members of &:

g {ehi{e, {a}{o, (g} {2, (]}
The ordinal number of {1, 2, 3}, in its natural order, is then

{o,{e} {2, {=})
6.1 Definition An ordinal number is a set « with the properties

(1). (xea) A (yea)=(xey) v (yex) v (y = x).
(2. (xey)r(yeg)=(xeq).

We say that “x precedes y” in ¢ if “x € y”; observe that € is not an
ordering, since by 1, 8.11, x € x is not true. The e-relation in ordinal
numbers has the properties

6.2 (a). In each nonempty set 4 C g, there is a unique a € 4 (called
the first element of 4) such that (e ex) v (¢ = x) for each
xeA.

(b). The first member in ¢ is &.
(c). If 2 €g, then 2z is also an ordinal number.

Proof: (a). By the axiom of foundation (I, 8, Axiom IX), there is an
aeAwithan A = g [thatis, (x € 4) = —(x € a)]; in view of 6.1(1),
the element a has the required property. 1f there were another element
b € A with this property, we would have a € b and b € a, which contra-
dicts I, 8.11(2).

(b). If a is the first member of «, there can be no x € a because of
6.1(2).

( ()c). Let x,yez; since (x,y€2) A (2€a)=> (x,y€a), we find
that 6.1(1) is valid for the members of 2. To verify 6.1(2), assume that
(x €y) A (v €2); by what we have just proved, we must have one of
(xez), (zex), ( = x), and we need show only that the last two
possibilities cannot be true.

(). If 2 e, then the subset 4 = {x, y, 2} C o does not have a first
element, as required by (a).

(if). If = = x, we would have (xey) A (¥ €x) which violates the
axiom of foundation [¢f. I, 8.11(2).]
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According to (c), ordinal numbers can be treated as sets or as
elements of sets. We next establish the essential uniqueness of ordinal
numbers.

6.3 (a). If «,p are ordinal numbers, and ¢ # B, then ¢ C 8 if and
only if ¢ € 8 (that is, an ordinal number consists of all those
ordinal numbers that are proper subsets of it).

(b). If « and B are any two ordinal numbers, then either ¢ C 8
or B C a.

Proof: (a). If ¢ €B, then by 6.1(2), xca = x€pB, so that ¢ C 8.
Conversely, assume ¢ C 8 and let x, € § be the first element of 8 — ¢.
The definition of x, shows that y e x, = y € ¢, so that &, C . Now
assume that y € ¢; since the possibilities x, €y, x, = y are excluded
because each implies x,€¢, we find that yeg = yecx, and so
¢ C xy. Thus ¢ = x,€8.

(b). It is immediate that ¢ N B (that is, {x |x o A x€f}) is an
ordinal number; we need show only that it is one of ¢, 8. 1If it were
neither, then ¢ N 8 would be a proper subset of both ¢ and 8, so, by
(a), we would have (e N B eg) A (¢ N B ep), which would then imply
g N B ean B, in contradiction to 1, 8.11.

We now have the comprehensive

6.4 Theorem Let & be the class of all ordinal numbers. Define
o <B if and only if « C 8. Then:

(1). & is well-ordered by <.

(2). Z is not a set.

(3). For each ge %, the initial interval Z(¢) = ¢ and, in
particular, is a set.

(4). If E is any set of ordinal numbers, there is an ordinal number
greater than all the ordinal numbers in E (and, in fact, a
smallest such ordinal number).

(5). Every nonincreasing sequence of ordinal numbers is neces-
sarily finite (thatis, if @y > ¢; > - - -, then there is an z such
that @; = «, for all 7 > =).

(6). Each well-ordered set W is isomorphic to a suitable Z(g).
¢ is called the ordinal number of ¥ and is denoted by
“ord W.”

Proof: (1). < is clearly a partial ordering. To see that it is a well-
ordering, let £ C & be a nonempty set; we are to show that E has a
first element. Choose ¢, € E and define

A=g,NE={x|(xea) A (xcE)}.
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If A = @, then by 6.3(a) and (b), we find that

xel = —(x Cg) =g, Ca

so that g is first in E.

If A # @, then by 6.2(a), there is an a € 4 with (aex) v (a = x)
for each x € 4. We now have ac E and a C x for eachxec gy, N E;
but since @ C ¢, and ¢, C y for each y e E — (¢, N E), we also have
a C y for each ye E — (g, N E), so that a is first in E.

(2). If & were a set, we verify immediately that & would then be an
ordinal number, and this would imply that & € &, which is impossible
(1, 8.11).

(3). Given ¢e€Z, Z(z)={B|BeZ A Beg}; by 62c), the
condition B € & is redundant, so Z(¢) = {8 |fe¢} = «

(4). Let E be any set of ordinal numbers. Then 8 = |J {¢ |2 € E}
is a set, easily verified to be an ordinal number. Since we have ¢ C 8
for each o € E, it follows that ¢ < Bin Z. Noting that 8 U {8} is also an
ordinal number and that f is a proper subset of g U {8}, we find g U {8}
larger than each ¢ € E. The second part follows from (1).

(5). Since Z is well-ordered, the set {g; | 7 € N} has a first element,
which is some one of its members, say, «,. Then, for all 7 > #, we have
% = Ay

(6). We will use transfinite construction. For each x € W and each
p: W(x) - Z define R, (p) to be the smallest ordinal number greater
than all the ordinal numbers in (W(x)); this definition is legitimate,
since by the axiom I, 8, VI of replacement, p(W(x)) C & is a set and (4)
applies. By 5.2, there exists a map F: W—>% such that F(x) =
R,[F| W(x)] for each x€ W, and it is easy to see that F is a mono-
morphism. Since F(W) C Z is a set, we have by (4) that F(W) C Z(8)
for some B, and from 4.3 that W is isomorphic to some &(g). [The
reader may show that, in fact, F(W) = Z(«).]

According to 6.2(b), the smallest ordinal number is @, the null set;
it is denoted by “0.” The next one, as indicated before, is { @}, whose
only member is the null set, and is denoted by “1.” The ordinal number
{0, 1} is denoted by 2, and in general, the ordinal number with the #
elements {0, 1, - -+, n_~ 1} is denoted by . If ¢ is any ordinal number,
o U {o} is also an ordinal number, written ¢ + 1. Note, however, that
the axiom of infinity (I, 8, X) states the existence of ordinal numbers
not of the form ¢ U {«}; these are called Zmit ordinal numbers and have
no immediate predecessor in &,

A well-ordered set W is called finite if ord W = g for some 5. The
ordinal number of the well-ordered set {1, 2, - - -} in its natural order is
denoted by w. Taking the notation for intervals in E%, we denote Z(c)
by [0, «[; obviously, ord[0, ¢f = «.
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6.5 Remark We have used the ordinal numbers as “counters”—attention has
been directed to the initial intervals of . However, if in any ordinal num-
ber ¢ we define x <y by (xey) v (x = ¥), 6.2(c) and (a) show that < is a
well-ordering of «. Denoting ¢ together with this well-ordering by (=),
it follows at once from 6.3(a) and 6.4(3) that the identity map of ¢(w) onto
Z () is in fact an isomorphism of well-ordered sets, so that ord g(%) = ¢.
Thus we can (and shall) equally well regard & as a well-ordered class of
well-ordered sets, containing exactly one representative from each equivalence
class of isomorphic ordinals.

In the future, we will denote ordinal numbers by a Greek letter
without underscoring whenever there is no danger of confusion.

7. Cardinals

The ordinals are associated with counting: to count, one counts some
elements first and thus tacitly induces a well-ordering. The concept of
cardinal is related simply to size: we wish to determine if one of two
given sets has more members than the other. Counting is not needed for
this purpose: we need only pair off each member of one set with a
member of the other and see if any elements are left over. “Same size”
is thus formalized in

7.1 Definition Two sets, X and Y, are equipotent (or have the same
cardinal) if a bijective map of X onto Y exists. We denote
“X equipotent to Y by “card X = card YV.”

It is evident that equipotence is an equivalence relation in the class
of all sets, so it decomposes this class into mutually exclusive subclasses,
called equipotence classes.

Ex. 1 Let X={2n|neN} C N. Then card X = card N, since n— 2n
is a bijection of N onto X. Note that a set may be equipotent with a proper subset.
Ex. 2 Any open interval Ja, b C E! is equipotent to J = ]—1, +1[, since
b—a b+a

7 ¥t 3

E' asx —

x — is a bijection ¥ — Ja, b[. Furthermore, ¥ is equipotent with

T?Fx_lx‘l shows. Thus, by transitivity, card ]a, 6] = card E*: each open
interval in E* has “just as many points” as E? itself.

Ex. 3 Distinct ordinals may be equipotent. The ordinals [0, [ and [0, w] in
& are not isomorphic [¢f. 4.3(b)], but p(w) = 0, p(n) = n + 1 is a bijection of
[0, w] onto [0, w[. This indicates an important distinction between finite and
infinite ordinals: For infinite sets, the ordinal number depends both on the size
of the set and the manner in which the set is counted. Thus the decomposition
of the class of all ordinals according to equipotence does not coincide with that
according to isomorphism: each isomorphism class lies in one equipotence class,
' ut an equipotence class generally contains many isomorphism classes.
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Let X be any set. The set of all maps X — {0, 1} ({0, 1} is the set
consisting of the two integers 0, 1) is denoted by 2%, Foranyset 4 C X,
the map ¢, € 2% defined by

0 xE€A
ca(x) =
() 1 xeA

is called the characteristic function of A. The following simple result has
important consequences.

7.2 Card 2% = card £(X).

Proof: Define f: 2%X — P(X) by ¢ — ¢~ }1); f is clearly surjective,
since f(c,) = A. But f is also injective: ¢ # d =3 x: c(x) # d(x)
= x belongs to exactly one of ¢~*(1), d ~(1) = f(c) # f(d).

'To compare the size of sets, we make the

7.3 Definition For two sets, X, Y, we write card X < card Y if an
injection X — Y exists.

Note that we use “<” rather than “smaller”: The existence of an
injection X — Y does not exclude the possibility that there is also a
bijection X - Y, as Ex. 1 and 2 show.

7.4 (a). Card 4 < card X for any subset 4 C X.
(b). If there exists a surjection f: X — Y, then card Y < card X.

Proof: (a). This proof is trivial. (b). Let ¢ be a choice function for
the family 2(X); since {f “*(y) | ¥ € Y} is a partition of X, it follows that
y — c[f ()] is an injection ¥ — X.

We wish to attach a symbol to each set X, called its cardinal number,
in such a way that two sets have the same cardinal number if and only if
they are equipotent. For this purpose, note that because [2.1(3)] every
set can be well-ordered, it follows from 6.4(6) and 6.5 that each equi-
potence class contains at least one ordinal number and, since £ is well-
ordered, a smallest such ordinal number. This uniquely determined
representative is called the initial ordinal number of the equipotence class,
and is denoted generically by the Hebrew letter X (aleph).

7.5 Definition The cardinal number of X, denoted by N(X), is the
initial ordinal number of its equipotence class.

Thus a cardinal number is an ordinal number that is not equipotent
to any smaller ordinal number. The notation gives (a) the smallest
ordinal number to which X is equipotent (that is, the “most economical”
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way to count X) and (b) a unique standard set equipotent to X. It is
clear that X(X(X)) = R(X) and also that X(W) < ord W, for any ordinal
W (in Ex. 3, we have K[0, @] < ord [0, w]).

Certain sets occur frequently and have special symbols: (@) = 0,
and R({1, .-, n}) = n; R(N) = N, (rather than w, to indicate that size
but not order is the property being considered). A set X is called finite
if X(X) = n for some n; otherwise, it is called infinite, and its cardinal
number is a transfinite cardinal number. Any set X with (X)) < N, is
called countable; otherwise, it is called uncountable.

The statement “card X(X) < card ¥(Y)” means that there is an
injection of the set (X)) into X(Y); on the other hand “R(X) < R(YV)”
means that the ordinal R(X) is isomorphic to an ideal of N(Y). The
following fundamental theorem shows that the comparison of the sizes
of X, Y is identical with the comparison of the ordinal numbers X(X),
N(Y). Precisely,

7.6 Theorem Card X < card YV if and only if N(X) < X(Y). In
particular, card X = card Y if and only if R(X) = X(Y).

Proof: Because of transitivity and equipotence of X (resp. V) to
R(X) [resp. ¥(Y))], it is evident that X(X) < R(Y) = card X < card V.
Conversely, assume that card X < card Y'; then there exists an injection
X — X(Y) so we can regard X as a subset of (V) and then conclude,
from 4.3(a), that ord X < R(Y). Since N(X) < ord X is always true,
this proves the theorem.

One of the most important consequences of 7.6 is

7.7 Corollary (Bernstein-Schroder) If there exists an injection X — YV
and also an injection ¥ — X, then there exists a bijection X — Y.
In particular, card X < card Y (that is, card X < card ¥V and
card X # card Y) if and only if (a) there is an injection X — Y
and (b) there exists no injection ¥ — X.

Proof: According to 4.2, the ordinal inequalities X(X) < X(Y) and
N(Y) < N(X) imply that X(X) is isomorphic (and so, in particular,
equipotent) to X(Y).

Ex. 4 The cardinal numbers are characterized as those ordinal numbers
such that card ¢ < card B for all ¢ < S.

Ex. 5 Card (W x N) = card N; more generally, for any finite number of
factors, card (N x ---x N) = card N: the set of all ordered k-uples of non-
negative integers has cardinal number Xo; that 1s, it is countable. For, n —
(n,0,-.-0) is an injection N — N X --- x N, and if 2, 3,--.p; are the first &
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primes, the fundamental theorem of arithmetic shows that (ny,- - -n,) — 2™1- - - pix
is an injection N X «-- X N — N. It is immediate that the set of all ordered k-
uples of nonnegative rationals is countable.

Ex. 6 For any nondegenerate interval (open, closed, half-open) K C E?,
card K = card E*. For open ¥, Ex. 2 shows R(¥) = R(EY). For arbitrary K, find
open ¥, ¥ with ¥ C K C ¥; then by 7.4(a) and 7.6,

R(F) = R(K) < R(F) = R().
Ex. 7 Card #(N) = card 2¥ = card E'. We first observe that each real

number in [0, 1] has a dyadic expansion Z 27 "g,, with each a, = 0 or 1. The
1

expansion is not necessarily unique: expansions ending with all 1’s can be con-
verted to expansions ending in all O’s; the convention that if any number has two
expansions, we always use the expansion with infinitely many 1’s, gives uniqueness.
Now let A C 2¥ consist of all characteristic functions taking the value 1 infinitely
often. Define ¢: 2V — E* by

& e(n)

ple) = ifce 4,
~ 2

243 feea

By our remarks, @ is injective. Since ]0, 1] C ¢(2¥) C E%, the assertion follows
as in Ex. 6.

We now establish the comprehensive

7.8 Theorem Let . # be the class of all cardinal numbers.

(1). " is well-ordered.

(2). For any given cardinal number, there exists a larger one. In
fact, for each set X, card #(X) > card X.

(3). 0 is the smallest cardinal number, and X, is the smallest
transfinite cardinal number; that is, every infinite set contains
a countably infinite subset.

(4). The class £ is not a set.

Proof: (1) is trivial, since #° C Z.
(2). We replace #(X) by 2%. Then:

(a). There is an injection X — 2¥: define x— ¢, the character-
istic function of {x}.

(b). There is no injection 2*¥ — X. We argue by contradiction.
If there were such an injection, then (a) and 7.7 would yield a bijection
¢: X — 2%, Denote the value of ¢ at x by ¢, some characteristic func-
tion, and define ¢ € 2% by ¢(x) = 1 — ¢*¥(x). This differs from each ¢*
and is therefore not in ¢(X'), contradicting that ¢ is bijective.
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(3). The first part is trivial. For the second, we need show only
that for any infinite X, there is an injection N — X. We proceed by
inductive construction on the well-ordered N. Let ¢ be a choice function
for the family #(X); define ¢(1) = ¢(X), and for each ¢: N(n) — X,
let Ry(p) = (X — ¢[N(n)]). X — ¢[N(n)] cannot be empty for any n,
since then ¢: N(n) — X is surjective and by 7.4(b), (X) < R(N(n)) =
n. Applying 5.2 yields an F: N — X with F(n) = R,[F | N(n)]. F is
clearly injective, so X, < X(X), and (3) is proved.

(4). Assume that " is a set. Then X = U{R | R e} is also
a set, and so 2% is a set; therefore NX(2¥) C X, and, with 7.4(a), this
gives R(R(2¥)) < R(X), that is, N(2¥) < K(X). This is impossible in
view of (2).

Ex. 8 Ex. 7 and 7.8(2) yield the following important result: Card N < card E*
(there are “more” real numbers than there are rational numbers). The cardinal
number of E! is denoted by € and is called the cardinal of the continuum.

7.9 Remark In view of 7.8(2), the question arises: For an infinite set X, is there
any cardinal between X(X) and X(#(X))? The bypothesis that there is no
such cardinal is called the generalized continuum hypothesis (the “continuum
hypothesis” is that there does not exist any cardinal between X, and ¢).
Under the assumption that the Axioms I-XI of I, 8 are consistent, K. Gédel
proved that the generalized continuum hypothesis is consistent with these
axioms, and P. J. Cohen proved that the negation of the continuum
hypothesis is also consistent with the given axioms. Thus, both the con-
tinuum and generalized continuum hypotheses are independent of the other
axioms of set theory: neither hypothesis can be proved or disproved on the
basis of I-XI alone. However, if the generalized continuum hypothesis be
taken as an additional axiom for set theory, W. Sierpinski has shown that
the Axiom XI of choice becomes redundant: it can be derived from the
generalized continuum hypothesis and axioms I-X.

7.10 Remark Using 7.8(1), the aleph notation for cardinal numbers is supple~
mented with ordinals as follows: For any cardinal number R, the set
{R{ X, € X g R} is well-ordered, so it is isomorphic to an ideal Z () in
Z. Itis then conventional to write R as X,, when used to indicate size, and
as w, when it is to be considered as an ordinal number. If « has noimmediate
predecessor, R, is called an inaccessible cardinal number. In this notation,
the continuum hypothesis is that 8, = ¢; the generalized continuum
hypothesis is that for each ordinal number ¢, R(P(R,)) = Rgy1.

8. Cardinal Arithmetic

In this section, operations on cardinal numbers that extend those of
ordinary arithmetic will be defined, and the fundamental theorem of
this arithmetic will be proved. There is a more interesting ordinal
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number arithmetic, differing from the cardinal arithmetic, but we shall
not discuss it here.

8.1 Definition Let{X, | ue.#} be any set of cardinal numbers. Their
sum Z X, is determined by selecting a pairwise disjoint family

{4, :ee./l} of sets with N(4,) = N, for each u, and setting
Z N U A,). Their product, H N is N(H 4,)

Note first that for any family {4, | u € .4} of sets, we can always find
a pairwise disjoint family {4, | p € A} with X(4,) = R(4,) for each
w, by setting 4, = {u} x 4, ; the operations in 8.1 are consequently always
defined. Furthermore, the definitions are unambiguous: If {B, | p € 4}
is any other family of pairwise disjoint sets with ¥(4,) = NX(B,) for
each p, to verify that N(U A4,) = N(U B,) and N(H A) = N(H B,))is

trivial. In fact, observe that N H A .) is the same Whether or not the

family {4, | n € A} is pairwise d15101nt; though this is not true for
sums, we have

8.2 If{4,|peA}is any family of sets, pairwise disjoint or not, then
XU A) < Z R(4,)-
Proof: Using the pairwise disjoint family {u} x 4, = 4,, there is
clearly a surjection | J 4, — ) 4, given by (i, a,) — a,; from 7.4(b)
1 u
we find R(J 4,) < XU 4,) = Z N(4,)
u 12 i

The Boolean operations and I, 4.2, immediately give that addition
(and multiplication) is unrestrictedly commutative and associative, and

that X. 2 N, = Z (X-X,). It is simple to verify monotoneity (that is if
°
R, < N/ for each p, then Z R, Z R/ and H N, H R’) and that

O0-XR=00+N=NX=1. N For ﬁmte sets and sums, these operations
reduce to the usual ones, inthatn + m =n + m, n-m = n-m.

Starting from 2-X = (1 + 1)-X = 1.X + 1.X, we get by induction
that the sum of n terms R is - X. This extends even to infinitely many
terms N,

8.3 (a). If the cardinal number of the indexing set is X', and if each
N, = X, thenz N, = X.X

°
(b). The union of a countable collection of countable sets iz
countable.
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Proof: (a). Letting {4, | u € #} be a pairwise disjoint family of sets
with 8(4,) = X for each p, and choosing one of them (say, 4,), we have
for each pe.# a bijection f,: A,— A4,. Since the map .# x A, —
\J 4, given by (u, @) — f,(a) is easily seen to be bijective, this proves (a).

H
(b). Since 8(4,) < N, for each 7 € N, use 8.2, monotoneity, and (a) to
find

R 4 < Z R(4) < Z Ry = Ny- R,

According to 7, Ex. 5, we have card (N x N) = card N, that is,
N, X, = X, which establishes (b).

Ex.1 With 8.3(b) we can extend 7, EX. 5; the cardinal number of all rationals
in E* (positive, negative, and zero) is R,. More generally, the set of all points in
E™ with rational coordinates is countable.

Ex. 2 'Transcendental numbers exist. Indeed, for each n, the cardinal number
of the set of all polynomials of degree n with integer coefficients is 8, according to
Ex. 1, so by 8.3(b) the set of their roots is also countable. From 8.3(b), again, it
then follows that the set of all algebraic numbers is countable. But X(E?) = ¢ > XK,

8.4 Definition Let X, X be two cardinal numbers. The exponentiation
R¥ is the cardinal number of the set of all maps X — K.

This notion of exponentiation reduces to the usual concept for finite
cardinals: #* = n™. Note that 2% is simply the cardinal number of the
set of all characteristic functions on X so, by 7.8(2), it is always true that
N < 2% and, by 7, Ex. 7, that 2% = ¢

If X, X are any two sets, let X¥ denote the set of all maps X — X. It
is trivial to verify that, if R(X) = R and X(X) = X, then X(X¥) = R

The usual rules for exponentiation apply: (R)*+¥ = N&.R¥
(RN = R¥.RY and RE¥ = (R®¥. We indicate a proof of the
last equality; the others are proved similarly. Choosing X, Y, Z, such
that NX(X) = X, (V)= X, and R(Z) = N/, associate with each
feX¥*Z the map ¢, Z— XY given by 2, — f(, %); then f — ¢, is
easily verified to be bijective.

Ex. 3 R-® = X2 since Nl = R and Xitl = RZ; also R? =1 from I, 6,
Ex. 3; thus, with finite cardinals as exponents, exponentiation has the usual inter-
pretation. Also from I, 6, Ex, 3, 0% = 0.

Ex. 4 As with sums, Ex. 3 extends to infinitely many factors: If X, = X
for each € #, and if R(#) = R’, then [ [ R, = X¥. For [ | X, is the cardinal

“ o

number of | | X, where each factor X, is the same set X having 8(X) = X and,
u
by I, 9, Ex. 2, T | X, is the set of all maps .# — X. In particular, the Cantor set
u

has cardinal number 2% = ¢,
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We have seen that ;- X, = N;; the fundamental theorem asserts that
this is true for all transfinite cardinal numbers:

8.5 Theorem N.X = X for each X > X,.
Lemma Tf X.X = XN for any X, then also X = 2.8 = 3.X = N. X,

Proof of Lemma: We have
N=N4+0<g< N+ N=2.Ng3I-NgNN=RX,

Proof of Theorem: It suffices to prove that for some set M with
R(M) = X, there is a bijection M — M x M. We use Zorn’s lemma,
2.1(2).

Let X be any set with X(X) = X, and let o7 be the set of all couples
(4, p4), where A C X and ¢s:4—A4 x 4 is a bijection. Then
o # o: since X is infinite, 7.8(3) shows that X contains a subset 4
with X(4) = N,, and we know that ;- 8, = X,

Partially order o7 by (4, ¢4) < (B, gp)if both 4 C Band gy | 4 = ¢,.
Each chain {(dy, ¢5) | B € #} has an upper bound (|J 4z, ¢) because

5
of I, 6.7, and consequently there is a maximal (}, ¢,); since
oyt M— DM x M is bijective, we have N(M)-R(M) = R(M), and
the argument reduces to showing that X(M) = X.

Since M C X, we have X(M) < X(X) = NX; we shall prove that
R(M) < X(X) is impossible because it would contradict that (M, ¢,)
is maximal in /. Thus, assume that N(3/) < X(X). Then we must
have

(1). N(M) < (X — M).
For, if R(X — M) < X(M), then because X = MU (X — M) is a
disjoint union, using the lemma would yield
N(X) = X(M) + XX — M) < X(M) + X(M) = 2R(M) = R(M),
which contradicts the assumed N(M) < R(X).

Because of (1), there is a bijective map of M onto asubset ¥ C X — M,
and we have X(Y) = R(M), YN M = . To extend ¢y to a bijection

P (MUY) (MU Y)x (MU Y)
= (M x M)U (M x Y)U(Y x M)U(Y x Y),

we need show (I, 6.8) only that a bijection
Y>Mx Y)U(Y x MYu(Y x Y)

exists. This is, however, apparent, since on the right side the sets are
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pairwise disjoint, so from X(Y)-X(Y) = X(Y) and the lemma, the
right side has cardinal number 3-X(Y) = X(Y). Since

(M, ou) < (MUY, @),

this contradicts the maximality of (M, ¢,). Thus R(M) < R(X) is
impossible, and as remarked, this proves the theorem.

The basic facts of cardinal arithmetic follow from 8.5. They show
that the only way to obtain larger cardinal numbers is through exponentia-
tion.

8.6 Corollary Let X, X be two cardinal numbers, at least one of which
is transfinite. Then:

(a). X + R = X.X = max(X, R).

(b). If X < R, then X — X = X; that is, removal of a set having
a smaller cardinal number does not reduce the cardinal
number of the given set.

(c). If2 < R < R, then N¥ = 28,

(d). ¥ = X for each finite n and transfinite X,

N=1.RNgNNgRXRX=R
N<N+N<N4+N=2.XNg<R.NX=RX
(b). Let 4 C X and R(4) < R(X). Since X = AU (X — 4)isa
disjoint union, N(X) = R(4) + R(X — 4) = max[N(4), XX — 4)];
since R(4) < R(X), we obtain X(X) = (X — 4).
(c). By 7.8(2), always X < 2%; thus:

(d). This follows by induction, starting from X2 = X.X = K.

Ex. 5 Card E™ = card E*; that is, “E* has just as many points as E".” For,
E" = E' x ... x E*' (n-factors) and 8.6(d) applies.

Ex. 6, There are uncountably many transcendental numbers. For, by Ex. 2,
there are R, many algebraic numbers, and 8.6(b) shows that the cardinal number
of the set of transcendental numbers is .

Ex. 7 'The cardinal number of the set of all continuous real-valued functions
on E!is c. For, a continuous function 1s completely determined by its values on
the (countable) set of rationals; therefore it can be identified with a map Q — E*.
Thus their cardinal number does not exceed Xo = (2¥o}¥o = 2% = ¢, and since
the subset of constant maps has cardinal number ¢, the assertion follows. Note,
however, that the set of all real-valued functions on E! has cardinal number
¢ = 2¢ > ¢,
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Ex. 8 For any ordinal number g, let w, be the ordinal number R, (¢f. 7.10).
Then, in &, R([wg, wei1]) = Ryy1. Indeed, since (by definition) R, is the first
ordinal in its equipotence class, we have R([0, y[) < R, for each y < wg.; and
R0, w4+ 3[) = Noyy, so we apply 8.6(b). In particular, given any countably
infinite X, there are exactly X, ways in which X can be well-ordered.

_ Ex. 9 The theorem makes no assertion for exponentials N® when R < X and
R > XN,. Assuming that & = X, we show:

(). If " < X, then R < K® < 2% and
(). If & = 28 then N® = R,
(i) follows from ¥ < X¥ < R® = 2% and (i) from R¥ = 288 = 2% — g,
Observe that if the generalized continuum hypothesis be taken as an axiom, then
(i) and 8.6(c) show that the only infinite cardinals of form KR are those of form 2%

We will need two further consequences of 8.6, the first of which
elaborates on 7.4(b).

8.7 Let Y be an infinite set, and f: X — ¥ surjective. If card f~(y) <
card Y for each y € Y, then card X = card Y.

Proof: Since the sets {f~(y) | y € Y} partition X, the hypothesis
gives [8.3(2)] R(X) < X(Y)-X(Y) = X(Y); but, from 7.4(b), we have
R(Y) < X(X) also.

8.8 Let Y be an infinite set, and &/ C P(Y) the set of all its finite
subsets. Then card &/ = card Y.

Proof: For each n, let &7, be the set of all n-element subsets of ¥,
and let Y™ be the cartesian product of n copies of Y. It is clear that there
is an injection &7, — Y™ consequently X(7,) < X(Y") = X(Y)" = X(Y)
and, by 8.2, 8.3(a), we find that N(«) = N(|J &) < z N( ) <

n n

Z N(Y) = R,-R(Y) = R(Y). On the other hand, the map y — {y} of

Y into o7 is injective, so we also have NX(Y) < NX(«/) and the proof is
complete.

9. The Ordinal Number ©

Let X, be the first cardinal number larger than X,. When treated as an
ordinal number, X, is denoted by £ and called the first uncountable
ordinal. We derive two properties of Z(£2) that will be used later.

The initial interval Z'(w) = [0, o[ has the property that every finite
subset has an upper bound in Z(w). This generalizes to

9.1 Theorem Each countable subset of [0, £2[ has an upper bound in
[0, £[.
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Proof: Let A C Z(£2) be countable, and let S be the ideal

U{Z(a) | «ed) C [0, Q.

Since £ is not equipotent to any smaller ordinal number, X(Z(«)) < X,
for each « < £, so that, as a countable union of countable sets, 8.3(b)
shows that R(S) < N, < N, = N(Z(Q)), and consequently that §
cannot be isomorphic to [0, £[. By 3.2(b), S = [0, B[ for some § < Q
and B is the least upper bound of A4.

9.2 Theorem Let f:[0, [ — [0, [ be any map such that f(«) < «
for all @ > some «y. Then there exists a B, < £ with the following

property: As o increases, its image f(«) repeatedly returns to
value below B,. In symbols: 3B,V 83 o > B: f(a) < Bo.

Proof: Assume that the conclusion is false. Then
VBeABY e > B:f(®) > Bo

and so we could define a map R: Z(2)— Z(£2) by sending each
Bo € Z(£2) to the smallest B satisfying this condition. By inductive
construction, 5, Remark 4, there would exist a map ¢: [0, [ — [0, £
with ¢(0) = «y and @(n + 1) = R[p(n)] for each n. Thus, writing
a, = ¢(n), we would obtain a countable subset {«, |ne N} C Z(Q)
such that for each n, (¢ > a,,,) = (f(e) > «,). By %1, {«, | ne N}
would have a least upper bound & < £, and we would have the con-
tradictory statements:

(1). f(e) < & since & = @(0) = «.
(2). f(a@) > @ because @ > «,,, for each n, sothat also f(@) > «,,
showing that f(&) is an upper bound for {«, | n € N}.
This proves the theorem.

9.3 Remark The ordinal £ intervenes in any construction utilizing operations
that involve at most countably many objects at a time. The general pattern
and result is as follows:

9.4 Let X be aset, and ./ any family of maps | | X — X (that is, all factors in the
1

countable cartesian product are X). For any 4 C X, write
@ = Uif([] 4)| re )

Then, given any M, such that M, C &/(M,), there exists an Mo D M, such
that

). A(Mg) = M.
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(2). M, is the smallest set O M, and satisfying (1): that is, if M D> M, and
satisfies (1), then M, C M. In particular, My, is uniquely determined
by M.
(3). If max [R(2), R(Mo)] > 2, then X(Mo) < [R(Z)- R(Mo))]%o.
Proof: Ad (1). Let R: P(X) — P(X) be the map 4 — 7(4). By transfinite
construction (5.2), there exists a map ¢: Z(2) — P(X) with ¢(0) = M, and
(o) = R[J {p(B) | B < «}] for each & < £2. Writing p(B) = M; C X, let Mg =
U {M; | B < £2}. Then:

(a). Mg C (M), since for each x € Mg, there is a first B in [1, £2f with
x € My, so that x € /(v {M, | « < B}) C (M)

(b). A (Mg) C Mq: If {3} e]]M,, then each coordinate x;e @(a,) for
1

some «; < £2; letting B < £ be an upper bound of {« |ie N}, we have
U {x} C U {M, ]| e < B}, so that L ({x}) € M.y C M.

Ad (2). We proceed by transfinite induction. Given M, let P(«) be the pro-
position “UJ {M; | B < a} C M.” P(0) is clearly true by hypothesis, and assuming
that P(B) is true for all § < «, it follows that M, = <Z(|J {M; | B < «}) C /(M)
= M, so that P(e) will be true also.

Ad (3). Again we use transfinite induction. Let P(x) be the proposition
“RU M, | B £ &) € R()Ro- R(DMp)R.” P(0) is obviously true. Assuming P(f)
to be true for all 8 < «, we have [using 8.2, 8.3(a), and 8, Ex. 4] that

R(Mo) < R()-[R(D)oRM)¥o]¥o = R(aZ) 0. R(Mo)¥o,

and consequently, by 8.2 again,

R(U {M; | B < o)) < Ry R()¥o- R(Mo)Ro

= R(L)WoR(Mo)%,
the latter equality holding because one of R(&), R(M,) = 2 and R; < 2Ro,
Thus P(«) is true, proving (3).
Ex. 1 A family of sets # C P(X) is called a Borel family if, whenever X; € &

forallie N, then | X; e & and N X, € & also. Letting .# be any family of sets,

1 1

and letting &/ consist of the two maps N, U: ][] P(X) — P(X) defined by
1

{X}—-NZX, {X})— U X, respectively, 9.4 asserts that there is a unique
1 1

smallest Borel family #(#) O A, and that in fact, R(B(M)) < R(A)*°. The
existence of %(.#) can also be established more directly by observing (i) that
P(X) is a Borel family, and (ii) that any intersection [} %, of Borel families is

also a Borel family. Then %(.#) is simply the intersection of all Borel families
containing .#. However, this approach gives no information about the cardinality
of the family Z(.#).

Ex. 2 'The existence of M in 9.4 can also be established directly, as follows:
LetB= U {M|MCADM) A (M, C M} Then B C & (B),since [x € B] = [«
belongs to some M] = [x e /(M) C &(B)]. On the other hand, B C &/(B)
implies that &7(B) C &Z(2/(B)); that is, & (B) is one of the sets M. Thus &(B) C
B, showing that &Z/(B) = B. Again no information about the cardinality of B is
obtained.
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Problems

Section |

1. Let 4 be the diagonal in A x A. Show that R C A x A is a preorder if and
onlyif4 C Rand Ro-R = R.

2. In Z*, define m < n if n divides m. Show that this is a partial ordering, that
every chain has an upper bound, and determine the set of maximal elements.

3. Let & be the set of all real-valued functions of a real variable. Show that by
defining f < g to mean “V x: f(x) < g(x),” (¥, <) is a partially ordered set.
If f <’ g denotes

N {C)
=g or (zlgg 2@ )’
is (F, <) partially ordered?

4. A partially ordered set is a lattice if each pair of its elements has a least upper
bound and a greatest lower bound. Is (¥, <) in Problem 3 a lattice? Is
(ZP(X), C) a lattice? In (P4 x A), C), is the set of all transitive relations a
lattice? Determine also if the set of all partial orders, preorders, and well-
orders are each lattices.

5. Let A be the set of all infinite sequences of real numbers. Order A lexico-
graphically; that is, (ay, as, -+ +) < (b1, bs, - - ) if either a; = &, for all ¢, or
a, < b, at the first place n where they differ. Show that this is a total ordering
in A. Is the conventional ordering of the rationals the same as the lexicographic
ordering of their decimal expansions?

6. Let X be a totally ordered set. A pair of subsets A4, B satisfying (a) A U B =
X, b)AnB = g,and (c) (e€d) A (beB) = a <bis called a cut in X.
If A, B, and A’, B’ are cuts, show that (4 C 4") v (4" C A4).

7. Let R C 4 x A be a well-order. Show that unless A is a finite set, R~ is

not a well-order.

. Show that if 4 is a finite set, each total ordering is a well-ordering.

9. Let A, B be well-ordered. Show that lexicographic ordering in A x B is also
a well-ordering.
10. Let A be well-ordered. Show that there does not exist any sequence {a, | n€ N}
with (@n+1 < an) A (Gn+1 # an) for each n.
11. Let {4, | « €7} be a family of well-ordered sets, and assume that & is also
well-ordered. Order [ | 4, lexicographically (as in Problem 5, this means:
'3

o

if B is the first element in {& € o7 | p(x) # p(3)}, then x <y if and only if
Poo(x) < pgo(»)). Using Problem 10, show that this a well-ordering in 114,
24

if and only if &7 is a finite set.

Section 2

1. Prove the following extension of Zorn’s lemma: If X is preordered and if each
chain in X has an upper bound, then for each given x, € X there exists a maximal
m with xo < m.
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Prove the following equivalent to the axiom of choice.

(a). [H. Kneser’s form of Zorn’s Lemma.] If X is a preordered set, and if
each well-ordered subset has an upper bound, then X has at least one
maximal element [Hint: One way to prove this is to require that a p-tower
be well-ordered by inclusion, rather than merely totally ordered, and then
modify the proofs in 2.1, 2.3 accordingly. Another proof first establishes
the result in Problem 7 for this case].

(b) If F: X— 2(Y) is any mapping such that F(x) # ¢ for each x € X,
then there exists an f: X — Y such that f(x) € F(x) for each x € X.

(c). If X is a partially ordered set, then each chain in X is contained in a
maximal chain. [M is a maximal chain if (M C C) = (M = C) for each
chain C C X.]

(d). If P(X) is partially ordered by inclusion, then each subset P C #(X)
of finite character contains a maximal element. [P C Z(X) is of finite
character if (4 € P) <> (every finite subset of 4 belongs to P)].

. Let Z#(X) be partially ordered by inclusion, and let &/ C #(X) be a maximal

chain. In X, define x < yifeitherx = yvordde.?: (xc A) A (y € 4A). Show
that this is a total order in X. If, in addition, for each .¥ C &7, it is true that
N{dlAeZFied,

show that < is a well-order.

. Let X be partially ordered by R C X x X. Show that there exists a total order

R’ D> R.

. Let Abe partially ordered. A set B C A is called cofinal in A4 if

VacA 3beB:a <b.
Prove that every totally ordered set has a cofinal well-ordered subset.

. A partially ordered set is “of type w” if each chain C has a cofinal sequence

{c;| 1€ N}. Prove that if, in a partially ordered set of type w, each ascending
sequence has an upper bound, then there is 2 maximal element.

. Let X be a preordered set, and assume that each chain in X has an upper

bound. Let f: X — X satisfy x < f(x) for each x € X. Prove: there exists at
least one x4 such that f(x¢) < x, also.

. Let Z be the additive group of reals, and C the additive group of complex

numbers. Prove that the groups Z and C are isomorphic.

Section 3

. Prove 3.4 directly from the concept of g-tower.
. Let {4y|ac} be a family of well-ordered sets. Assume that for each

(e, Bye A x o, one of A,, Ay is an ideal of the other. Prove that in (J A4,
/4

there is exactly one well-ordering that coincides with that on each 4,; also
prove that with this well-ordering, each initial interval of an A4, is also an initial
interval in | A,.

24

. Let {4, | « € &} be a pairwise disjoint family of well-ordered sets, and assume

that &/ is also well-ordered. In |J 4,, define < by preserving the given ordering
24

on each A4, and by setting a < b whenevera € 4,, b€ Ag, and « < B. Show that
this is a well-ordering in J 4,.
' 4
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Section 4

1.
2.

Prove 4.2, using Zorn’s lemma.

Each of the sets {1,2,.---, 0}, {w,1,2,---}, and {1,3,5,---; 2,4,6 ---},
ordered as written, is well-ordered. Show that no two are isomorphic, and
arrange them in order of magnitude.

3. In the well-ordering of 3, Problem 3, show that 4, < |J 4, for each ac € .%.
24
4. Let A4, B be well-ordered. Order A x B and B x A lexicographically. Are

the sets 4 x B and B x A isomorphic?

Section 5

[ S

. Prove 4.2 by transfinite induction.
. If W is any ordinal with infinitely many members, show that & < W.
. Show that a set contains infinitely many members if and only if there is a

bijective map of it onto a proper subset.
Let E be totally ordered. Assume Q C E satisfies

a. There is an ideal S # @ with S C Q.

b. For each ideal S; C O with S, # E, there exists an ideal S, # S, with

S C 8 CQO.

Prove that O = E.
Let E be totally ordered, and have a first element. Show that E is well-ordered
if and only if the transfinite induction principle 5.1 is true.
By w* denote the ordered set of nonpositive integers in their natural order.
Prove: A necessary and sufficient condition that a totally ordered set be well-
ordered is that it contain no subset isomorphic to w¥*.

Section 6

1.

Given two ordinal numbers ¢, f3, the sets 4 = ¢, B = { @} x § (ordered in
obvious fashion) are disjoint. Well-order 4 © B by preserving the order on
each and having each element of 4 precede all of B. Well-order 4 x B by
(a, b) < (4, bYif (b,a) < (5, &) in the lexicographic ordering of B x A. The sum
¢ + B = ord(4 v B) and product o+ = ord(4 x B). Prove:

a. 2 + B # B + ¢ in general.

b. 2.0 # w-2.

c2w=ow

d.g-(§+'y—a§+a2/,but(§+y)a B-a + y-¢ in general.

e. ¢ < Bif and only if there isa y > O withg + y = § (and show that y is

uniquely determined by ¢ and B).

. Prove that every ordinal number is of form ¢ + n, where ¢ is a limit ordinal

number and 7 is an integer.

Section 7

1.
2.
3.

Prove: A set is finite if and only if every total ordering is a well-ordering.
Show that the set of all countable subsets of E! has cardinal number ¢.

Prove: If every countable subset of a totally ordered set is well-ordered, then
the entire set is well ordered.
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4. Prove: For each ordinal number ¢, there exists a cardinal number X,.
3. Prove: Each infinite cardinal number is a limit ordinal number.
6. Let X be a set. For the characteristic functions on X prove:
CanB = C4°CB} CauB = €4 + € — Cang;
g, =17 110 - cu
fQ = - B)v (B — A, then
CQ = €4 + Cp.
7. Prove the Bernstein-Schroder theorem directly; that is, that
(card 4 < card B) A (card B < card 4) = (card 4 = card B)
by using Problem 7 in 1, 6.
8. Letf: Z* x Z* — Z* begiven by (p,q) —[p + (1/2)(p + ¢ — D)(p + ¢ — 2)].
Prove that f is bijective. (f gives the “ diagonal enumeration” of Z* x Z%).
Section 8
1. Theorem 8.5 is not true for finite cardinal numbers. Where does the proof
break down?
2. Show that in 8.6(b), X — X is indeterminate if X = X, and may be any
cardinal < R.
3. Prove: Any set of nondegenerate disjoint intervals in E! is countable. The
same result holds for balls in E™,
4. Let E* x E?! be ordered lexicographically. Show that there does not exist any
f: E' x E! - E' such that:
[(x, ) <& 9 A % 9) # (&, 9)] = flx9) < f&, ).
5. Show that with any uncountable set of real numbers, one can always construct
a divergent series.
6. Prove: If R(E) = R, then E = |J {4, | e}, where R() = R and
R(4,) = R for each x € .
7. Show that X3° > R%° if and only if 8, = 2%°.
8. What is the cardinal number of the set of all injections 4 — A?
9. Let R(X) > R, and let Y be an arbitrary set. Let f;, i € N be maps X — Y.

Let g: X — Y be such that:
Vi R({x | g(x) = fux)}) < Ro.
Show that there exists an x¢ € X such that V ¢: g(xg) # fi(xo).

10. Let E be an infinite set. Prove: There exists a partition {E, [{ = 0,1, -- -} of

11.

E such that X(E)) = R(E) for each: = 0,1, ---.

Let E be an infinite set, and {f, | n € Z*} any family of mappings of E into
itself. Prove: There exist two mappings ¢, $: E— E such that f, =
@?oyopoth for each me Z*+ (here, g" = gogo ---og n times). [Hint:
Let {E,|{i=0,1, ---} be a partition of E as in Problem 10, and choose
any ¢i: E— E such that ¢s | E;: E, — E,, is bijective for each i = 0,1, ---.
Now let {Ep, » | n€ Z*} be a partition of E, as in Problem 10, and define
¢:E — Eg— E; so that ¢ | E,: E,-— Eo, » is bijective for each ne Z*.
To define ¢ on E,, observe that 0, = poyoq@oih: E— E, ,, and set
@(x) = fy © 071 (x) for x € Eg, ,. This proof is due to S. Banach.]
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Section 9

1.

2

Prove an analogue of 9.1 for accessible cardinal numbers and explain the
difficulty when the cardinal number is inaccessible.

. Let10, 2 = v {Jay, Bul | p € A}, where each ], B] C 10, 2[. Now prove that

R(A) = R,, and that there is a By < £2 that lies in at least R, intervals Je,, B,].

. Let 4 C P(E™) be any family of sets with R(.#) < 280, and let B(.4#) be the

smallest Borel family containing .#. Show H(H) # P(E™).

. A family & C P(X) is called additive if X, Yef —- X U Ye it is called

multiplicative if X, Ye s = X n Ye&. Prove: Given any family # C #(X),
there exists a smallest additive family a(.#) > # and asmallest multiplicative

family m(.#) O . Furthermore, R(a(H#)) = R(m(H)) < Ry- R(A).

. C P(X) is called a finite Borel family if

Xesd, i=1, ---,n:OX,,ﬁX,e&{
1 1

for all finite n. Given any family of sets .#, show that there is a smallest finite
Borel family #r(A#) D M, and estimate its cardinality. Show that Z(.#)
is the smallest of all families containing .# that are both additive and
multiplicative.



Topological Spaces
I1I

Though E* and E™ are obviously different, this is not due to one having
more points than the other, since we know that card E! = card E™
Geometrically, it is evident that the points are arranged differently, so
that different subsets are “close together.” To detect inherent differences
of this sort, we study sets in which a notion of “nearness” is specified,
that is, in which a topology is specified.

I. Topological Spaces

I.1 Definition Let X be a set. A topology (or topological structure)
in X is a family 7 of subsets of X that satisfies:

(1). Each union of members of .7 is also a member of 7.

(2). Each finite intersection of members of 7 is also a member
of 7.

(3). o and X are members of 7.

1.2 Definition A couple (X, J7) consisting of a set X and a topology
Z in X is called a topological space.

Instead of “topological space (X, 77),” we also say “.7 is the topology
of the space X,” or “X carries topology 7.” When it is not necessary

62
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to specify 7 explicitly, we simply say, “X is a space” (to distinguish
from “X is a set”).

Elements of topological spaces are called points. The members of I~
are called the “open sets” of the topological space (X, .7") (or of the
topology 7). There is no preconceived idea of what “open” means,
other than that the sets called “open” in any discussion satisfy the
axtoms 1.} (1-3). Observe that since the union (resp. intersection) of an
empty family of sets in X is @ (resp. X)), Axiom (3) of 1.1 is actually
redundant.

1.3 Definition Let (X, 7)) be a space. By a neighborhood (written
nbd) of an x € X is meant any open set (that is, member of 7)
containing x.

“Uis a nbd of &” is written “nbd U(x)”; the points of U(x) are
“U-close” to x, so that J organizes X into chunks of “nearby” points.

Ex. 1 Let X be any set; £ = { @, X}. This topology, in which no set other
than @ and X is open, is called the indiscrete topology #: There are no “small”
nbds.

Ex. 2 In the set X, let 7 = P(X). This is called the discrete topology 2
every set is an open set. Comparing with Ex. 1 indicates the sense in which different
topologies in a set X give different organizations of the points of X.

Ex.3 'The topological space consisting of the two points {0, 1} with the discrete
topology is denoted by 2. The same set, with the topology J = {g, 0, X} is
called the Sierpinski space ', and will be used frequently in the sequel. In con-
trast to the space 2, {1} has no “small” nbds in &.

Ex. 4 Let E! be the set of real numbers. In the usual introduction to analysis,
a subset G C E!is called “open” if for each x € G there is an 7 > 0 such that the
symmetric open interval B(x;r) = {y| |y — «} < v} C G. We verify that the
family J of sets declared “open” by this criterion actually is a topology in the set
E*.

Ad (1). If each member of {G, | @ €%/} 1s “open,” so also is Laj G,, since

xeUGr=QaixeGy) = 3r > 0:Bx;r) C G, C U Gy).
Ad (2). If Gy, -+, G, are “open,” so also is ﬁ G, because x € O G, =
1

(VitxeG) = (Vidr > 0: Blx;r) C G = [Blx;min (ry, - -+, 7)) C () Gl
1

(3) is trivial.

This topology, -7, is called the Euclidean topology of E*; the topological space
(E', J) is called the Euclidean 1-space. Note that. is not the indiscrete topology
in the set EY, that is, 7 does not consist only of @ and £*: indeed, each B(y; 7}
belongs to 7, since, givenany x € B(y; 7), we have d = |y — x| < 7, and therefore
x € B(x;r — d) C B(y;r). It is simple to see that .7 can also be described more
directly as the family of all unions of open intervals.
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Ex. 5 Let E" be the set of all ordered n-uples of real numbers. Using vector
notation (cf. I, I} call “ball of center x and radius ” the set B(x; 7} = {y ||y — x| < #}.
The Euclidean topology in E™ is determined by calling G C E™ “open” if for each
x € G there is some 7 > 0 such that B(x;7) C G. The verification that this
criterion describes a topology 7, and that in fact each B(x;7) belongs to .7, is
contained in Ex. 4, since only reinterpretation of B(x; 7) is involved. With this
topology, E™ is called Euclidean n-space. As before, the open sets in E™ can be
described equally as the arbitrary unions of balls.

As the examples show, a set X may have many topologies; with each,
it is a distinct topological space. By regarding each topology as a subset
of Z(X), the topologies in X are partially ordered by inclusion; clearly,
J C T C Z for each topology J. We call 7 larger (or “with more
open sets,” or “finer”) than .7 whenever 7, C 7. It is trivial to verify

1.4 Let{7, | « €.} be any family of topologies in X. Then ﬂ T
{U|Vaesl: UeT,} is also a topology in X; however U 7,
need not be a topology. ’

2. Basis for a Given Topology

The task of specifying a topology is simplified by giving only enough
open sets to “generate” all the open sets.

2.1 Definition Let (X,.7) be a topological space. A family # C I
is called a basis for  if each open set (that is, member of J7) is
the union of members of .

# 1s also called a “basis for the space X,” and its members the “basic
open sets of the topology 7".” Not only is each member of J the union
of members of %, but also, because of # C J and I.1, each union of
members of # belongs to.7 ; thus a basis for 7 completely determines .7 .

Ex.1 Z is a basis for 7.
Ex. 2 Let 2 be the discrete topology on X. Then % = {{x} |x€ X} is a
basis for Z.

In view of Exs. 1 and 2, a given .7 may have many bases. The families
% C 7 that can serve as a basis are characterized by

2.2 Theorem Let # C 7. The following two properties of % are
equivalent:
(1). 4 is a basis for 7.
(2). For each GeJ and each xe€ G there is a Ue % with
xe U CG.
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Proof: (1) = (2). Let x€ G; since GeJ and # is a basis, G =
{J U,, where each U, e #. Thus there is at least one U, e # with

a?e U, CG.
(2) = (1). Let Ge J ;foreachx € G, find U, € Z withxe U, C G;
then G = \J{U, | xe G}.

Ex.3 Ineach E", n =1, % = {B(x;r){x€E" r > 0} is a basis for the Eucli-
dean topology, as the descriptions in I, Exs. 4 and 5 show.

Ex. 4 E™ has a countable basis: the family B = {B(§, r) | £ has all coordinates
rational, and » > 0 is rational}. For, let G be any open set, and x€ G. By [,
Exs. 4 and 5, there is a B(x, r) C G, and we can clearly assume that # is rational.
The reader will easily verify that there is a point £, with all coordinates rational,
within a distance 7/3 of x; then x € B({, 7/2) C B(x, r) C G, as required by 2.2.
Immediate consequences are:

(a). Each set open in E™ is the union of at most countably many balls.

(b). The cardinal number of the Euclidean topology of E™ is 2%,

By specifying a basis for 7, all the open sets are generated as unions.
However, there is a more convenient way to describe the open sets:

2.3 Theorem Let # C J be a basis for 7. Then A is open (that is,
isin Z) if and only if for each x € Athereisa Ue % with xe U C A.

Proof: 1f A is open, the condition follows from 2.2. Conversely, if
the condition holds, then (as in 2.2) we find 4 = (J{U, | a € 4}, where
each U,e # C J; from L.l it follows that 4 is open.

In particular, since J is a basis for 7, 2.3 provides a very useful
method for showing that a given set 4 is open.

3. Topologizing of Sets

In this section, two general methods for introducing topologies in sets
will be given.

The first, and most popular, starts from any given family 2 C 2(X)
and leads to a unique topology containing J'; thus we can to an extent
preassign the notion of nearness desired.

3.1 Theorem Given any family 2 = {4, | « € &/} of subsets of X,
there always exists a unique, smallest topology 7 (&) D Z. The
family .77(2) can be described as follows: It consists of @, X, all
finite intersections of the 4, and all arbitrary unions of these finite
intersections. 2 is called a subbasis for 7 (), and 7(Z) is said to
be generated by 2.
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Proof: Let J(X) be the intersection of all topologies containing X
such topologies exist, since Z/(X ) is one such. By 1.4, (%) is a topology;
it evidently satisfies the requirements “unique” and “smallest.” To
verify that the members of J(X) are as described, note that since
2 C 7(2), it follows from 1.1 that 7(2) must contain all the sets listed.
Conversely, because | J distributes over M, the sets listed actually do

form a topology containing 2, and which therefore contains 7 (2).

In 3.1, we started from X and obtained a topology J(Z) > Z. If,
conversely, we are given a topology 7, a family 2’ C . is called a
subbasis for 7 whenever 7 = J(2).

Ex. 1 For any topology .7, J is a subbasis for 7.

Ex. 2 The finite intersections of members of X are a basis for 7 (2).

Ex. 3 In the set E! of all real numbers, let 2 be all sets of form {x | x > a}
and {x | x < b). Then I (X) is precisely the Euclidean topology: Each finite open
interval, being an intersection of two subbasic open sets, belongs to .7 (X), and it
is evident from the description of 7 (2) in 3.1 that the family Z of all these finite
intervals forms a basis for 7 (X). But, by 2, Ex. 3, & is a basis for the Euclidean
topology.

Ex. 4 In the set E* of all real numbers, let 2 be all sets of the form {x { x > a}
and {x | x < b}. The topology 7 (%) is called the upper limit topology and has the
sets la, &] as basis. 7 (&) is not the Euclidean topology of E?, since the sets ]a, b}
do not belong to the Euclidean topology. The reader can verify that the Euclidean
topology is smaller than .7 (2). The topological space (E1, .7 (X)) is denoted by E;.

Ex. 5 Let I" be any ordinal number and in [0, I'] use the topology generated
by all sets of form {x | x > o} and {x | x < B8}. We call this topological space the
ordinal space (0, I'l. Observe that the sets Je, Bl = {xlx > o) N{x|x < B + 1}
are a basis for the topology. Note also that {«, { is open if and only if « = 0 or if
« has an immediate predecessor.

Ex. 6 Let (X3,7.),- -, (X,, ) be spaces. The cartesian product topology
in X; x+--x X, is that having as subbasis all sets (¢f. I, 9.6) of form {4,>,
where 4,€9;,i=1,---,n In view of I 9.6(1), a basis for this topology is
simply the family of cartesian products of open sets of the spaces Xj.

The construction of a topology from a subbasis loses some control
over the open sets; they build up from the finite intersections of the 4,
rather than from the A4, themselves. In the second general method for
topologizing a set, which we will now describe, the open sets are
constructed only by union from the given family; that is, by specifying a
family to be used as a basis for constructing the topology. Since inter-
sections are involved in topologies but no intersections are involved in
forming open sets from a basis, it is to be expected that not every family
can serve as the basis for some topology.
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3.2 Theorem Let # = {U,|pe.#} be any family of subsets of X
that satisfies the following condition:
For each {u, Ay e .# x # and each xe U, N U,, there exists
some U, withxe U, C U, n U,.
Then the family J(#) consisting of @, X, and all unions of
members of %, is a topology for X; thatis, # U {g} U {X} is a
basis for some topology. 7 (%) is unique and is the smallest topology
containing 4.

Proof: Using 3.1, we obtain a topology J (%) having # as subbasts.
To see that 7 () actually has # as a basis, we need show only that each
finite intersection of members of & is in fact a union of members of #;
and, as in 2.2 (2 = 1), it suffices to show that foreachxe U; n -.- N U,
thereisa Ue Fwithxe U C U; N --- N U,. Weproceed by induction,
the assertion being true (by the hypothesis) for = 2. If it is true for
(n — 1), then writing xeU;n---NU, =(U;,n---NnU,_ )N U,
the inductive hypothesis gives x € U N U, for some

UCUn---nU,_,
in & so, by the case n = 2, we find
xeU' CUNnU, CUN---nU,

for some U’ € %, completing the induction and the proof of the theorem.

The specification of a topology by giving a basis is generally accom-
plished by specifying for each x € X a family of nbds {U(x) | « € (%)}
(called a “basis at #” or a “complete system of nbds at £”) and verifying
that the family Z = {U,(x) | « € #(x), x € X} satisfies the requirement
of 3.2,

Ex. 7 Let C be the set of all continuous real-valued functions on [0, 1]. For
each fe C and ¢ > 0, define

1
MG =gl [ 17— el <2
The family {M(f, &) | f€ C, ¢ > O} is a basis for some topology # in C. For, if
ke M(f, &y n M(g, ), let
= [r-n awd r=[ lg~n
n= and 7y = | lg = kl,
and let { = minfe — r;,m — 7,]; then { > 0 and Mk, {) C M(f, &) N M(g, 1),
since
1 1 1
veMb 0= [ V-l <[ If=t+[ -9l <rnt+E=-m=s
4] 4] 4]

so that @ € M(f, ¢), and similarly, ¢ € M(g, 7). Another topology % in C can be
defined by using as a basis the sets

U(f, ¢) = {g Isgp | f(x) — g(x)] < &)
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Though each basis in X gives a unique topology, it is obvious that
distinct bases may give the same topology: For example, I (#) has #
and 7 (%) as bases. We now determine when this will occur.

3.3 Definition 'T'wo bases %, #'in X are equivalent if 7 (%) = T (H#').

3.4 Theorem A necessary and sufficient condition that two bases %,
#' in X be equivalent is that both the following conditions hold:

(1). For each Ue % and each x€ U, there is a U’ € #’ with
xelU’ CU.

(2). For each U’ € #’ and each x € U, there is a Ue # with
xeUCU".

If only condition (1) holds, then .7 (%) is a proper subset of 7 (%').

Proof: Assume JT(H) = T (#'). Since each Ue # C T(H) and
T (%) has #' as basis, (1) follows from 2.2; similarly, (2) is true.

For the converse, assume (1) is true. Since each V € 7 () is a union
of sets belonging to 4, it follows from 2.3 that V € I (#'), showing that
T (#) C T(#'). If, in addition, (2) is true, we find I (%) C T (%),
completing the proof.

Ex. 8 According to 1, Ex. 4, the Euclidean topology in E? is that which has
for basis all balls {B(x;#) | x€ E2,# > 0}. On the other hand, E? = E! x EI,
and according to Ex. 6, the cartesian product topology in E? is that which has for
basis the boxes U x U’ where U, U’ are open sets. These two bases determine
the same topology, since in each ball containing an x € E?, one can inscribe a box
containing x, and conversely. Similarly, the Euclidean topology in E™ is the same
as the cartesian product topology E! X - -- X E! (n-factors).

Ex. 9 The topologies # and % on C in Ex. 7 are not the same: we have
M CU. In fact, given any pe M(f,e), we let r = [o |f — ¢|, and find
Ulp, ¢ — v) C M(f, &). However, consider the constant map f(x) = 0: We show
that there can be no M(f, ) C U(f, 1). For, letting f,, € C be the map x — x®,
we have sup | fo(x) — f(x)| = 1 so no f, belongs to U(f, 1); on the other hand,

fol | fo — f] = 1/(n + 1) so that all f, with suffictently large n must belong to
M(f, €). Thus (2) of 3.4 does not hold.

4. Elementary Concepts

Throughout this section, we consider a fixed space X, and give some
definitions, all of which have familiar meaning when specialized to E*.
There are no genuine theorems. Verification of the examples is left for
the reader.

4.1 Definition 4 C X is called closed if x4 is an open set.
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Ex. 1 1In E1, [a,b] is closed according to 4.1, in conformity with the usual
terminology. N C E? is also a closed set.

Ex. 2 'The concepts “closed” and “open” are neither exclusive nor exhaustive:
In any space X, X and @ are both open and closed, while in E?, [0, 1[ is neither
open nor closed. Similarly (¢f. 1, Exs. 1 and 2), n (X, &), every set is both open
and closed, and in (X, #) points are neither open nor closed.

Ex.3 InE?% {{x,0)] 0 < x < 1}isneither open nor closed; however, we verify
that {(x, 0) | 0 < x < 1} is closed in E2.

4.2 (a). The intersection of any family of closed sets is a closed set.
(b). The union of finitely many closed sets is a closed set.

Proof: These follow by DeMorgan’s rules; we prove only (a). To
prove ﬂ A, closed, we are to show that ¥ ﬂ A, U €A, is open;

however since each €4, is open, so also is (by 1.1) the union.

Ex. 4 (b) does not extend to infinite unions. In E?,
U 0,1~ 1/ = [0,1[.
1

The definition of closed set is not intrinsic, since to decide the question
one considers the complement rather than the set. We will obtain some
intrinsic formulations by using other concepts.

4.3 Definition Let 4 C X. A point x € X is adherent to 4 if each
nbd of x contains at least one point of 4 (which may be x itself).
The set 4 = {xe X |V U(x): Ux) " 4 # ) of all points in X
adherent to A4 is called the closure of 4.

Ex. 5 In EY, let 4=10,1], B={l/n|neZ*} Then 4 = [0,1],
and B= B v {0}.
Ex.6 InE%letd = {(x,y) ]|y =sinl/x,0 < x < 1}. Then
A=4v{0,»|-1<y<1}
since each ball centered at a point of the latter intersects A4.
Ex.7 In EL(cf. 3, Ex. 4), let A = Ja, b]. Then 4 = Ja, b].
Ex. 8 In Sierpinski space % (¢f. 1, Ex. 3), 0 = &, 1=1.

4.4 (a). A C 4 for every set A. _
(b). A4 is closed if and only if 4 = 4.

Proof: (a) is immediate from 4.3.
(b). (4 closed) = (4 = A): For, 4 closed = €4 is open, so each
x €4 has a nbd (namely, ¥4) not meeting 4 and therefore does not
belong to 4. Thus 4 C A and with (a), 4 = 4.
(4 = A) = (4 closed): For (4 = A) < each x€ A has a nbd U(x)
not meeting A; by 2.3, this means that ¥4 is open.
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An alternative characterization of 4 and the algebraic properties of
the closure operation are contained in

4.5 4 is the smallest closed set containing 4; that is,
A = N {F|(Fclosed) A (F D A4)}.

Furthermore,

(1). ACB=4CB.
). 4 = A; that is, 4 is closed.
(3). AUB=A4UB.
(4). g = .

Proof: We evidently have 4 C N F.
(2). xe 4 = xe () F. Since by 4.2 () Fis closed, x €() F = x has
anbd, € ") F, not meeting () F, and so x € 4.

(b). xe\F = xeA. For x€A <« there is a nbd U of x not
meeting 4; since €U is closed and contains 4, €U is some set F, and
because x €U = F, also x €[ F.

(1)-(4) follow easily from this characterization:

(1). Any closed set containing B also contains 4.

(2). (A4 =N F) =>4 is closed, by 4.2, and so 4.4(b) shows 4 =4
(3). AU B is closed, and [4.4(a)] contains each of 4, B, so that
AUBCAUB; but, AUB is closed (4.2) and contains 4 U B,

so that also 4 U B C 4 U B.
(4). @ is a closed set.

Ex. 9 4.5(3) holds, by induction, for any finite number of factors; it is not
true in general for infinitely many factors, as Ex. 4 shows. However y A, C LTA—O,
is always true, as follows from Voa: A, C U Ae C U A, and application of
4.5(1), (2). e ‘

Ex. 10 The formula 4 " B = 4 n B is not true in general, as 4 = [0, 1],
B = 11,2} in E*, shows. As in Ex. 9, it is easy to show that D—/E C O A, s

always true.
Another way to describe closed sets is through cluster points.

4.6 Definition Let 4 C X. A point x € X is called a cluster point of A
if each nbd of x contains at least one point of 4 distinct from x.
Theset A" = {we X |V U(x): U(x) N (4 — x) # @} of all cluster
points of 4 is called the derived set of 4.

Ex.5 A =1[0,1]; B = {0}
Ex.6 A = 4.
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Ex.7 A = A.
Ex.8 0 =1, 1= g.

47 A = AU A’ In particular, 4 is closed if and only if 4’ C 4;

that is, 4 contains all its cluster points.

Proof: Since A’ C A4 from 4.3 and 4.6, and always 4 C 4, we find
AU A’ C A. For the converse inclusion, let x € 4; if xe A, we are
through, and if x € 4, then each nbd U(x) intersects 4 at a point
necessarily distinct from x, so x€ 4’. Thus 4 C 4 U A’, completing
the proof. The second part now follows by using 4.4(b).

Ex. 11 It is evident from 4.6 that (x€ A") < x € (4 ~ x). The term cluster
point arises from the easily proved fact that in E?, x € 4" if and only if each nbd
U(x) contains infinitely many points of 4.

4.8 Definition Let 4 C X. Theinterior Int (4) of 4 is the largest open
set contained in 4; thatis, Int (4) = {J {U | (U open) A (U C 4)}.

Ex. 5 Int (4) = 10, 1]; Int (B) = .
Ex. 6 Int(4) = @.

Ex. 7 Int (4) = 4.

Ex. 8 Int (0) = O, Int (1) = o=.

4.9 Int (4) = €(€A) for any set A. In particular, 4 is open if and
only if 4 = Int (4).

Proof: Since E C 4« %A C €E, we note that the open sets E C 4
are precisely the complements of closed sets ' O ¥ 4. Thus

Int (4) = |J {&F | (Fis closed) A (F D ¥A)}
€ N {F|(Fisclosed) A (F D €A4)}
= G(%4)

by 4.5. The second part is now trivial.

i

Ex. 12 Itis not generally true that Int (4 U B) = Int (4) v Int (B). Indeed,
the union of two sets, each with empty interior, may have an interior, as the
example 4 = rationals, B = irrationals, in E* shows.

4.10 Definition Let 4 C X. The boundary Fr (4) of 4 is 4 N % A.

Ex. 5 Fr (4) = {0,1}; Fr (B) = B v {0}. Thus the entire set may be con-
tained in its own boundary.

Ex.6 Fr(4d) = A4.

Ex.7 Fr(4) = 2.

Ex.8 Fr(0) =1, Fr(1) = 1.
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The boundary of 4 is a closed set, and both 4, ¥4 have the same
boundary. The boundary can be described as the part of the closure not
in the interior:

4.11 Let A C X. Then:
(1). Fr(4) = 4 ~ Int(4);
(2). Fr(4d) n Int(4) = o;
(3). 4 = Int(4) U Fr(4);
4). X = Int(4) U Fr(4) U Int(% A4) is a pairwise disjoint union.

Proof: (1). Fr(4) = AN G[¢%A] = A — Int (4). The proofs of
the remaining assertions are entirely similar to this, and are left for the
reader.

4.12 Definition D C X is densein X if D = X.
Clearly, X is dense in X, and in fact X is the only closed set dense in X.

Ex. 13 The rationals are dense in E£! and in El; more generally, the points
of E™ with all coordinates rational are dense in E™,
Ex. 8 0is dense in .

4.13 The following four statements are equivalent:
(1). D 1s dense in. X.
(2). If F is any closed set in X and D C F, then F = X.
(3). Each nonempty basic open set in X contains an element of
D

(4). The complement of D has empty interior.

Proof: (1) = (2). Fe DCF=X=DCF=F.

(2) = (3). Let U be open, nonempty, with UND = @; then
D C €U # X, which contradicts (2), since ¥ U is closed.

(3) = (4). Assume Int (4D) # @ ; since Int (¥D) is open, there is
(2.3) a nonempty basic U C Int (¢D), and since Int (¢D) C €D, U
contains no points of D.

(4) = (1). Int (¢D) = ¥[6%¥D] = D = @, sothat D = X.

5. Topologizing with Preassigned Elementary Operations

Each of the concepts discussed in 4 (except density) can be used as the
primitive concept for introducing a topology in a set: If in a set X one
preassigns what (say) the closure of each set is to be, then provided the
assignment 4 — 4 is not “unreasonable,” there is indeed a topology for
X in which the closure of each set is exactly the predetermined set.
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5.1 Theorem ILet X be a set, and u: #(X) — P(X) a map with the

properties:
(1. w 7)) = 3.
2). A C u(A) for each 4.
(3). uo u(A) = u(A) for each A.
(4). (A U B) = u(A) U u(B) for each 4, B.

Then the family 7 = {Fu(4) | 4 € Z(X)} is a topology, and with
T, A = u(A) for each A.

Proof: We first establish the consequence
(). (4 C B) = (u(4) C u(B)).
For, (4 C B)< (B = AU B) which, with postulate (4), gives
u{B) = u(A4) U u(B) and proves {1).
We now verify that .7 is a topology:
(a). XeJ, since u(w) = X, and g €7 because [by (2)]
X C u(X) gives (X)) = X.
(b). Fu(4) N Cu(B) = €lu(A) U u(B)] = €u(4 U B); by induc-
tion it follows that the intersection of any finite family of sets of J is

also a member of 7.
(c). LetS = U Cu(A,); we are to show that § = Fu(Q) for some

O C X. Because S = ‘K ﬂ u(A4,), we find €8 = ﬂ u(4,) C uw(4,) for
each o so, by (i) and (3) w®S) C w(4,) for each o, and therefore
w(€S) C N u(A,) = €S. Use of (2) shows u(€S) = and so,
S = Gu(%S), as required.

Using the topology 7, we now show that 4 = u(4). First, 4 C u(A):
For, since each u(4) is closed in 7, from 4 C u(A4) we find that
A C u(A) = u(4). Finally, w(4) C A: Since ¥4 is open in I, we
have 4 = u(B) for some B; using (i) and 4 C 4, we find that

u(A4) C u(d) = uou(B) = u(B) =

The proofs of the following propositions are left for the reader; each
one indicates the Boolean operations that completely characterize the
various concepts.

5.2 Let X be a set, and y: (X ) — Z(X) a map such that:

(1). W)= .

(2). yoy(d) C AU y(A).

(3)- A4 U B) = y(4) Y y(B).
4. For each x € X, x € y(x).

Then 9 = {F(4A U y(4)) | 4 € P(X)} is a topology, and A" = y(4).
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5.3 Let X beaset and n: Z(X) — Z(X) a map such that:

(1. (X)) = X.

(2). n(4) C 4.

(3)- 7 0 n(4) = n(4).
(4)- (4 N B) = n(A4) N n(B).

Then I = {n(4) | 4 € #(X)} is a topology, and Int (4) = n(4).

5.4 Let X be aset, and 8: #(X) — Z(X) a map such that:

(1). B(2) = . -
(2). pld) = B(Z 4).
(3). B B(4) C B(4).

4). AnBnpAnB)y=4nBnI[B4) v BB
Then 7~ = {€(4 U B(4)) | A€ #(X)}is atopology, and Fr(4) = B(4).

5.5 Let X be aset, and &/ C Z(X) a family with the properties:

(1). @, X belong to 7.
(2). The intersection of any family of members of o/ is also a
member of 7.
(3). The finite union of members of &7 belongs to o7.
Then I = {$A4 | A € o} is a topology, in which &7 is the complete
family of closed sets.

6. G, F,, and Borel Sets

Though the countable union of closed sets need not be closed, and the
countable intersection of open sets need not be open, such sets occur
frequently in analysis.

6.1 Definition A set F is called an F,-set (or an F,) if it is the union
of at most countably many closed sets. A set G is called a G, if it is
the intersection of at most countably many open sets.

Ex. 1 Each closed set 1s an F, and each open set is a G,.
Ex. 2 'The concepts F, and G, are neither exclusive nor exhaustive. In E*, the
closed interval [ag, b] 1s evidently an F, and 1t 1s also 3 G; because

[a,61 = (V1a ~ 1/n, b + 1]

In (X, #) (c¢f. V, Ex. 1), any proper subset of X 1s neither an F, nor a G,.
Ex.3 1In E?, the set Q of rationals 1s an F,, since Q 1s countable and each point
1s a closed set. We shall see much later (XI, 10, Ex. 2) that O 1s not a G,.
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Ex. 4 In the ordinal space [0, 2], the point £2 is an F,, being a closed set.
However, it is not a G;. For, if {G, ] i€ N} is any countable collection of open
sets containing £, then because the sets |a, 8] are a basis, V¢ Jo, < £: Je, 2] C G,
Being countable, the collection {e; | i € N} has an upper bound 8 < £, so

5GDMM¢W}

It is frequently convenient to express F, and G; sets in a standard
manner:

6.2 (1). If F is an Fj-set, then there is a nondecreasing sequence
F, C F, C ... of closed sets with F' = Llj F,.
(2). If G is a Ggset, then there is a nonincreasing sequence

Gy O G4 D --- of open sets with G = ﬁ G,
1

Proof: We prove only (2); (1) is analogous. Since G is a G;, G =
ﬁ W., where the W, are open. Define G, = W, n - .- N W,; then each
1

G, is open, G, O G, ., for each n, and ﬁ W, = ﬁ G,
1 1

For the set operations,

6.3 (a). The countable union and finite intersection of F,-sets is an F,.
(b). The countable intersection and finite union of Gs-sets is a G,.
(c). The complement of an F, is a G,, and conversely.

Proof: Ad (2). Since

o0

O |0 7| = U, 1 G en x Ny

1=0

and N x N is countable, this is an F,. Similarly,

n o0
lDO [J=0 Fm] = U{FO,JO n"'nFn,Jn I (Jor "+ s Jn) €N x - - x N}
by distributivity ;sinceeach Fy, N --- N F, , isclosed,and N x -+ x N
is countable, this also is an F,. (b) is proved analogously, and (c) involves
only DeMorgan’s rules.

As 6.3 indicates, the properties F,, G; are generally not preserved
under all countable set operations. We now define a family which is in
fact preserved under these operations,
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6.4 Definition A nonempty family X C ZP(X) is called a o-ring if

(). AeZ = FA4cZ,

@2). deZfori=1,2,-- = @Aiez‘.

6.5 'There always exists a unique smallest o-ring 4 containing the
topology 7 of X. 4 is called the family of Borel sets in X, and
N(Z) < R(J ). Furthermore:

(1). The countable union, countable intersection, and the difference
of Borel sets is a Borel set.
(2). Each F, and each G, is a Borel set.

Proof: Observing that #(X) is a o-ring containing J, and that the
intersection of any family of o-rings is also a o-ring, we define & to be the
intersection of all o-rings containing . Since only two operations are
involved, the estimate of N(%) follows from II, 9.4. To establish (1),
we need only verify preservation under intersection, and this follows
from

@ @
Q B, =% Llj €B,,
where B,€ #,ie€ Z*. (2) is trivial.
6.6 Remark For the special case of E", we can establish more:

(1). There are sets that are not Borel sets.

(2). Each open set (and each closed set) is both an F, and a G,.

(3). The family of Borel sets can be described (¢f. I1, 9, Ex. 1) as the smallest
family & containing 7 and satisfying

Bie®B,icZ* =~ JBeB and NBecH
1 1

Ad (1). By 2, Ex. 4, X(7) = 2%, hence N(#) < 2%0; since R (Z(E™) = 2°,
this proves (1).
Ad (2). Each ball B(x;#) is an F,, since B(x;#) = U B(x;r — n™1).
7
By 2, Ex. 4, each open set is a union of at most countably many balls (that is, an

F,-set), so 6.3(a) shows that each open set is an F,.

Ad (3). We first show that &% as defined here is a o-ring. Let #° =
{¢B ) Be %#}. ThenJ C F°, since because of (2),

Gef»Gisaan:GzQFizq(gGi:(gQGi

and we have () G; € #. Noting that % ° also satisfies the condition on # (De
1

Morgan’s rules), it follows that # C F°, ThissaysthatAe B = AeF° = 4 =
% B for some Be B = €A € B, showing that & is a o-ring. Since, conversely, any
o-ring containing 7 satisfies the conditions required of %, the descriptions here
and in 6.4 coincide.
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7. Relativization

Let ¥ C X. If X carries a topology, we will define a topology for the
set Y, called the relative (or induced) topology on Y. Its importance lies
in this: To determine what any concept defined for topological spaces
becomes when discussion is restricted to Y C X, we simply regard Y
as a space with the énduced topology and carry over the discussion
verbatim.

7.1 Definition Let (X, 7)) be a topological space, and ¥ C X. The
induced topology S yon Yis{Y N U | UeJ}. (Y, Ty)is called
a subspace of (X, ).

To verify Jy is actually a topology on Y is trivial.

Ex. 1 In the subspace Y = [0, 1] U {2} of E?, the following sets are open:
(a) {2}; (b) all open intervals contained in [0, 1]; (c¢) all intervals of form [0, af
(these are nbds of 0 in Y). In Y, the subset [0, 1[ is both open and closed.
Note that sets open (or closed) in Y need not be open (or closed) in the containing
space E1.

Ex.2 To the set R of all real numbers, adjoin two points, {+ 0}, {— «©}, and
let 7 be the topology generated by all sets of form {+ w0} V{x|x > a}, {— w0} v

{xlx <a). (Ru{—w,+©},T)is called the extended real line, denoted by Er,
With the induced topology, R C E* is the Euclidean space E*.

Note: (a). By defining —© < x € + o, Elisa totally ordered set. (b). For
any set A C E*, sup A (= least upper bound of A) andinf4 = —sup{—x|x € A}
always exist (and may be + o). (c). The sets {+ ®0} V{x|x > a} are nbds
of + .

Let Y be a subspace of X, and 4 C Y. Since (Y, 7y) is a space, we
can form the closure of A, using 7y, to obtain Ay; but also 4 C X, so
we can form A, using .7. We now determine the relation between 4
and Ay, as well as that for the other operations in 4.

7.2 Theorem Let (X,.7) be a space and (Y, Jy) a subspace. Then:

(1). If {U, | « € &} is a basis (subbasis) for 7,{Y N U, | « € &}
is a basis (subbasis) for . y.

(2). Let A C Y. Then Ais T y-closedifandonlyif 4 = Y N F,
where F is 7 -closed (that is, the closed sets in Y are the
intersections of ¥ with sets closed in X).

(3). dy = YNnd; Ay =YnA; Yning(d) C Inty(4);
Fry(4) C Y n Fr(4).
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Proof: (1) is trivial.

(2). Let A be closed in Y; then 4 = Y — W, where W is open in
Y,and since W= YNV where Ve, wefindAd =Y - YNV =
Y NEV. Conversely, if A = YNF, Fclosed in X, then ¥ — 4 =
Y N ¥F, showing that 4 is closed in Y.

() yeANY =Y U®):Uy)NnA+# @, and since 4 C Y, it
follows that ¥V U(y): (Y N U(y)) N A # o, which shows that y € Ay;
the implications all reverse. The second statement is proved similarly,
and the remaining inclusions are trivial.

Ex. 3 In Euclidean 2-space, E? = E*' x E?, the set E* can be identified with
the subset E' x 0 C E? Since the topology of E2 has as basis the open boxes
J x J’, we find from 7.2(1) that the relative topology in E! x 0 is precisely the
Euclidean topology of E*. 'This generalizes easily: Writing E® = ES X Ef, s + t =
n, the relative topology on E* x 0 C E*® is the Euclidean topology of E* x 0.

We have seen in Ex. 1 that sets open in a subspace need not be open
in the entire space; the following theorem gives a simple but useful case
where this cannot occur.

7.3 Theorem Let Y be a subspace of X. If 4 C Y is closed (open) in
Y, and Y is closed (open) in X, then 4 is closed (open) in X.

Proof: For A = Y N K, and since Y and K are each closed (open)
in X, so also is the intersection.

Ex. 4 A subspace Y C X is called a discrete subspace of X whenever J y is the
discrete topology. Observe that if Y is a discrete subspace of X then Y need not
be open or closed in X, as ¥ = {1/n | ne Z*} C E* shows.

7.4 (Transitivity) A subspace of a subspace is a subspace of the entire
space.

Proof: Let ZC Y C X, and let Jy, be the topology of Z as a
subspace of Y; we are to show that 7, = 7 ,. Let We J 4, so that
W=ZnNnV, where VeJ, Since V=YNU, Ue.7, we find
W=ZnYnNnU=ZnNnU, showing that WeJ ,. The converse
inclusion is trivial.

8. Continuous Maps

We have been considering topologies on one given set; we now want
to relate different topological spaces. Given (X, J ) and (Y, 7)),
note that a map f: X — Y relates the sets and also induces two maps
[ PX)—> P(Y), f~1: P(V)— P(X). Of these, f~! should be used
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to relate the topologies, since it is the only one that preserves the Boolean
operations involved in the definition of a topology. Thus the suitable
maps f: X — Y are those for which simultaneously f~*: 7y — J ;.
Formally stated,

8.1 Definition Let (X, ;) and (Y, Jy) be spaces. Amap f: X - Y
is called continuous if the inverse image of each set openin ¥ is open
in X [that is, if /=1 maps Jy into 7 «].

Ex. 1 A constant map f: X — Y is always continuous: The inverse image
of any set U open in Y is either @ or X, which are open.

Ex. 2 Let X be any set, 91, J 4, two topologies on X. The bijective map
1: (X, 1) —(X,.7 2)is continuous if and only if 7 ; C J ;. Note that a continuous
map need not send open sets to open sets, and also that increasing the topology
J ; preserves continuity.

Ex. 3 A map sending open sets to open sets is called an open map. An open
map need not be continuous. 1: (X, 7 1) - (X,J ;) is open if and only if
T, C ., but it is not continuous whenever .7 1 # 7 ,.

Ex. 4 Let Y C X. The relative topology 7 y can be characterized as the
smallest topology on Y for which the inclusion map 7: Y -+ X is continuous. For, if
U&7, the continuity of 7 requires 7 " (U) = U N Y to be open in Y, so that
any topology for which { is continuous must contain 7 .

The elementary properties are

8.2 (1). (Composition.) If f: X — Yandg: ¥ — Z are continuous, so
alsois gof: X — Z.

(2). (Restriction of domain.) If f: X — Yis continuousand 4 C X
is taken with the subspace topology, then f| d: 4 — Y is
continuous.

(3). (Restriction of range.) If /: X = Y is continuous and f(X)is
taken with the subspace topology, then f: X — f(X) is con-
tinuous.

Proof: (2). We have (gof)™r = f tog~1;sinceg 1:7,->Ty and
f~1: Ty — T g, the continuity of g o f follows.

(b). Note f| A = fo i, where i: A — X thus, apply Ex. 4 and (a).

). F Y U N X)) =fYU) N f7HY(X) = fY(U), and the state-

ment is proved.
The basic theorem on continuity is:

8.3 Theorem Let X, Y be topological spaces, and f: X — Y a map'.
The following statements are equivalent:

(1). f is continuous.
(2). The inverse image of each closed set in Y is closed in X.
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(3). Theinverse image of each member of a subbasis (basis) for ¥’
is open in X (not necessarily a member of a subbasis, or basis
for X1),

(4). For each x € X and each nbd W(f(x)) in Y, there exists a
nbd V(x) in X such that f(V(x)) C W(f(x)).

(5). f(A) C f(A) for every A C X.

(6). 7-YB) C f~YB) for every B C V.

Proof: (1)< (2), since f~Y(Y — E) = X — f~Y(E) for any E C X.

(1) <= (3). Let {U, | @ € o/} be a subbasis for Y. If fis continuous,

each f~Y(U,) is open. Conversely, if each f~1(U,) is open, then because
any open U C Y can be written

U= U{Ualm"'m Uan ‘{ala""o‘n} CM};
we have that

FHU) = U 1(Uy) 00 71U,

is a2 union of open sets and so is open.

(1) = (4). Since f~Y(W(x)) is open, we can use it for I/ (x).
(4) = (5). Let 4 C X and b e A; we show f(b) € f(4) by proving
each W(f(b)) intersects f(A). For, finding V(b) with f(V (b)) C W(f (b)),

bed= o £ V(B nNA
= @ # f(V(b) 0 4) Cf(V (b)) N f(A) C W(f(b)) N f(A).

(5) = (6). Let A4 =f~YB); then f(4) Cf(4)=flf~HB)] =
BN f(X) C B, so that A C f~Y(B), as required.

(6) = (2). Let B C Y be closed; then f~3(B) C f~1(B), and since
always f ~Y(B) C f~(B), this shows [4.4(b)] that f ~}(B) is closed.

The formulation (4) of 8.3 shows that continuity is a “local” matter,
a fact having many applications. Precisely,

8.4 Definition An f: X — Y is continuous at x, € X if 8.3(4) is satisfied
at x.

From this viewpoint, the equivalence of (1) and (4) in 8.3 asserts: f is
continuous according to 8.1, if and only if it is continuous @ eack point

of X.

Ex.5 Letf: E® — E*; that is, a real-valued function of # real variables. The
continuity of f at xy € E™ is simply the usual notion encountered in analysis. For,
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by 8.4, f is continuous at x, if for each open interval Jf(xo) — ¢, f(x0) + ¢[, there
is a ball B{x,; 0) mapped into it by f; that is,

Ve>038>0:|x — x| < 8= [fl@) — fxo)| < e

Ex. 6 Let X be any space, and for each pair of maps f, g: X — Y, define
¢: X - Y x Y by x— (f(x), g(x)). Then ¢ is continuous if and only if both f
and g are continuous. For, note that o~ NU x V) = f~YU) ng=(V); since a
subbasis for ¥ x Y is all sets of form U x Y, ¥ x V, where U, V belong to a
subbasis for Y, 8.3(2) gives the result. Thus, for example, the map E!-— E?
given by x — (cos x, sin x) is continuous.

Ex. 7 (Vickery). Let £2 be the first uncountable ordinal number, and let
[0, Q[ be the subspace of the ordinal space [0, 2] (cf. 3, Ex. 5). Then each con-
tinuous @: [0, £2[— E! must be constant on a tail [, Q[.

We first assert that Vo e Z* o, < 2V € > on: | o€) — ¢lo) | < 1/n. For, if
this were not true, then I, Vo < L3 ¢& > at | p(f) — o) | = 1fn,. We could
then use induction to construct a sequence {£; (i € Z*} such that both £, < &1
and | p(£) ~ @(€.41) | = 1fng for eachi: choosing £; = 0and assuming &1, - - -, &
defined, let £, ; be the first element in [£,, [ satisfying the hypothesis. The {£,}
thus found would then have a least upper bound ¥ < £ and then ¢ would not be
continuous at y: any basic nbd I, y] contains some £, and therefore all &, & > i,
so cannot have image contained in the nbd Je(y) — 1/37n0, p(y) + 1/3n0[ of @(y).
Our assertion is therefore established. Now let 8 be an upper bound of the {«.};
then B < £2 and ¢ is constant on [B, &[: if {e[B, £, then we have both
Jo(d) — o) | < 1mand | p(B) — pla,) | < 1/n for every n, so | (D) — (B | < 2/n
for all #, and therefore () = @(B).

9. Piecewise Definition of Maps

In analysis, continuous functions are frequently defined piecewise: For
example, a continuous function on [0, n] C E! may be constructed by
using different formulas on each {7, ¢ + 1}, adjacent functions agreeing
on the common end point. We give here the general formulation of this
process.

9.1 Definition A family {4, | @« € o} of sets in a space X is called
nbd-finite if each point of X has a nbd V' such that VN 4, # ©
for at most finitely many indices o.

This concept is related only to the “position” of the 4, in X, and is
completely unrelated to the intersections that occur among the 4,
themselves.

Ex. 1 {4,]|a e .o} may be nbd-finite, even though each 4, intersects infinitely
many other A;:in E*, take the family {4, |ne N} with 4, = {x [x > n}. The
family {4, | « € o/} may not be nbd-finite, even though no A, intersects any
other A;: in E*, take the family {4, | x € E'}, where 4, = {x}.
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The main property of nbd-finite families is
9.2 Let {4, | o € o} be 2 nbd-finite family in X. Then:

(1). {4, | @ € &} is also nbd-finite.
(2). Foreach & C o, \J {A; | Be B} is closed in X.

Proof: Ad(1). Givenx, thereisanbd U(x)suchthat 4, N\ U(x) = &
for all but at most finitely many o; since

A, 0 U@ = 5 = A, CEUx) > A4, CEUx) = A, N Ux) = 2,
this proves (1).
Ad (2). Let B = |J 4;. For each x € B, there is, by (1), a nbd U
meeting at most finitely many ;1—5 say, ;1_31, S /Tﬁn; then UN (n] %/—13’
1

is a nbd of x not meeting B so, by 2.3, ¥B is open.

The following simple result on coverings is very important; we shall
derive several of its consequences as we proceed.

9.3 Theorem Let {4, |« € o/} be a family of sets that cover the space
X; thatis, X = | J 4,. Assume that either:

(1). All the A4, are open,
or (2). All the 4, are closed, and form a nbd-finite family.

Then B C X is open (resp. closed) if and only if each B n 4, is
open (resp. closed) in the subspace 4,. ~

Proof: 'The necessity of the condition is clear, from definition of the
relative topology. For the sufficiency:

Case(1): Assume that each B N 4, is open in the open 4,; 7.4 shows
BN A, openin X,sothat B=BNX=Bn!lJA,=1)JBnA,Iis

also open in X. If each B N A4, is closed in the open A4, then

A, — (BN A) = A,N%B

is open in 4,, and we find that B is open in X.

Case (2): Assume that each BN A4, is closed in the closed 4,; 7.4
shows BN A4, closed in X. Since {4,} is nbd-finite, {BN A4,} is also,
so by 9.2, B = U {B N A4,} is closed in X. The remaining case, where
each B N A4, is open in the closed 4,, is treated as above.
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The general formulation of piecewise definition of maps is

9.4 Theorem Let X be a space, and {4, | « € o/} a covering of X
such that either:

(1). The sets 4, are all open,
or (2). The sets A, are all closed, and form a nbd-finite family.

For each a €., let f,: A, — Y be continuous and assume that
fal Ao Ay = f3| A, N Ay for each («,B)€.o x &7. Then there
exists a unique continuous map f: X —> Y, which is an extension of
each f,; thatis, Va: f| 4, = f,.

Proof: 'The existence of f comes from I, 6.7. T'o show continuity,
let U C Y be open; then f~3(U)N A4, = f;(U) and so is open in
A, for each a. According to 9.3, this means that f~1(U) is open in X,
as required.

9.5 Remark In the case that the A, are closed, it is evident that some restriction
on their position is required: In E?, [a,b] = U {x| x € [q, b]}, and if the
closed sets {x} are used, it is clear that 9.4 cannot be true.

9.6 Remark Theorems 9.3 and 9.4 have wide applicability. In many cases, it is
possible to find a nbd-finite covering of a space X satisfying 9.3, by sets {A4,}
that have “nice properties”; in such cases, the topology of X can be expressed
by using the sets {4,} alone, and the continuity of an f: X — Y follows
from its continuity on each A, (see VI 8).

10. Continuous Maps into E'

Let X be an arbitrary space, and f, g: X — E'. Because E! has an
algebraic structure, maps can be combined by performing algebraic
operations on their values at each point. Thus we can form

x— f(x) + g(x), x — f(x)-g(x), x = c-f(x) (c a real constant);

these are denoted by f + g, f-g, c¢-f, respectively, to indicate the
operations performed. In this section, we consider the continuity of
these maps.

10.1 f: X — E' is continuous if and only if for each real b, bot/ the
sets {x | f(x) > b} and {x | f(x) < b} are open.

Proof: 'The sets involved are the inverse images of, respectively, the
subbasic open sets {y | ¥ > b} and {y | y < b} for the Euclidean topology
of E1, so 8.3(3) applies.

Ex. 1 The requirement that both types of sets be open cannot be relaxed: If
A =10,1[ C E'and ¢,: E' — E'is its characteristic function, c, is not continuous
[{x | ca(x) < 1} is not open], yet all sets of type {x | cs(x) > b} are open.
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Proposition 10.1 indicates that a splitting of the notion “continuity”
for maps X — E! is appropriate.

10.2 Definition An f: X -» E? is upper semicontinuous if for each real
b, {x | f(x) < b}is open; it is lower semicontinuous if for each real

b, {x | f(x) > b} is open.

Clearly, f is continuous if and only if it is both upper and lower
semicontinuous; equivalently, by observing that {x|f(x) > b} =
{x | —f(x) < —b}, f is continuous if and only if both f and —f are
upper (or lower) semicontinuous.

The proof of the following theorem is not the simplest, but it does
generalize to other situations in analysis (for example, measure theory).

10.3 Theorem Continuity is preserved under the usual operations of
analysis. Precisely, let £, g1 X — E* be continuous. Then:

(1). | f|® is continuous for each ¢ > 0.

(2). af + by is continuous for each pair of real constants, «, b.

(3). f-g is continuous.

(4). If f(x) # 0 on X, then 1/f is continuous (that is, 1/f is con-
tinuous wherever it is defined).

Proof: Ad (1). For b < 0, we have {x| | f()|* < b} = & and
1) > 8 = X
For b > 0, we find
{x || f(@)]* > b} = {x] f(x) > BV} U x| f(x) < -0,
|1 f@]" < b} = {=]f(x) < ¥ N {x]f(x) > -5,
which, by continuity of f and 10.1, are therefore open sets.

Ad (2). We first show that for any real a, af is continuous: Note
that

{x|af(x) > b} = {x| f(x) > ba} if @ >0
= {x | f(x) < bla} if a < 0;

this shows that (f continuous) = (af lower semicontinuous). In particular,

—(a-f) = (—a)-f is lower semicontinuous also, so that af is continuous.
Now we need show only that f + g is continuous; but

x| f(x) + g(x) > b} = U{{x[f(x) > b — A0 {x[g(x) > A} | Areal}

is a union of open sets, so f + g i1s lower semicontinuous; similarly,
since —f and —g are continuous, —(f + g) = (—f) + (—g) is lower
semicontinuous also.
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Ad (3). Wehavef.g = 1[|f + g|* — | f — £|*], so use (2) and (1).
Ad (4). Since f(x) # 0 on X, we have {x | 1/f(x) > b} equal to
[ ] £(x) > Ob (] BFa) < U e £) < O3 e bf () > 1)

since f and bf are continuous, this shows 1/f is lower semicontinuous.
Similarly, —(1/f) is lower semicontinuous.

For maps into the extended real line £ (7, Ex. 2), the criterion for
continuity is evidently formally the same as 10.1, so we can speak of

upper and of lower semicontinuous maps. Furthermore, E* has the
feature that for any 4 C E1, sup 4 and inf 4 always exist.

10.4 Corollary Let {f, | €/} be any family of continuous maps
fu: X — E*. Then:

(a). M(x) = sup{f,(x)| « € &} is lower semicontinuous.
(b). m(x) = inf{f,(x) | « € &} is upper semicontinuous.

Furthermore, if &/ is finite, both M and m are continuous.
Proof: Since M(x) > b if and only if at least one f,(x) > b, we have
the identity {x | M(x) > b} = |J {x | f(x) > b}, which proves (a).
Noting that m(x) = —sup{—/f,(x)} proves (b). Furthermore, whenever

N(«7) is finite, then M(x) < b if and only if all f(x) < b, so that
{x| M(x) < b} = (" {x|fu(x) < b}; being a finite intersection, this set
is certainly open and proves continuity of M (x) in this case; that of m(x)

follows as before.

We will need later the analogue of the Weierstrass M-test,

10.5 Letf;: X—-EYi=12, - beasequence of continuous maps such
0
that | fi(x)] < M; for each i, where > M is a convergent series
=1
o0

of reals. Then f(x) = Z fi(x) exists and is a continuous map
1

f: X— E*.

Proof: Let s,(x) = Z fi(x); from domination by ZM we obtain

Ve>03n,Vn>ng ‘v’x [$,(2) — sq,(x)] < &, sO that s, converges to
funiformly on X. The continuity of f at each x, (¢f. 8.4) follows from

|f(9v) —f(xo)l < If(x) - sn(x)l + ]sn(x) - sn(xo)} + ]sn(xo) - f(xo)lr
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which holds for each #: given any ¢ > 0, first choose an #, so large that
the two extreme terms on the right are <e¢/3 for all x, and then, using
the continuity of s, (x), choose a nbd U(x,) to have the middle term
< &/3.

1. Open Maps and Closed Maps

IL.1 Definition A map f: X — Y is called open (resp. closed) if the
image of each set open (resp. closed) in X is open (resp. closed)
in Y.

We have already seen (8, Ex. 2) that a continuous map need not be an
open map, and (8, Ex. 3) that an open map need not be continuous. The
following example shows that, in general, an open map need not be a
closed map (even though it is continuous); the concepts “open map,”
“closed map,” and “continuous map” are therefore independent.

Ex.1 LetA C Xandleti: 4-—+ X be the inclusion map a-—+a. By 8, Ex. 4, is
continuous. Furthermore, 7 is open (resp. closed) if and only if 4 is open (resp.
closed) in X. Proof for “open”: If A is open, and U C 4 open in 4, then by 7.3,
{U) = Uis open in X. Conversely, if 7 is an open map, then because 4 is open
in 4, i(A) = A is open in X. The proof for “closed” is analogous.

Ex. 2 Iff: X — Y is bijective, then the conditions “f closed” and “f open” are
in fact equivalent. For, if f is open and 4 C X is closed, then 4 = X — U and
f(A) = f(X) — f(U) = Y — f(U), so f(A) is also closed. As 8, Exs. 2 and 3,

show, “bijective open” and “bijective continuous” are still distinct notions.

The behavior of inverse images further emphasizes the distinction
between open maps and closed maps:

1.2 Theorem (1). Let p: X — Y be a closed map. Given any subset
S C Y and any open U containing p~1(S), there exists an open
V' D 8 such that p~1(V) C U.

(2). Letp: X — Y be an open map. Given any subset S C Y,
and any closed 4 containing p~1(S), there exists a closed B D S
such that p~1(B) C 4.

Proof: We prove (1) only, since the proof of (2) is similar. Let
V=Y-pX-— U)j; since p~1(S) C U, it follows that S C V, and
because p is closed, V is open in Y. Observing that

P =X -p X - U CX-[X-U]l=U

completes the proof.
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Theorem 11.2(1) is particularly important and has significant con-
sequences; its most frequently occurring form is with S a single point.
We now give some characterizations of open maps and of closed maps.

[1.3 Theorem 'The following four properties of a map f: X — ¥ are
equivalent:
(1). fis an open map.
(2). flInt(A4)] C Int[f(A)] for each 4 C X.
(3). f sends each member of a basis for X to an open set in Y.
(4). For each x € Xand nbd U 3 x, there exists anbd Win Y
such that f(x) e W C f(U).

Proof: (1) = (2). Since Int(4) C 4, we have f[Int(4)] C f(4);
by hypothesis, f[Int (A4)] is open, and because Int[f(4)] is the largest
open set in f(A4), we must have f[Int (4)] C Int[f(A4)].

(2) = (3). Let U be a member of a basis. Being open, U = Int(U)
and so f(U) = f[Int (U)] C Int[f(U)] C f(U); thus, f(U) = Int [{U)]
and therefore f(U) is open.

(3) = (4). Given x and U D «, find a member ¥ of the basis for X
such that x € IV C U (¢f. 2.3) and let W = f(V').

(4) = (1). Let U be open in X. By hypothesis, each y € f(U) has a
nbd W(y) C f(U) so that f(U) = U{W(y) | y € f(U)} shows that f(U)
is open.

[1.4 Theorem p: X — Y is a closed map if and only if p(4) C p(4)
for each set 4 C X.

Proof: If p is closed, then by 4.4(b), p(A) is closed; since
p(A) C p(A), we obtain p(4) C p(A) = p(A) as required. Conversely,
if the condition holds and A4 is closed, then p(4) C p(A) C p(A) = p(4)
shows that p(4) = p(A4), so that p(4) is closed.

12. Homeomorphism

12.1 Definition A continuous bijective map f: X+ Y, such that
f~1: Y — X is also continuous, is called a homeomorphism (or a
bicontinuous bijection) and denoted by f: X ~ Y. Two spaces
X, Y are homeomorphic, written X ~ Y, if there is a homeo-
morphism f: X >~ Y.

Ex. 1 The map x — x/(1 + |x|) is a homeomorphism of £! and -1, +1[.
Interpreting « as a vector in K", this map shows that E" is homeomorphic to its
unit ball B(0; 1).
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Ex.2 The extended real line E* is homeomorphic to [— 1, + 1], since the map
x—x/(1 + |x|)|(x€ EY), + 0 — +1 is a homeomorphism.

Ex.3 Letp = (0, 0, 1) be the north pole of the sphere S?2; then S2 — {p} & E?,
since the stereographic projection from p, which sends

(xly X2, xS) € S% — {P} to (

is easily verified to be a homeomorphism. This is the familiar process in complex
analysis, which completes the complex numbers (geometrically, E2) by adding a
“point at infinity” to get S2. In similar fashion, we bave S™ — {(0,---,0,1)} > E™,

X1 X2
1 — x5 1 ~ x3

,o)eEz C E®

The importance of homeomorphisms results from the observation
that a homeomorphism is also an open map; for, it then follows at once
that a homeomorphism f: X ~ Y provides sitmultaneously a bijection for
the underlying spaces and for the topologies; that is, both f: X — V¥
and the induced f| I (X): I(X)—~J(Y) are bijective. Thus their
significance is this: Any assertion about X as a topological space is also
valid for each homeomorph of X; more precisely, every property of X
expressed entirely in terms of set operations and open sets (that is, any
topological property of X) is also possessed by each space homeomorphic
to X.

Somewhat more generally, we call any property of spaces a fopological
tnvariant if whenever it is true for one space X, it is also true for every
space homeomorphic to X; trivial examples are cardinal of point set,
and cardinal of topology. With this terminology, every topological
property of a space is a topological invariant, homeomorphic spaces have
the same topological invariants, and Topology can be described as the
study of topological invariants.

This description of Topology can be expressed more formally: Observe
that homeomorphism is an equivalence relation in the class of all topo-
logical spaces, since (a) 1: X @ X; (b) [/ X 2 Y] = [f"1: ¥V ~ X];
and () [/ X 2 Y] A[g:Y = Z] = [geof: X = Z] as the reader can
easily verify. Consequently, the relation of homeomorphism decomposes
the class of all topological spaces into mutually exclusive classes, called
homeomorphism types. In these terms, Topology studies invariants of
homeomorphism types.

Homeomorphism frequently allows the reduction of a given problem
to a simpler one: A space that is given, or constructed, in some compli-
cated manner may possibly be shown homeomorphic to something more
familiar, and its topological properties thereby more easily determined.
For example, it is known that the Riemann surface of an algebraic
function is homeomorphic to a sphere S?2 having suitably many attached
handles. Unfortunately, to show that two given spaces are homeomorphic
is usually difficult, with construction of a homeomorphism being the
only general method. In some special cases, such as two-dimensional
manifolds, other (algebraic) techniques have been devised.
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It is frequently important to know that two spaces are zot homeo-
morphic, as, for example, E! and E2 This problem is somewhat
simpler than the former; it is generally solved by displaying a topological
invariant possessed by only one of the two spaces. Topological invariants
not possessed by all spaces are therefore important; in succeeding
chapters, we shall consider many such invariants.

We now give some characterizations and properties of homeo-
morphisms.

12.2 Theorem Let f: X — Y be bijective. The following properties of
f are equivalent:
(1). fis a homeomorphism.
(2). f1is continuous and open.
(3). fis continuous and closed.

(4). f(A) = f(A) for each 4 C X.

Proof: (1)< (2). The requirement that the map f~1: ¥ — X be
continuous is equivalent to the stipulation that for each open U C X,
the set (f~1)~Y(U) = f(U) be open in Y.

(2) < (3). Thisis 11, Ex. 2.

(3) < (4). Continuity of fyields f(4) C f(A4), and because f is closed,
1 1.4 shows that also f(4) C f(A4).

One frequently used technique for establishing that a given f: X — ¥
is a homeomorphism is simply to exhibit a continuous g: ¥ — X in
accordance with

12.3 Theorem Letf: X— Y and g: ¥ X be continuous and such
that both g o f ='1;y andfo g = 1. Then f is a homeomorphism,
and in fact, g = f~1.

Proof: We know (I, 6.9) that both f, g are bijective, and it is trivial

to see that g = f~1; since both f and g are continuous, the proof is
complete.

For subspaces,

124 Theorem Letf: X ~ Yand A4 C X. Thenf| 4: 4 ~ f(4) and
flX—-—4:X—-A4cx7Y - f(4).

Proof: Let g = f~*|f(4); then g is continuous, by 8.2(b), and
the pair of maps f | 4, g satisfies 12.3. The second part is proved in the
same way.

If Z is any space and f: X — Z is a map establishing X > f(X) C Z,
then f is called an embedding map of X into Z.



90 Chap. 111 Topological Spaces
Problems

Section 1

1. a. Let X be an infinite set. Show that &7y = {@} U {4 | ¥4 is finite} is a

6.

topology.
b. Let 8(X) = N, Showthate/; = {g} U {4 | R(FA) < ¥(X)}isa topology.

. How many distinct topologies can a set of three elements have? What is their

partial ordering?

. Let 7 x, T ; be topologies in X, Y, respectively. Is

T ={AdxBl4deTy, BeT

a topology in X x Y?

. Let X be a partially ordered set. Define U C X to be open if it satisfies the

condition: (xe U) A (y <) = ye U. Show that {U| U is open} is a
topology.

. In Z*, define U C Z* to be open if it satisfies the condition: ne U = every

divisor of n belongs to U. Show that this is a topology in Z * and that it is not
the discrete topology.
Prove: J is the discrete topology in X if and only if every point is an open set.

Section 3

hal

. Use 3.2 to verify the final statements of I, Exs. 4 and 5.
. If, in the plane, all straight lines are taken as subbasis, what is the topology?
. Describe the open sets if all straight lines in the plane parallel to the x-axis are

used for subbasis.

. Let X be the set of all (# x n) matrices of real numbers. For each a = (a,)

and r > 0, let Uda) = {(b,y) | ¥ 1,7: |ai, — by} < #}. Show that these sets are
the basis for a topology in X.

. Let C be the set of all continuous real-valued functions on [0, 1]. For each

feC, each finite set %y, -+, %,€[0,1], and & > 0, let Uy ooy () =
{2llex) — f(x)] <ei=1,---,n. Show (a) that these nbds form a
basis for some topology .&; (b) that & C %; and (c) that € and 4 are not
related in the partial ordering of topologies in C.

. Let X be a partially ordered set. Let Uy(x) = {v |y <} and Ug(x) =

{¥ ]  <}. Show:
a. The families {Ur(x)}, {Uz(x)} form bases for topologies 1, 7 5 in X,
b. G e€J; if and only if it satisfies the condition x € G = U(x) C G.
c. In J,, the arbitrary intersection of open sets is an open set.
d. The discrete topology is the only one larger than J 1, and larger than J 5.
e. 9 ;and J  are not related in the partial ordering of the topologies on X.

.In Z, let p be a fixed prime. For each integer a > 0, define U,(n) =

{n + Ap®| Ae Z}. Show that {U.(n)} is a basis for some topology.

. Let {7, | « €./} be any family of topologies on X. Define \/ J, to be the

o

topology having | J Z . as subbasis.
1
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9.

a. Prove: \/ 7, is the smallest of the topologies on X larger than every 7 .
o

b. Show that with the operations.7 ; v Z 5andJ ; N T , that the topologies
on X form a complete lattice. (Cf. Problem II 1(4): a lattice is called
complete if every subset has a least upper, and a greatest lower, bound.)

c. Is7, f\(sz T = (T 1T v (T nT ) always true?

d. Whatis  ; V Z g in Problem 6?

In the set R of all real numbers, let 2 consist of all sets of form {x | x > r},
{x | x < 5}, where , s are rational. Show that J (2) is the Euclidean topology
of R. Is this still true if 7, s are restricted to be numbers of the form k/2"
(% and » arbitrary)?

Section 4

1.

W

vk

10.

11.
12.

13.
14,

15,

16.

17.

Determine the closure, derived set, interior, and boundary, of the following
sets: (a) The rationals in E*; (b) the Cantor set in E?; (c) the set

{(rs, r2) | r1, ro rational} C E%; (d) {(x,0) | 0 < » < 1} C EZ
Show that E® x 0 C E® x E* = Es*tis closed.

. Let A C E* be a bounded set. Show sup 4 € 4. Under what conditions is

sup 4 € 47

Prove: Gisopenin X ifand only if GN 4 = G N A4 for every A C X,
Show that (4" = 9) = (4 is closed).

Let A ={1/m + 1/n\mne Z*} C E'. Show that 4" = {I/n | ne Z*} v {0},
A" = {0

Let {4, | « €57} be any family of sets in X. Assume that |J 4, is closed.

Prove U 4, = U 4.
Prove: Fr(4) = & if and only if A is both open and closed.
Prove the following formulas:

(a). Fr[Fr{Fr(A)}] = Fr[Fr(4)];

(b). Fr{Int(4)] C Fr(4);

(c). Int(4 — B) C Int(4) — Int(B).
Assume that Fr(4) N Fr(B) = g. Prove: Int(4 U B) = Int(4) Y Int(B)
and Fr{4d N B) = {4 N Fr(B)] v [Fr(4) n Bl.
For what spaces X is the only dense set X itself?
Let E and G be dense in X. Prove: If E and G are open, then E N G is also
dense in X.
Let D be dense in X. Prove: DN G = G for every open G C X.
Let % be a subbasisfor X, and D ¢ X such that U n D # @ foreach Ue %.
Does this imply that D is dense in X?
In 3, Problem 6, what is the closure of {x} in 7 .,? For what points is {x} a closed
set? An open set?
Assume (X, .7) a space with the properties: (a) The intersection of any family
of open sets is open; (b) if x # y, then there is at least one open set con-
taining some one of x, ¥, and not the other. Definex < yifxejy. Show that this
is a partial ordering and that the topology -7 r (3, Problem 6) is precisely 7 .

In X x Y, show that 4 x B =4 x B; Int(4 x B) = Int(4d) x Int(B);
Fr(4 x B) = (Fr(4) x By (A x Fr(B)).
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18.

19.

20.

21.

22,
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The exterior, Ext(4), of a set A C X is defined by Ext(4) = Int(¥A).
Prove: (a). Ext(4 U B) = Ext(4) N Ext(B); (b). 4 N Ext(d) = &;(c). X =
Ext (2); (d). Ext [ Ext(4)] = Ext(4).

If every countable subset of a space is closed, is the topology necessarily
discrete?

A point a € 4 is called isolated whenever a€ A — 4’. A set is called perfect
if it is closed and has no isolated points. Prove: (1) If 4 has no isolated points,
then 4 is perfect. (2) If a space X has no isolated points, then every open set
and every dense set in X also have no isolated points.

Call a set residual if its complement is dense, and call it nowhere dense if its
closure has empty interior. Prove: (1) A nowhere dense set is a residual
set. (2) 4 is nowhere dense if and only if 4 C CA. (3) The union of a residual
and a nowhere dense set is a residual set. (4) The boundary of a closed (or
open) set is nowhere dense. (5) For any set 4, both 4 N %4 and AN EA
are residual. (6) The boundary of any set is the union of two residual
sets.

An open set U is called regular if U = Int(f]); a closed set A4 is called regular
if A = Int(4). Prove:

If A is closed, then Int(4) is a regular open set.

. If U is open, then U is a regular closed set.

The complement of a regular open (closed) set is a regular closed (open) set.
. If U, V are regular open sets, then U C ¥V ifand only if U C V.

If 4, B are regular closed sets, then 4 C B if and only if Int(4) C Int(B).
If A, B are regular closed sets, so also is 4 U B.

If U, V are regular open sets, so alsois U N V.

”mHhe o0 oo

Section 5 .

1.

Let 4 — u(4) and 4 — v(4) be two closure operations. Assume that vou(4)
is u-closed. Prove that A4 — vou(A4) is a closure operation and that vou(A4)
is in fact the intersection of all sets containing A that are closed in both u and 2.
Finally, show that uov(4) C vou(A4).

. Let ¢: X — 2P(Y) be amap of a set X into the set P(Y). For 4 C X, letp(4) =

U {p(x) | x€ 4}; and for B C Y, letp *(B) = {x | (p(x) C B) A (px) # 9).
Show that u(4) = ¢~ 'op(4) satisfies (1)~(3) and (i) of 5.1.

. Let X be a space, and let 7 be an operation associating with each pair of sub-

sets 4 and B a set 7(4, B) C X subject to the conditions:

a. 74, BV CYyv (B, Cuvd)=r14vB,C)vd,B).
b. "2, X)= 2.
c. 'r(g—, % C 4.
d. 7(4,B) C A v B.
Show that, necessarily, 7(4, B) = (4 N E) v (Z N B).
Section 6
1. A set is bivalent if it is both an F; and a G;. Show that the complements, finite

unions, and finite intersections of bivalent sets are bivalent.

For the remaining problems, we assume that all closed sets are Gs-sets.
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2.

3.

Prove: Every F, is the disjoint union of bivalent sets, (Write F = |J F; =

F,uUlF, — Flv. - [F, — (Fp.y v---VUF)]v-.- and use Problem 1.)

Prove: For every sequence {F,} of F,-sets, there exists a pairwise disjoint

sequence {H,} of F,-sets with H, C F, for every 7 and W H, = U F,. [Write

F, = |J F,,, where the F}, are bivalent and disjoint; arrange the pairs (7, j) in a
7

linear order, and repeat Problem 2.]

«©
. Prove: If {G;} is any sequence of Gj-sets with {| G, = &, there exists a
1

sequence of bivalent sets {B,} with G; C B;and N B, = @. (Set F; = ¥G, in
1
Problem 3 and take B, = ¥H,.)

. Prove: (a) If G, H are disjoint Gy4-sets, there exists a bivalent set Bwith H C B

and BNG = g.
(b) If Gis a G4 and F an F, such that G C F, there exists a bivalent B with
GCBCF.

Section 7

RN N~

10.

11.

12.

. In E1, show that for any set 4, sup 4 € 4.

. Describe the relative topology of {z | |2| = 1} as a subspace of E2.

. Show that the rationals, as a subspace of E', do not have the discrete topology.
. Let K C E! be the set of irrationals in ]0, 1[. Expressing each x, v € K as

decimals, define d(x, y) = 1/nif x and y have their first (n — 1) digits identical,
and their nth digits different. Let B(x; 1/n) = {y € K | d(x, y) < 1/n}. Show
that the {B(x, 1/n) | x ¢ K, n€ Z *} is a basis for a topology 7 on K, and prove
that J coincides with the induced topology of K as a subspace of E?,

. Let A C B be open in B. Show: For any set S, 4 n S is open in B N S.
. Let Y,, Y, be (not necessarily disjoint) subspaces of X, and 4 C Y7 N Yo.

Assume that 4 is open (closed) in Y, and open (closed) in Y,. Prove: 4 is
open (closed) in Y¥; W Ya.

. Let A C X be closed and U C 4 open in 4. Let IV be any set open in X with

UCV. Prove: U (V — 4)is open in X.

. a. Let D be dense in X. Give an example to show D N 4 need not be dense

in 4.
b. Prove: If 4 is dense in B C X, then 4 is dense in B.

. Let X be the set of 3, Problem 6, with the topology 7 ;. Let 4 C X, and using

the induced ordering on 4, obtain .7 p(4). Show that 7 4(A4) coincides with
the induced topology on 4 as a subspace of X.

For any linearly ordered set X, let J ((X) be the topology with subbasis all
sets of form {x | & > a}, {w | x < b}. In E*, .7 o(E*) is the Euclidean topology.
Let 4 = {0} U {x | |[x] > 1}. Show that its topology 7 o(4) as a linearly
ordered set does not coincide with 1ts topology as a subspace of E?.

Let X be any space, and let Y be a closed subspace. Let 4 C X be any set,
and let Hbeanbdof 4N Yin Y. Prove: AN (Y — H) = 2.

Let X be any space, and assume that X = E; U E,, where E; and E, are
closed in X. Let B C E; be such that B N E; C Q where Q is open in E,.
Prove: B C Int(E; U Q).
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Section 8

1.

Let & be Sierpinski space and let 2 be the discrete space {0, 1} (¢f. I, Ex. 3).
Let f: ¥ — 2 be the identity map. Show that f is not continuous, but that
82— Yis.

2. Let ¢ be the characteristic function of [0, 1[ C E%, Is ¢] [0, 1] continuous at
x =0 Atx = 1? On [0, 1?
3. Let X be any space and ¢4 the characteristic function of 4 C X. Show that
c4: X — E! is continuous if and only if 4 is both open and closed in X.
4. Let C be the set of 3, Ex. 7. (a) Define ¢: C — E* by ¢( f) = f(1). Show that
@ is continuous in the % topology, but is not continuous in the .# topology.
(b) Define ¢: C — E* by
1
W = | 1@ a
Show that ¢ is continnous in both the % and % topologies. (c) Are either of
these maps continuous in the .Z topology (3, Problem 5)?
3. Under what conditions is the bijective map 1: (X, ;) — (X, .7 3) not con-~
tinuous, and with inverse not continuous.
6. Let X be the space in I, Problem 1(a). State a necessary and sufficient con-
dition that f: X — X be continuous.
7. Let X be the space in |, Problem 4. Show that f: X — X is continuous if and
only if it is order-preserving.
8. Let Z* be taken with the topology of I, Problem 5. Show that f: Z*+ — Z *
is continuous if and only if (m divides ) = (f(m) divides f(n)).
9. Let X be the set of 3, Problem 6, with topology 7 ;. Derive a necessary and
sufficient condition for continuity of f;: X — X.
10. Prove that the following three statements are equivalent:
a. f: X — Y is continuous.
b. f(A") C f(A) for each A C X.
c. Fr[f~%B)] C f[Fr(B)] for each B C Y.
11. Let X = X; v Xpand f: X — Y. Assume f | X; and f | X, to be continuous
at x € X1 N X,. Show that f is continuous at x.
12. Let f: X — Y be a map and 4 C X. Give an example showing f| 4 con-
tinuous, although f is not continuous at any point of 4.
13. Let f: X — Y be continuous. If B C Y is a Gy(resp. F,), show that f ~*(B) is
also a Gy(resp. F,).
14. Construct an example of a map f: X x X — E? continuous in each variable
separately but not continuous on X x X (use X = E?! for simplicity).
Section 9
1. Let {4,} be a nbd-finite closed covering of X. Let xo € X, and for each set

n
Ay, ¢ = 1,-- -, n) containing x,, let I; be a nbd of xy in 4,,. Show that L1J V.

contains a nbd of xq in X.
Let X be any space, and {4, | n e Z¥}a family of sets in X such that 4, D 4,

for each n€ Z*. Prove that, if ﬁ A, = @, then the family {4, |ne Z*} is
1
nbd-finite.
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3

. Prove: a. Any open set in E'! is the union of a pairwise disjoint family of open
intervals. Give an example to show that this is not true for E*, n > 1, if “open
intervals” is replaced by “open cubes.”

b. Any open set in E" is the union of at most countably many nonoverlapping
closed cubes [Hint: Generalize the following procedure for E2: For each
neZ*, let H, be the network of closed squares formed by all the lines x = p/27,
v = q/2", p, g€ Z. Let S; be the set of all the closed squares of H; contained
in the open set G, and proceeding inductively, let S, .1 be the set of all the

closed squares of H,, .3 contained in G — (S; U -+- U S,). ThenG = O Sal.
1

c. Show that a non-empty open set in E™ cannot be the union of a nbd-finite
family of nonoverlapping closed cubes.

Section 10

1.

2.

Let f: X — E* be such that for each rational r, {x | f(x) > 7}is open. Show that

f is lower semicontinuous.

Let # be a family of sets in X closed under countable unions and finite inter-

sections. Call f: X — E*! an 4 -function if f ~Y(U) € # for each subbasic U

of E'. Show that 10.3 is true, with “continuous” replaced by “.#-function.”

. Let E be the space of real numbers with subbasis all sets of form {x | x > b}.
Prove f: X — E is continuous if and only if f is lower semicontinuous, as a map
into E1.

. Show that the sum, inf of finitely many, and sup of an arbitrary family, of
lower semicontinuous functions is lower semicontinuous. Show that if f, g are
=0 and lower semicontinuous, so also is f-g.

. Prove: fis lower semicontinuous if and only if:

Ve>0Vad Ulxg): o€ Ulxg) = f(x) > fxe) — &
f is upper semicontinuous if and only if:
Ve >0Vaxd Ulxe):xeU(xg) = f(x) < flwa) + &

Equivalently, f is lower (upper) semicontinuous if and only if for each real 2,
{x | f(x) < b ({x ]| f(x) = b}) is closed.

. Let C* be the set of all continuous real-valued functions on [0, 1] that have a
continuous derivative on [0, 1]. Let < be the topology having

Ue(f) = {g|Va:|gx) — f(x)] < &
as a basis. Define the length

I(f) = f: VI T F ()% dx.

Show that /: C! — E* is lower semicontinuous.

7. Let { f,} be a sequence of continuous real-valued functions on a space X. Show

S

that the set of points x € X for which the sequence { f,(x)} converges is an Fy;
(that is, a countable intersection of F,-sets).

ection 11

1. Let p: E* x E!l — E' be the projection (x, y) — . Show: (a) that p is an
open mapping; (b) that p is not a closed map. (Consider p{(x, ») | xy = 1}.)
Thus “bijective” in Ex. 2 cannot be replaced by “surjective.”
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. Let p(x)} be a polynomial on Et. Show that x — p(x) is a closed map of E*,
. Show that a continuous bijective map f: E* — E? is an open map.
. Give an example to show that a continuous open map need not map the interior

of a set onto the interior of the image.

. Let X be any space, and f: X — E™ an open mapping. Denote the distance of

f(x) € E™ to the origin by | f(x) |. Let A C X be any set. Prove that | f(@) | <
sup {| f(x) ] | x € 4} for every a e Int(4). [Hint: Given a € Int(A4), there is,
by 11.3(4), a ball B(f(a); €) C f(4)]. Since a nonconstant analytic function
of a complex variable is an open map on its domain of definition, this result
implies “maximum modulus theorem” of complex analysis.

. Show that f: X— Y is open if and only if - [Fr(B)] C Fr[f Y(B)]for

each B C Y.

. Letf: X— Yandg: Y — Z. Prove:

a. If f, g are open (closed), so also is g © f.

b. If g o f is open (closed) and f is continuous, surjective, then g is open
(closed).

c. If gof is open (closed) and g is continuous, injective, then f is open
(closed).

. Let f: X — Y be open (closed). Show that if 4 = f~!(B) for some B C Y,

then f | 4 is also an open (closed) map into B.

. Let {B, | « € &/} be an open, or nbd-finite closed, coveringof ¥. Letf: X — ¥

be such that for each « € &, | f ~1(B,) is an open (closed) map of f ~*(B,) into
B,. Show that f is an open (closed) map.
Prove: A surjective map p: X — Y is a closed map if and only if it satisfies
the condition of 11.2(1).
Let p: X— Y be a closed surjection. Prove: If U C X is open, then
Frip(U)] C p(U) N p(X ~ U).
Let p: X — Y be closed. Let U C X be open, and p~Xy) C U. Show that
y € Int] p(N]. .
Let p: X — Y be closed. Prove: If 4 C X is closed, then p| A is a closed
mapping of 4 into p(4).
Prove that the following three statements are equivalent:

a. p: X— Y is a closed map.

b. If U C X is open, then {y | p~%(3) C U} is openin Y.

c. fA4C Xis closed, then {y | p~1(3) N 4 # &]is closed in Y.
let ¢: I—2 be the characteristic function of [0, 4] C I. Show that ¢ is
surjective, open, closed, but not continuous.
Let p: X — Y be an open and closed map. Let ¢: X — I be continuous, and
for each y € Y, let §(3) = sup [p | p~1(3)]. Prove: ¢: ¥ — I is continuous.

Section 12

1. In E? let V2 = B(0, 1). Show V2 ~ I x I.
2. Show that the space of # x n matrices in 3, Problem 4, is homeomorphic to

E",
3. Show: a. (X

X V) x Z X x (Y x Z),
b. Xx YV 2Y x X.
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4.

5.

Let f: X — Y be a map, and G(f) € X x Y the subspace {(x, f(x)) | x € X }.
Show that x — (x, f(x)) is a homeomorphism if and only if f is continuous.
Let A, B be countable dense subsets of E*. Show 4 x B.[There is even a
homeomorphism of E! carrying 4 onto B.]

Let f: X — Yand g: ¥V — X be embeddings. Show that (see 11, 7, Problem 7)
X and Y can be written as disjoint unions: X = X; U X,, YV = ¥; U Yy such
that f| X3 Xy @ Yyandg| Va: ¥V & Xo.

Let {B, | @ € .2/} be an open, or nbd-finite closed, coveringof Y. Letf: X — ¥V
be continuous, and assume that for each « € &7, f | f ~*(B,) is 2 homeomorphism
of f~YB,) and B,. Prove that f: X =~ V.

Show that the map x — ¢ of [0, 2n[ onto S? is not a homeomorphism.



Cartesian Products

IV

In this chapter, we define the cartesian product topology for an arbitrary
family of spaces and derive some of its basic properties.

I. Cartesian Product Topology

I.1 Definition Let {Y, | @€/} be any family of topological spaces.
For each a€.«Z, let 7, be the topology for Y,. The cartesian

product topology in I-[ Y, is that having for subbasm all sets

(Ug> = pi Y (Up), Where U, ranges over all members of ﬂ',; and
B over all elements of 7.

If any one factor Y, = &, then the cartesian product is also empty and
the topologies of the non-empty factors then play no role in determining
that of the product; we wish to exclude such behavior, so we shall assume
throughout this book that each factor of any cartesian product of
topological spaces is non-empty.

n
Ex. 1 If o/ is a finite set, the cartesian product topology of | | Y, coincides
a=1

with that previously defined in III, 3, Ex. 6.
Ex.2 Because of I, 9.6, it follows at once that the basic open sets are all those
sets of form

Uy x 02X Uy, x TT{Ys|B # as, -, o} = th;zl(Ua:);

where # is finite and each Uy, is an open set in Yy,; we will denote this set by
Uy +» +Uy,>. Thus, whenever R(&/) = n < Ry, a basis for the topology is

n
simply the family of all “boxes” 171 U,, where each U, is an opensetin V;. However,
i=

whenever R(%7) = R, this is no longer true: In fact, a set of form TT U., where

98
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each U, # Y, and is open in Y, is never an open set in the cartesian product:
because each basic open set restricts only finitely many coordinates, no basic open
set can be contained in [ [ Uy, so (111, 2.3) [ | U, is not open.

14 «

Ex. 3 If R(Z) = R,, and each Y, is a discrete space having more than one
point, [ | Y, is never a discrete space, for since each a, € Y, is an open set, it
o

follows from Ex. 2 that no point {a,} € [ | Y, is an open set. The cartesian product
@

topology is frequently used in this way, to create a nontrivial topology in infinite
families of objects, starting from the discrete topology in each.
Ex.4 Itis useful to observe that if 7' is any set openin [ | ¥, thenp (V) = ¥,
(44

for all but at most finitely many «: any such V contains a basic U = {U,,, -+,
U,,> and p(U) C poV) for all a.

As Ex. 2 indicates, results for finite cartesian products may not carry
over formally to infinite cartesian products, so these two cases will be
treated separately.

1.2 Let X(o/) be arbitrary. Then, in the space []{Y, | € &}
(1). For each o €./, let X, be a subbasis for the topology 7, of Y.
Then the family {(V;) | all V,e2;; all Be.o/} is also a
subbasis for the cartesian product topology in | | V.

(2). If 4, C Y, foreacha €7, then [ [ 4, = [ | 4, (that is, in

/4 o
contrast to Ex. 2, the cartesian product of closed sets is always
closed).
(3). If 4, C Y, for each o € o, then | [ A4, as a cartesian product

o
of spaces (each having the induced topology) has the same
topology that it receives as a subspace of [ | Y.

(4). Let ¥° = {y;} be a fixed element in [ | ¥, and let

D = {{x,} | {x,} and {y;} differ in at most finitely many coordinates}.
Then D is dense in [ | Y.

Proof: (1). This is immediate from I, 9.5, and is left for the reader.
(2). Assume {y,} e[ A4,; we show that V a:y, €4, that is,

(1
{9} €114, Lety, e U, where U, is open in Y,; since {y,} € (U,
(1
we must have (111, 4.3)
2 #Up N1 Ay = (U N dy) x TT{45| 8 # o}
and so by I, 9, Ex. 1, we find U, N 4, # . This proves y,€4,. The
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converse inclusion is established by reversing these steps: If {y,}e
[T 4,, then for any nbd (Vo) €<{Us, -+, Uy, each U, N4, # o
o

so that Uy, -+, U, > N[ T4, # 2.

(3). This is left for the reader.

(4). Let (U,,,---, U,,> be any basic open set; since all but the
ag, - -+, o, coordinates are unrestricted, this set contains a point having
the coordinates y; for each 8 # a4, -« -, «,. By III, 4.13(3), D is dense.

For the case X(«/) < X;, we have

n
1.3 Inthespace [ V;:

1=

1). (I;[A,) = (A} x Ay x -+ x 4,)
U(Elegxzsx--'xE)
U-- U A, x Ay x - x 4)).

n

2). Int (fl] A,) _ U Int (4,).

(3). Fr (fl] A,) — [Fr(d) x dy x -+ 4]
U [4; x Fr(dy) x --- x 4,]
U---U 4y x 4y x -+ x Fr (4]

Proof: (1) is proved by induction, from the result for two factors:
(a,b)e (A x BY < (a,b)e(4 x B) — (a, b)
=[(4 - a) x Bju[4 x (B — b)]
=[(4 - a) x BJU[4 x (B = b)]
< (a,b)e[4d’ x BlU[4 x B,
where we have used 1.2(3) and III, 4, Ex. 11.
(2). From I, 9.6 and 1.2,
Im(f[ Al) _ $[ZTI 4] = %[Ll) <<gA,>]

= € @A) = () 64,

= ﬁ Int (4,).

(3). This is proved by induction and is left for the reader.
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2. Continuity of Maps

2.1 Theorem Let {Y,|ac.s/} be any family of spaces. Then for
each fixed B € o7, the projection p,: [ | Y, — Y, is a continuous

open surjection.

v Proof: We have already seen (I, 9.3) that p, is surjective. If U is
open in Y, the formula (U) = p;1(U) shows that p;1(U) is open in
[T Y, and proves that p, is continuous. Since 28U+ Uy,» = Yy
o
(if B # oy, -+, a) or Uy (if B = ), the image of any basic open set
is open so, by III, 1.3, p; is open.
Ex. 1 p; is not in general closed, even if ®(o) is finite. In E2 = E' x E1,

the set 4 = {(x,3) | xy = 1} is closed, but under projection on the first factor,
pu(d) = {x|x # 0L

2.2 Theorem Let {Y,|cco/} be any family of spaces, and
f: X—]] Y, amap. Then fis continuous if and only if p, o f is
continuogs for each fe .

Proof: Let f be continuous; since p, is continuous for each f, so also
(111, 8.2) is pg o f. Conversely, assume each pg o f continuous; then for

each subbasic (U, in [ Y,, f~U,> is open because f~ Y U;> =
P HUR)] = (ps of)‘g( U,), and so (I11, 8.3) f is continuous.

Foranf: X — [ | Y,, the map p; o f: X — Y is called the Bth coordi-

nate function of f; in terms of its coordinate functions, f is the mapping
x — {p, o f(x)}. The importance of 2.2 is that it tells how to construct
continuous maps into cartesian products.

2.3 Corollary Let X be a fixed space, and {Y, | « € o} any family of
spaces. Assume that for each e € &/, a map f,: X — Y, is given.

Then, defining f: X — [ | ¥, by x — {fo(x)}, f is continuous if and

only if each given f, is continuous.
Proof: 'This is immediate from 2.2, since p; o f = f; for each f e «/.

Ex. 2 'The usual notion “parametric representation of curves” is essentially
an application of 2.3. Calling curve any continuous mmage of a closed mterval in
E*, to say that the system x = x(t), ¥ = »(t), (x(t), y(f) continuous) represents a
curve in K2, we rely on 2.3 to assure that ¢ — (x(#), ¥(¢)) 1s continuous.
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Ex. 3 By 2.3 it is easy to establish III, 12, Problem 4: Let g: X — G(f) be
the map x — (x, f(x)), and px, py the projections of X X Y onto X, Y, respectively.
If g is a homeomorphism, f = pyo g and 2.1 show that f 1s continuous. Con-
versely, if f 1s continuous, by 2.3 the map g: X — G(f) C X x Y is continuous,
Defining p = px | G(f), 2.1 shows that p is continuous, and since pog = 1,
gop =1, IIT 12.3 shows that g is a homeomorphism.

2.4 (Unrestricted Associativity) Let {Y,|ae o/} be any family of
spaces and {&, |peM} a partition of /. For each p, let

Z,=]1{Y,|eed,}. Then[[ Y, =21 Z,.
@ u

Proof: For each pe.#, define ¢,:]][Y,— Z, to be the map

(Vo) > {y, | e e ,}; by 1, 9.3, each g, is surjective. For each fe .o/,
the map pj; o ¢, is the projection of | [ ¥, onto its Bth factor, so from

2.1 and 2.2, each ¢, is also continuous.

Now define g¢: H Y, —>I_[ Z, by y — {q,(»)}; then, from 2.3, ¢ is

continuous. The map g is also open: given any basic (U,,, ---, U, > in

1Y, we have
[+4

qu <Uo:17 ttty Uan>
_ <Uap s Ugy if fog, ooy = oy, -} # o
B Z, if {og, - ,atNA, =g

and from this it follows that {U,,, - -+, U, > isopen in | | Z,. Finally,

1
¢ is bijective because {7, | p € A} is a partition of o/. By III, 12.2, g is
therefore a homeomorphism, and the proof is complete.

2.5 Theorem Let X(&) be arbitrary. Foreachae ., letf,: X, > Y,
be a map. Define []f,: [ [ X, =[] Yo by {x} — {fu()}-
Then: ’ ’

(1). If each f, is continuous, so also is [ | f,.
(2). If each f, is an open map, and all but at most finitely many
are surjective, then [] f, is also an open map.

Proof: Ad (1). Let <V,> be a subbasic open set in [ | ¥,; then

(ITf.) 1<V = <f7XV,)), which is open because f, is continuous.
By IlI, 8.3, [T £, is continuous.
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Ad (2). Each basic (U,,, -, U, > maps to

fal(Ual) XKoo X f(x,.(Uan) X H {fB(XB) l ﬁ F oy an}'

Since all but at most finitely many f, are surjective, all but at most
finitely many fp(X;) = ¥, and the rest are open sets. Thus the image
of U,,, -+, Uy, is an open set, which by 111, 11.3, proves that [ ] f, is
open.

2.6 Corollary Let {X,|aecs/} and {V,;|B e %} be two families of
spaces, and ¢: &/ — % a bijection. If for each «, X, @ Y ),

then [[X, IB—[ Ys In particular, [ ] X, is unrestrictedly
[+ o

commutative.
Proof: This is immediate from 2.5 and II1, 12.2.

2.7 Let Y be a fixed space, & any indexing set with N(&/) > R,. Let
Y, = Yforeacheo,andlet Z = | | Y,. Then each cartesian product

o
Z x Z x ---x Zconsisting of < R(«/) factors Z is homeomorphic
to Z.

Proof: 1If there are R g R(&) factors Z, the cardinal number of the
factors ¥ present in Z x ---x Zis N R() = X(), so 2.6 applies.

3. Slices in Cartesian Products

In E? = E' x E*, we can identify a line parallel to the x-axis with E?';
this idea extends to arbitrary cartesian\products.

3.1 Definition Let [ Y, be an arbitrary cartesian product, and
y° = {y}a giver;x point. For each index B, the set
SU%@=J%XTH%|a¢@CEIn
is called the slice in [ | ¥, through y° parallel to Y.
o

Ex.1 In E® = E' x E! x E', with y° = (x1, x5, 45), the slice S(»°;1) =
{(x, 3, %3) | x € E'}, and so is a line parallel to the x-axis gomng through »°.

3.2 Theorem The map s;: Y, — S(3°; B) given by

ys=>ys % [T{yal e # B
is a homeomorphism of ¥, with the subspace S(y°; ) = s.
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Proof: We first note that, because of I, 9.6, the open sets
<sz17 Y Ua,.> NS

of the subspace S are @, S, or S N (U,), where Uy is open in Y, Thus
S5 {((Uqys -+, Uyp 0 S) = &, Yy, or Uy, hence it is always open, and

therefore s, is continuous. Since the projection pg: [ [ V,— ¥, is
o

continuous, so also is p = p, | S; and because posy =1, s,0p = 1,

an application of 111, 12.3 shows that both s; and p are homeomorphisms.

4

4. Peano Curves , .

As one simple application of the results in this chapter, we prove the
existence of space-filling curves.

For each n = 1,2,...,let 4, be the discrete space {0, 2}; in I, 9,
Ex. 3, we have seen that if C is the Cantor set, the map ¢: [ [ 4, —~ C

given by
= a
{a,} — z 3—:
1
is a bijection of the set ] 4, onto the set C.

4.1 Taking JT A4, with the cartesian product topology, and C C E?
with the subspace topology, ¢: [1 4, =~ C.

Proof: ¢@iscontinuous: Givenanyc = Zal 37*eC,andnbd B(c; )N C,

choose [V so large that z 2-37" < e;theng({ay, - -, ayy) C Ble; e) N C.
N

¢ is open: Given any x = {a;} and nbd {q,, - - -, 4, ) containing x,
let N = max {1y, -, 4} and W = B(g(x); 1/3¥*1) N C; then

wC (P(<a1,’ ) al;c>)
so III, I1.3, applies. Being bijective, ¢ is a homeomorphism.

42 Let] =[0,1] C E* andlet 4s: ] 4, — I be the map
o0 a1
fa} > 2 73
1
Then ¢ is a continuous surjection.

Proof: Continuity follows as in the preceding proof and, by using
dyadic expansions, the surjectivity is obvious.

n )
The n-cube I™ C E™is [ | I; the space I® = [ [ 1 is called the Hilbert
1 1

cube. We now have
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4.3 For each k < oo, there exists a continuous surjection of the Cantor
set on 7%

Proof: Let k < oo be given. We have ¢71: C ~ [T 4,, and by 2.7,
an h:J]4, 2114, x---x[]4,(k < oo factors). Using 2.5 and
4.2, we obtain a continuous surjection:

k
TT¢: 114, x---x[T4,—~Ix---xI=1I,
1

so that

(ﬁ¢)oho¢“1:C—+1k

1
is the desired map.

By a “curve” in a space Y is meant the image f(I) of a continuous map
f: I — Y. From 4.3, the existence of space-filling curves (that is, Peano
curves) follows easily:

4.4 Theorem (Generalized Peano) For each %k < oo, there exists a
continuous surjection I — I* (that is, a curve going through each
point of I*).

Proof: Letf:C—1I*¥ =1 x---x I be the continuous surjection of
4.3, and let p, o f: C— I be the coordinate functions. Recall that C C I
is obtained by successively dropping out middle thirds. Extend each
p, of: C—1I to a continuous f,: I — I by defining f, to be linear on each
omitted interval. Then, by 2.3, F(f) = {f,(f)} is a continuous map
I —I*, and since F | C = f, it is surjective.

Problems

Section |

1. Let {Y, | o € &} be a family of spaces. Assume that each Y, has a basis of
cardinal number < X. What is the cardinal of a basis for [ | Y,?

2. Let 8(7) be arbitrary and [ | 4, C [ V.. If all but at most finitely many
factors A, = Y,, prove Int ([ [ 4,) = [] [Int(4)].

3. Let R be the real numbers with the upper-limit topology (I11, 3, Ex. 4). Show that
R x Ris not a discrete space, but that 4 = {(x, y) | x + y = 1}, as a subspace
of R x R, has the discrete topology.

4. Prove: [ | A, is dense in[ | Y, if and only if each 4, C Y, is dense.
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Section 2

1. Prove: The cartesian product topology in [ | ¥, is the smallest topology for
a

which all projections ps: [ [ Y4 ~ Y are continuous.
2. Let{Y,|ae}bea fami;y of spaces. For each # C &7, let
pgg:H{Ya ! ae,szi}an{y,, I Begg}
be the projection. Let 4 C [ | Y, be closed. Prove:
o

4= %Qn Pz lpg(A].

Section 3

1. Let & be the Sierpinski space, and & x {0} the slice in & x & parallel to the
first factor. Is & x {0} closed in & x F?



Connectedness

\'

Intuitively, a space is connected if it does not consist of two separate
pieces. This simple idea has had important consequences in topology
and has led to highly sophisticated algebraic techniques for distinguishing
between spaces. In this chapter, we obtain the basic properties of this
concept and those of some of its modifications.

l. Connectedness

.1 Definition A space Y is connected if it is not the union of two
nonempty disjoint open sets. A subset B C Y is connected if it is
connected as a subspace of Y.

Ex. 1 Sierpinski space .% is connected: The only possible decomposition is
0, 1, and 1 is not open. The discrete space 2 is not connected.

Ex. 2 'The real number system with the upper-limit topology (111, 3, Ex. 4) is
not a connected space, since {x | x > a} and {x | x < a} are both open sets.

Ex. 3 'The rationals Q C E! are not connected, since {x | x > V2} n Q,
x| < V2 n Q is a decomposition as required.

1.2 Theorem The only connected subsets of E' having more than
one point are E! and the intervals (open, closed, or half-open).

107
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Proof: Y connected implies that Y is an interval: For if Y is not an
interval, then by definition there mustbea, be Y, c€ Ywitha < ¢ < b,
so YN{x|x>c}, YN{x|x < c}is a decomposition of Y.

Y is an interval implies that Y is connected: If ¥ were not connected,
then Y = A U B, where A4, B are disjoint nonempty open sets, and
there would be an a e A4, be B that (relabeling if necessary) satisfy
a < b. Define « = sup {x | [a, «[ C A4}; then « < b, and because Y is
an interval, « € Y. Clearly, « € Ay; noting that A = % B is closed in Y,
we must have « € 4. However, 4 is also open in Y, and since Y is an
interval, an application of I1I, 2.3 shows there must be a nondegenerate
Je — &, & + A[ C A, which contradicts the definition of «.

The definition 1.1 can be formulated in handier fashion:

1.3 The following three properties are equivalent:

(1). Y is connected.
(2). The only subsets of ¥ both open and closed are @ and Y.
(3). No continuous f: ¥ — 2 is surjective.

Proof: (1) = (2). If G C Yis both open and closed, and G # @, 7,
then Y = G U %G shows that Y is not connected.

(2) = (3). If f: Y — 2 were a continuous surjection, then f~1(0) #
@, Y, and because 0 is open and closed in 2, f ~*(0) is open and closed
in Y.

(3)=(1). If Y= A4uB, 4, B disjoint nonempty open sets, then
A, B are also closed, and the characteristic function ¢,: Y -2 is a
continuous surjection.

Connectedness is clearly a topological invariant; even more,

1.4 Theorem 'The continuous image of a connected set is connected.
That is, if X 1s connected and f: X — Y is continuous, then f(X)
is connected.

Proof: The map f: X — f(X) is continuous; if f(X) were not
connected, there would be, by 1.3, a continuous surjection g: f(X) — 2,
and then go f: X — 2 would also be a continuous surjection, contra-
dicting the connectedness of X.

1.5 Theorem Let Y be any space. The union of any family of con-
nected subsets having at least one point in common is also connected.

Proof: Let C = U A, vo € ﬂ A4,, and f: C — 2 continuous. Since

each A, is connected no f| A4, 1s surjective, and because y, € 4, for
each oc,f(y) f(yo)forallye A and all . Thus f cannot be surjective.
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Ex. 4 1In contrast, the intersection of even two connected sets need not be
connected. Furthermore, if all the 4,7 € Z* are connected, and A1 D Ay, -,
still (] A, need not be connected: let ¥ =I% —~ {{(x,0) |1 <x < %} and

n

An =A{(x e Y|y < 1/n}.

1.6 Theorem Let A C Y be connected. Then any set B satisfying

A C B C4 is also connected. In particular, the closure of a
connected set is connected.

Proof: Let f: B —2 be continuous; since 4 is connected, f| 4 is
not surjective. Noting that B = 4 N B = Ay, the continuity of fon B
shows f(B) = f(Ay) C f(A) = f(A), so that f cannot be surjective.

Ex. 5 Since Y = {(x,y)|y =sinljx, 0 < x <1} C E? is a continuous image

of 10, 1, it follows from 1.4 and 1.6 that Y = Y U {(0,5) | —1 < v < 1} is con-
nected. Observe that even with omission of any subset of {(0, ) | —-1=<y<t}
the resulting set is still connected.

1.7 Theorem Let {Y,|ces/} be any family of spaces. H Y, is

connected if and only if each ¥, is connected.

Proof: The connectedness of | | Y, implies that of each Y,, since
o
each projection ps: [ | Y, > Y, is a continuous surjection and 1.4

applies. For the converse, let y° € [ | Y,. We first show that

(1). If 7, and »° differ by at most n < 00 coordinates, then yg,
and y° lie in a connected set.

The proof is by induction on the number # of differing coordinates.
Assertion (1) is true for n = 1, because if y;, and y° differ in the ath
coordinate, the slice S(y°; «) through y° parallel to the «th factor, being
homeomorphic to Y,, is a connected set containing ¥° and y(;,. Now,
assume (1) to be true for all y, _4,. Then given any y;,, find a y, _;, that
differs from it by one coordinate. By the case n = 1, y(,, and v, _;, lie in
a connected subset C, and by the inductive hypothesis, ¥, 1, and »° lie
in a connected Cy; since C N C; contains yg,_ 1, C U C, is connected,
completing the inductive step.

Now let A be the union of all connected subsets of | | ¥, containing

y°; by 1.5, 4 is connected and, by (1), contains D = {y | y and y° differ in
at most finitely many coordinates}. But [IV, 1.2(c)] Dis densein ] [ V,;
@

since D C 4, and, by 1.6, A is connected, the theorem is proved,
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2. Applications

We obtain a generalization of the “intermediate value theorem” of
analysis.

2.} Theorem Each continuous real-valued function on a connected
space X takes on all values between any two that it assumes.

Proof: Since f: X— E' is continuous, f(X) C E' is connected
according to 1.4, so by L2, f(X) is an interval. Thus, if f(x) = q,
f(x) = b, we have [a, ] C f(X), and therefore for each ¢ such that
a < ¢ < b, there is an &” with f(x") = ¢.

From 1.2 and 1.7 follows that E®, I" and I* are connected; even
more,

2.2 Theorem ILetn > 1, and B C E™ be countable. Then E™ — B is
connected.

Proof: We can assume that 0 € B, otherwise we move the origin.
According to 1.5, it suffices to show that the origin and each x € E* — B

—

are contained in a connected set lying in E” — B. Draw Ox and let [ be
—

any line segment (say, of length 1) intersecting Ox at exactly one point,

distinct from 0 and x. For each z€/ let I, = (): U —z—}x, each [, 1s a
connected set, and any two have only 0 and x in common. At least one
I, must lie in E™ — B: for if , " B # @ for each z €/, then since the
points of intersection for differing = are necessarily distinct, we would
find that B has a subset in 1-to-1 correspondence with the points of [
and consequently B would not be countable.

The usual technique for distinguishing between spaces stems from
the observation: If #: X ~ Y, then by removing a set 4 of prescribed
topological type from X, the spaces X — 4 and Y — h(4) are also homeo-
morphic, so that they must have the same topological invariants.

2.3 Theorem E'and E* n > 1, are not homeomorphic.

Proof :  Assume that h: E™ > E'; removing one point a € E", we
must have h: E* — a ~ E' — h(a), by III, 12.4. However, this is
impossible since, by 2.2, E™ — a is connected whereas E* — /(a) is not.

The theorem that E" is not homeomorphic to E™ for n # m is much
deeper, involving more delicate topological invariants (although the
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technique is the same). Concerning I™ (n > 1) and I, a proof similar
to 2.3 shows that they are not homeomorphic. Thus, though there is a
bijective map of the set I' onto the set I", there is no bicontinuous
bijection and, as we shall see later, not even a continuous bijection
(X1, 2, Ex. 4).

2.4 Theorem In E? each closed interval is homeomorphicto[—1, + 1],
each open interval to ]—1, +1[, and each half-open interval to
]—1, +1]. Furthermore, no two of these three intervals are homeo-
morphic.

Proof: Given an interval with end points a, b, a suitable one of the

b+a b—a . .

——%— t 5% exhibits a homeomorphism. To see that
none of the three standard intervals are homeomorphic, note that we can
remove 2, 0, 1 (respectively) points without destroying the connectedness.

maps x —

3. Components

A disconnected space can be decomposed uniquely into connected
“components”; the number of compaonents provides a rough indication
of how “disconnected” a space is.

3.1 Definition ILet Y be a space, and y € Y. The component C(y) of
y in Y is the union of all connected subsets of Y containing y.

It is evident from 1.5 that C(y) is connected.

Ex. 1 Let Q C E? be the subspace of rationals. The component of each
y € QO is the point y itself. Thus, even though Y does not have the discrete topology,
the components may reduce to points. Y is called totally disconnected if C(y) = y
for each ye Y.

Ex. 2 Let Y C E? be the subspace consisting of the segments joining the
origin 0 to the points {(1, 1/n) | ne Z *}, together with the segment 1, 1] on the
x-axis. Asin 1, Ex. 5, Y 1s connected, but ¥ — {0} is not: in ¥ — {0} the com-
ponent of each point is the ray containing it.

Ex. 3 In J] ¥, the component of y = {y,} is C(y) = | | C(ys), where C(v,)

is the component of the coordinate y, in Y,. Indeed, by 1.7, C(y) is connected,
so 1t is contained in the component K of y. If K — C(y) # @,selecty°e K — C(y);
then some coordinate yg € C(y.), so that p(K) C Y, is connected and contains
ve € C(y,), in contradiction to C(y,) being the component of y,. In particular,
though the infinite cartesian product of discrete spaces is never discrete (IV, I,
Ex. 3) it is always totally disconnected.
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3.2 Theorem (1). Each component C(y) is a maximal connected set in
Y: there is no connected subset of Y that properly contains
C(y).

(2). The set of all distinct components in Y forms a partition of Y.
(3). Each C(y) is closed in Y.

Proof: (1) follows from the definition.
(2). EC(y)n C(y') # o, thenby L5, C(y) U C(y')is connected,
contradicting the maximality of C(y).

(3). Since C(y)is connected, so also (1.6) is C(y); by the maximality

of C(y), we must have C(y) C C(y), so that C(y) is closed.

Ex. 4 Components need not be sets open in Y, as Ex. 1 and Ex. 3 show. In
particular, a splitting of a disconnected space into disjoint nonempty open sets
is not generally accomplished simply by taking any one component as one of the
“pieces.”

The number and structure of each component of a space Y is a
topological invariant:

3.3 Theorem Let f: X — Y be continuous. Then the image of each
component of X must lie in a component of Y. Furthermore, if
h: X ~ Y, then 4 induces a 1-to-1 correspondence between the
components of X and those of Y, corresponding ones being
homeomorphic.

Proof: 1If fis continuous, then f(C(x)) C C(f(x)) follows from 1.4,
since f(C(x)) is a connected set in Y containing f(x). If A: X ~ Y, then
because 4 is bicontinuous and bijective, we have both A(C(x)) C C(A(x))
and A~1(C(h(x))) C C(x), which shows that #(C(x)) = C(h(x)). The
rest of the proof is trivial.

Ex. 5 'The Cantor set is totally disconnected, by Ex. 3 and 3.3.

Ex. 6 Components are also used to decide questions of nonhomeomorphism.
As an application, we show that a strong version of the Bernstein-Schroder
theorem is not valid for topological spaces: There may be a continuous bijection
f: X — Y and a continuous bijection g: ¥ — X; yet, X and Y need not be homeo-
morphic (C. Kuratowski). In E?, let

X=10,1[v{Zyul3,4[u{5tv.---UlBn,3n+ 1[U{83n + 2} U ..
Y=10,11ul3,4{vi{5iu---Uldn,3n+ 1[V{Brn + 2} U .. -,
‘These spaces cannot be homeomorphic, since the component ]0, 1] is not homeo-
morphic to any component of X. However, f(x) = x (x # 2), f(2) = 1 18 a con-
tinuous bijection X — Y, and g: Y — X, where

x/2 ifxelo, 1]
glx) =< (x — 2))2 ifxe]3, 4
x—3 otherwise

is also a continuous bijection.
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4. Local Connectedness

4.1 Definition A space Y is locally connected if it has a basis consisting
of connected (open) sets.

Ex. 1 E™ 1s locally connected, since each ball B(x; r) is connected. Further-
more, each interval in E* is locally connected. For each n = 0, S* is locally
connected.

Ex. 2 A space may be locally connected, but not connected, as the discrete
space 2 shows.

Ex. 3 A space may be connected, but not locally connected. Let YV be the
space of 3, Ex. 2, y = (4,0) and U = B(y; 1) n Y. Then U, and any nbd
V(v) C U, 1s not connected: For V7 must intersect a ray joining 0 to some (1, 1/x)
and it is trivial to verify that this intersection is both open and closed in V. Thus
no basis for Y can consist only of connected sets.

4.2 Theorem Y is locally connected if and only if the components of
each open set are open sets.

Proof: Let G C Y be open, C a component of G, and {U} a basis
consisting of connected open sets. Given y € C, then because y € G,
there is a U with y € U C G; but since C 1s the component of y and U
is connected, y € U C C, showing that C is open (11I, 2.3). For the
converse, note that the family of all components of all open setsin Yisa
basis as required.

Ex. 4. Observe that 4.2 need not be true for nonopen sets, as {0} U {1} C £*
shows.

Ex. 5. Let Y be the space of I, Ex. 5,and Z = Y v {0}. Then Z is not locally
connected, since the components of Z N {(x,v) |y < %} are not open in Z.

4.3 A cartesian product | | Y, is locally connected if and only if all

the Y, are locally connected, and all but at most finitely many are
also connected.

Proof: Assume that | | Y, islocally connected. Then: (1) All but at

most finitely many Y, are connected: if V' is any connected open set in
1TV, we have (IV, I, Ex. 4) that p,(V) = Y, for all but at most

finitely many «, and projections are continuous. (2) Each Y, is locally
connected: given y; € Y, and an open U C Y, containing y,, then {U)
is a nbd of some y having Bth coordinate y,, so there is an open connected
V with ye V C (Up; since pg(V) is an open connected set, and
¥s € pg(V') C U, this shows that Y, has a basis consisting of connected
sets.
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To prove the converse, let # C o7 be the finite set of indices for
which the space Y, is not connected. Now let xe [ [ Y, and let V be

any open set containing x. Then xe<{U, , ---, U, > C V for suitable
cy, - v+, 0, For each « let ¥, be a connected nbd of p, (x) such that
Vo C U,; and for each By, -+, fe @ — {ay, -+, 0.}, let V; be a
connected nbd of p, (x). Then <V, , -+, V,, V4, -+, V5> is a con-
nected (¢f. 1.7) nbd of x and is contained in (U,,, --- U, ». Thus,
[ 1Y, has a basis consisting of connected open sets, so it is locally

o
connected.

Ex. 6 The hypothesis that all but at most finitely many Y, be connected is
essential: If 4, = {0, 2}, we have seen | | 4, is totally disconnected. But though

each A, is locally connected, ] | 4, is not: Its components are its points, and since
n
[T 4. is not discrete, none is an open set.
n

Ex. 7 Local connectedness is evidently a topological invariant, and therefore
it can be used in questions of nonhomeomorphism. Thus the space Z of Ex. 5
cannot be homeomorphic to any interval in E*.

Ex. 8 Local connectedness is not invariant under continuous maps. Let X be
the discrete space {0, 1, 2, - - -}, Y the subspace 0 U {i/n|n = 1,2,---} of E* and
f: X — Y the map f(0) = 0, f(n) = 1/n. Then X is locally connected and f is a
continuous byjection; but Y is not locally connected.

5. Path-Connectedness

For most purposes of analysis, the natural notion of connectedness is
joining by paths.

In IV(4), we have defined a curve in a space Y to be a continuous
image of the unit interval I. A path in Y is a continuous mapping
f: I-— Y, rather than the image f(I) in Y. Thus, a path is a continuous
function, whereas a curve is a subset of Y; we shall see later (Chapter
XIX) one reason for this distinction between paths and curves. If
f:I-—Y is a pathin Y, we call f(0) e Y the initial (or starting) point,
and f(1) € Y the terminal (or end) point, of the path £, and say that f runs
from f(0) to f(1), or joins f(0) to f(1). If f runs from f(0) to f(1), it is
clear that the mapping ¢ -— f(1 — t), t € I, is a path in Y running from

f() to £(0).

5.1 Definition A space Y is path-connected (or: pathwise connected)
if each pair of its points can be joined by a path.

Ex. 1 E” and S™#n > 1) are path-connected. For any countable B C E",
E® — B is also path-connected.
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Ex. 2 Sierpinski space . is path-connected: The characteristic function of
1 € I, regarded as a map I -+ %, is a path joining O to 1.

Ex. 3 A discrete space having more than one point is never path-connected.
Every indiscrete space is path-connected.

A trivial, but useful, reformulation of 5.1 is given in

5.2 Let Y be a space, and y, € Y any element. Y is path-connected if
and only if each y € Y can be joined to y, by a path.

Proof: If Y is path-connected, the condition is trivially true. Con-
versely, assume that the condition is satisfied and that y,y" € Y have
been given. Let f: I — Y run from y to y, and g: I — Y from y, to 3’;

then
{f(Zt) 0<t

g2t -1 p<t<l

1

N

is continuous [because at ¢t = %, we have f(1) = g(0) = y, (cf. 111, 9.4)]
and 1s a path running from y to y'.

The general relation of connectedness and path-connectedness is

5.3 Theorem Each path-connected spaceis connected. Buta connected
space need not be path-connected.

Proof: Since the continuous image of I is connected, the assertion
follows from 1.5 and 5.2. The following example shows that the converse
is not generally true.

Ex. 4 Let Y be the space of I, Ex. 5; we have seen that Y is connected. How-
ever, Y is not path-connected: there is no path joining (0, 0) to the point (1/, 0):
For, note first that by 1V, 2.2, an f: I — ¥ C E? is continuous if and only if both
p1eof and pyof are. If p; of is continuous, it must take on all the values 1/nm,
n=1,2,---, so that p, o f must assume the values +1, —1 is each nbd of 0 ¢ I;
thus there can be no nbd [0, 8] mapped into ] —%, 3[ by ps o f, so ps o f cannot be
continuous.

It is evident that path-connectedness is a topological invariant: Indeed,
the continuous image of a path-connected space is path-connected.
Furthermore, the union of any family of path-connected spaces having a
point in commen is, by 5.2, also path-connected. However, the closure of
a path-connected set need not be path-connected: in Ex. 4, Y is path-
connected.

Because of the property of unions, we can define path-connected
components as maximal path-connected subsets; as before, the path
components partition the space; indeed, from 5.3, the path components
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partition the components. However, the path components need not be
closed subsets of the space: in Ex. 4, Y is a path component of Y.

To determine when path-connectedness and connectedness are
equivalent, we need

5.4 The following two properties of a space Y are equivalent:

(1). Each path component is open (and therefore also closed).
(2). Each point of Y has a path-connected nbd.

Proof: (1) = (2) is clear, using the path component containing the
given point.

(2) = (1). Let K be any path component, and let x € K. Since x has
a path-connected nbd U, and since K is a maximal path-connected set
containing x, x € U/ C K, proving that K is open. Noting that #K is the
union of the remaining (open) path components, K is also closed.

5.5 Theorem Y is path-connected if and only if it is connected, and
each y € Y has a path-connected nbd.

Proof: Since path-connectedness implies connectedness, and Y is
a path-connected nbd of each point, only the converse requires proof.
For this, we find from 5.4(1) that each path component is both open and
closed in Y; since Y is connected, this path component must therefore

be Y.
This yields the important

5.6 Corollary An open setin E" (or S™)is connected if and only if it is
path-connected.

Proof: 1f U C E™ is open, each point x of the space U has a nbd
B(x;r) C U, and B(x;r) is path-connected. The proof for S™ is similar.

Of course, as Ex. 4 shows, 5.6 need not be true for nonopen subsets of
E™.

Problems

Section |

1. Show that a discrete space having more than one point is never connected and
that a space having indiscrete topology is always connected.
2. Show that the extended real line E* is connected.
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3. Let X be an infinite set, with topology 4 = {@} U {4 | €4 1s finite}. Show
that X is connected.

4. Let (X, .9) be connected, and .7, C 7. Prove that (X, .7 ;) is connected.

5. Let {4;| i€ Z*} be connected sets in ¥, with 4, " 4;,, # @ for each i.
Prove: L‘) A, is connected.

6. Let {4, | « €2/} be a family of connected subsets of ¥, and assume that there
exists a connected set 4 with 4 N 4, # & for each 4,. Show that 4 L |} 4,
o

is connected.
7. Let {4, | « € &7} be any family of connected sets. Assume that any two of them
have nonempty intersection. Prove that |J 4, is connected.
o

8. Prove:

a. Y is connected if and only if every open covering {U, | « € &/} of Y has
the following property: For each pair of sets Uy, U.,, there are finitely
many Uy, - -+, Uy, _, such that Uy, " Uy, , # &,1=1,---,n — 1.

b. Y is connected if and only if every nbd-finite closed covering has the same
property as in (a).

9. (a) Let Y be a space and 4 C Y any subset. Let C C Y be connected, con-
taining points of 4 and points not in 4. Prove: C must contain points of the
boundary of 4. [Hint: Recall that Y = Int(4) v Fr(4) U Int (¥ A4).]

(b) Why is
A4 ={(xy90eE?| x* +y* <1}
and
C={0,0,z2)] -1<z<1} CE®
not a counterexample to this result?
10. For each pair of positive integers a, b, let Ua, b) = {an + b{ne Z}n Z*.
Prove that
{Ul(a, b) | all (@, b) such that a is relatively prime to b} is a basis for a topology
J in Z*. Using this topology, show:
a. For each prime p, the set {kp | ke Z*} is closed in Z*+.
b. If P is the set of all primes, then Int(P) = &.
c. (Z+,7) is connected. [Hint: Show that if W is open and if
W N Ula, b)) = @, then no multiple of a can belong to W.]

Section 2

1. Prove: S™is connected for allz = 1.
2. Prove: I is not homeomorphic to S?; and also [0, 2#{ is not homeomorphic to
St
3. Show that E? is not homeomorphic to E1,
4. Prove that S™ and S?! are not homeomorphic.
5. Letn = 2, and in E*, show:
a. If 4; = {x e E"]all coordinates of x are rational}, then E» — 4 is
connected.
b. If 4; = {x € E™ | all coordinates of x are irrational}, then Ag is not

connected,
c. If 43 = {x € E™ at least one coordinate is irrational}, then A4, is connected.



118 Chap. V Connectedness

o NS

Show: If A C E™ is connected and non-empty then R(A4) = ¢ or 1.

Let of C P(E?) be the famuly of all connected sets. Find R(.%).

In 1, Problem 3, show that the only continuous real-valued functions on X are
constant functions.

. Show that the analogue of the Bernstein-Schréder theorem for topological

spaces is not valid, by exhibiting two spaces X, Y such that X is homeomorphic
to a subset of Y and Y is homeomorphic to a subset of X, although X and ¥V
are not homeomorphic. (Hint: Use 2.4.)

Section 3

1.

2.

In a space X, define x ~ y if x and y are contained in a connected set. Show that
this is an equivalence relation. What are the equivalence classes?

Let A C Y, where both 4 and Y are connected. Let U be any set both open
and closed in Y — 4. Prove that 4 v U is connected.

Let A C Y, where both 4 and Y are connected. Let C be any component of
Y — A. Show that Y — C is connected.

. Let B C Y be a connected set both open and closed in Y. Prove: B is a com-

ponent of Y.

. In a space X, define x ~ y if there is no decomposition of X into two disjoint

open sets, one of which contains x, and the other y.

a. Prove that this is an equivalence relation in X. The equivalence classes
are called the quasi-components of X.

b. Prove each quasi-component is the intersection of all the open closed sets
containing a given element.

c. Prove: Each component is contained in a quasi-component.

d. In E? let L, be the line x = 1 and L, the line x = —1. Foreachne Z*,
let R, be the rectangle {(x, ¥) | |x| < #f(z + 1),|y] < n}. Finally, let Y be
the subspace L; W Ly v | Fr(R,) of E?. Show: The component of (1, 0)

n

is L, and the quasi-component of (1, 0) is L; U L,.
e. Show that if x, x5 (resp. ¥1, ¥2) belong to a quasi-component of X (resp.
Y), then (xy, ¥1) and (xo, y2) belong to a quasi-component of X x Y.

Section 4

1.

2.

Prove that an open set in E™ can have at most countably many components.
Give an example to show that this is no longer true for closed sets.

Let Y be locally connected and let U be a component of the open G C V.
Show G " Fr(U) = 4.

. Let Y be locally connected and 4 C Y arbitrary. Let C be a component of 4.

Prove:

a. Int(C) = C N Int(4),
b. Fr(C) C Fr(A4),
c. If A4 is closed, then Fr(C) = C n Fr(4).

. Let Y belocally connected, and 4 C Y arbitrary. If Fr(4) is locally connected,

prove that A4 is locally connected.

. Let Y be locally connected, ¥ = A U B, where 4, B are closed and 4 N B is

locally connected. Prove that both 4 and B are locally connected.
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6.

Let Y be locally connected, 4 C Y arbitrary. Let S C 4 be connected and
open in 4. Show S = A n U, where U is connected and open in Y.

Let Y be locally connected, but not connected. Show that a decomposition of
Y into two nonempty disjoint open sets can always be accomplished by taking
any component as one of the sets, and all the rest as the other set.

Section 5

1.

2.

Show: If any one of the conditions in 5.4 holds, then the path components of ¥
coincide with the components of V.
Let {Y, | « e/} be a family of spaces. Show | | ¥, is path-connected if and

only if each Y, is path-connected.

Let X be the connected set in |, Problem 3. Show that X is totally pathwise
disconnected. (By definition, X is called totally pathwise disconnected if the
only continuous maps f: I — X are the constant maps.)



[dentification T'opology;,
Weak Topology

VI

In this chapter we consider two methods for topologizing sets that play
an increasingly important réle in topology. The first uses a map of a
space into a set to topologize the set: it makes precise numerous con-
structions, such as identifying sets to points. The second constructs a
space by “pasting” given spaces together along preassigned subsets.
Finally, we obtain a relation between these two processes.

I. ldentification Topology

I.1 Definition Let Y be an arbitrary set, X a topological space, and
p: X — Yasurjection. Theidentification topologyin Y determined
bypis 7(p) = {U C Y|p~Y(U)is open in X}.

7 (p) 1s indeed a topology, since p~! preserves set operations; and
since p~1 preserves complementation, a B C Y is closed if and only if
p~HB) is closed in X.

Ex. 1 Let {Y,|aes} be a family of spaces. Using the cartesian product
topology 1n [ | Y,, the identification topology.Z (p;) 1n the set ¥, determined by
o

120
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the projection p; [ [ Yo -+ ¥Yj, 1s precisely the original topology m Y, since

p52(U) 1s open 1if and only if U 1s open in Y.

Ex. 2 Let p I—{0} v {l} be the charactenistic function of {3, 1]. The
identification topology mn {0} v {1} makes 1t into Sierpinski space. Observe that
with the topology 7 (p) in Y, the map p need not be either an open or a closed map.

Ex. 3 The requirement that p be surjective 1s not essential. However, note
that if ¥ — p(X) # &, then Y — p(X) receives the discrete topology, since
QCY —~pX)=p"YQ) = & = Q1s both open and closed.

1.2 7(p)is the largest topology in Y for which p: X — Y is continuous.

Proof: Continuity of p when 7(p) 1s used is immediate from the
definition; if . is any other such topology, then Ue J = p~}U) is
open in X = UeJ (p).

For ease of reference to the situation in L1,

[.3 Definition Let X and Y be two spaces. A continuous surjection
p: X — Y is called an identification map (or identification) when-
ever the topology in Y is exactly 7 (p), that is, the sets U open in
Y are all those, and only those, for which p~*(U) is open in X.

Clearly, not every continuous surjection is anidentification: indeed, the
continuous bijection 7: (X, I ;) — (X, I ;) is an identification if and
only if 7, = J,. However, the concept of identification map contains
that of open and of closed continuous surjections:

[.4 If p: X — Y is a continuous open (or closed) surjection, then p is
an identification.

Proof: Let J be the topology in Y; since p is continuous, 1.2
shows that 7~ C J(p); for the converse inclusion in case p is an open
map, let Ue J(p); then p~*(U) is open in X, and since p is open and
surjective, the formula U = p(p~*(U)) shows that Ue 7. For closed
maps, the proof is similar.

Another frequently used sufficient condition is the simple

1.5 Tt p: X — Y be continuous. If there is a continuous s: ¥V — X
such that p o s = 1y, then p is an identification.

Proof: Clearly, p is surjective (I, 6.9). Let 4 C Y be any set for
which p~1(4) is open; then s~ p~*(4) is open in Y; since s71p~1 =
(pos)~t = 1y, this shows that 4 is open in Y, and so p is an identifica-
tion.
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It is of importance to determine when an identification p: X — Y is
an open (or closed) map. To this end, a set 4 C X is called p-saturated
whenever it is the complete inverse image of some set in Y. Note that
A is p-saturated if and only if 4 = p~1pA: for if the formula holds, then
A is the inverse image of pd4; and if 4 = p~(B) for some B C Y,
then because p is surjective, p~p(4) = p~pp~Y(B)] = p~(B) = 4.

Define the p-load of any 4 C X to be the p-saturated set p~p(4) O A.
As Ex. 2 shows, the p-load of an open set in X need not be open. We

now have

1.6 Letp: X — Y be an identification. Then p is open (closed) if and
only if the p-load of each set open (closed) in X is also open (closed)
in X.

Proof: If p 1s open, then (U open in X) = (p(U) open in Y) =
(p~'p(U) open in X), as required. Conversely, if (U open in X) =
(p~'p(U) open in X), this says that p(U) is open in Y, that is, p is an
open map. The proof for closed maps is similar.

2. Subspaces

The identification topology does not behave well for subspaces of Y. Let
p: X — Y be an identification map, and let F' C Y. Then F can receive
two topologies: (1) 7 (F), that as a subspace of Y; and (2) the identifica-
tion topology J (p, F) determined by the surjection p: p~*(F)— F.
Since p: p~1(F) — F is continuous when F carries J (F), it follows from
1.2 that we always have I (F') C I (p, F); however, these two topologies
generally do not coincide.

Ex. 1 Let F C I be the set of irrationals, and let Y = {1} U F. Give Y the
identification topology determined by p: I — ¥, where p(x) = x if x€ F and
p(x) = 1 otherwise; it is easy to verify that the only nonempty open sets in Y are
those sets of form p(W), where W C I is open and contains I — F [ (p) is not
the indiscrete topology!]. Thus the set F N ]0, 1[ does not belong to J (F); how-
ever, F N 10, i[ evidently belongs to the topology 7 (p; F).

2.1 Theorem Let p: X— Y be an identification, and F C Y. If
either:

(1). Fis open or closed in Y (no restriction on p),
or (2). p is an open or closed map (no restriction on F),

then J(F) = J(p;F).

Proof: Since I (F) C T (p, F), only the converse inclusion requires
proof.
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Ad (1). Assume that F'is open. Then Ue I (p, F) implies that
p~"(U) is open in the open p~*(F) which implies that p~*(U) is open in
X (by III, 7.3) and therefore UeJ (F). The proof for closed F is

similar.

Ad (2). Assume that p is an open map. Then Ue J(p, F) implies
that p~}(U) is open in p~1(F), so that p~}(U) = p~Y(F)y NV, where V
is open in X. By I, 6.5(b), U = F n p(V), and since p is an open map,
this shows that U is open in J (F). The proof for closed maps is
similar.

Ex. 2 'The requirement that the complete inverse image p ~*(F) be used to
determine 7 (p, F') is essential. Let p: E2 — E*! be the projection, so that p is an
open map. Let F = E* (which is open in E'), and instead of p ~*(F), use M =
{e,M|y=x+1(x=20),y=x—1(x <0} Then p: M->F is surjective,
and the identification topology determined by p|M has all sets [0, x[ open. Thus
it does not coincide with the Euclidean topology.

3. General Theorems

If p: X— Y is a continuous map, the continuity of any g: ¥ - Z
implies that of g o p; the fundamental (in fact, characterizing) property
of identification maps p is that the converse is also true.

3.1 Theorem Let p: X— Y be a continuous surjection. p is an
identification if and only if: for each space Zand eachmapg: ¥ — Z,
the continuity of g o p implies that of g.

Proof: “Only if ”: Assume that p is an identification and that go p is
continuous. Then, for each open U C Z, (g o p) Y (U) = p~ g (U))
is open in X, so that g~*(U) is open in Y; g is therefore continuous.
“If ”: Assume that the condition holds. Let Y’ be the set Y with
topology 7 (p); to prevent confusion, let p': X — Y’ be the identifica~
tion map. Let 7: Y — Y’ be the identity map. Since fop = p' is
continuous, the condition assures that ¢ is continuous. Sincei 1o p’ = p
is continuous, and p’ is an identification, the “only if” part of the
theorem shows that £~ is continuous. Thus 7: Y >~ Y, so p is an
identification.

The most frequently used consequence is

3.2 Theorem (Transgression) I.et p: X — Y be an identification, and
h: X — Z be continuous. Assume that kp~! is single-valued
[that is, & is constant on each fiber p~*(y)]. Then: -
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(1). Ap~1: Y — Z is continuous, and in addition, the diagram

is commutative,

(2). kp~1: Y — Z 1s an open (closed) map if and only if 2(U)is
open (closed) whenever U is an open (closed) set satisfying
U = p~*pU [that is, whenever U is a p-saturated open
(closed) set].

Proof: Ad (1). Since for each x € X, p~p(x) is the fiber containing
x, and since % is constant on each fiber, we have

h(x) = hp=1p(x) = (hp™") © p(x),
that is, 2 = hp~! o p. Because % is continuous, 3.1 shows that the map
hp~1is continuous.
Ad (2). Let V' C Y be open; then U = p~ (V) is open in X, and,
being p-saturated, satisfies p~1pU = U; thus WU) = hp~p(U) =

hp~X(V), from which the conclusion follows at once.

3.3 Theorem (Transitivity) Letp: X — Y be an identification, Z a set,
and g: Y — Z a surjection. Then I (g o p) = .7 (g); in particular,
£ © p is an identification if and only if g is.

Proof: g o p is continuous if and only if g is, so that (g o p)~1(U) 1is
open if and only if g~ (U) is open.

Whenever p: X — Y is an identification, the results on connectedness
and local connectedness can be strengthened.

3.4 Let p: X— Y be an identification, and assume that p~*(y) is
connected for each y € Y. Then an open (or closed) F C Y is
connected if and only if p~!(F) 1s connected.

Proof: It is necessary to prove only that the connectedness of F
implies that of p~1(F). By 2.1, F has the identification topology deter-
mined by ¢ =p|p Y (F). If p~(F) is not connected, there is a
continuous surjection &: p~1(F) — 2; h is constant on each fiber ¢~ (1),
since ¢~(y) is connected, so from 3.2 it follows that kg~': F— 2 is
continuous. Since kg~! is evidently also surjective, F' is not connected.
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3.5 Let p: X — Y be an identification. If X is locally connected, so
also is Y.

Proof: Let U C Y be open and K a component of U; by V, 4.2, it
suffices to show that K is open, that is, p~*(K) is open in X. Let
xep Y(K), and let C(x) be its component in the open set p~(U);
since p(C(x)) is connected, contains p(x) € K, and lies in U, we have
p(C(x)) C K, so that xe C(x) C p~}(K). Because X is locally con-
nected, C(x) is open, and from III, 2.3, it follows that p~*(K) is open.

4. Spaces with Equivalence Relations

Let X be a space, R an equivalence relation in X, and X/R the quotient
set; recall (I, 7.6) the projection p: X - X/R is given by x — Rx.

4.1 Definition The set X/R with the identification topology determined
by the projection p: X — X/R is called the quotient space of X by R.

Since R “identifies points,” this makes precise the topological structure
of the resulting space.

Ex.1 For A C X, let R, be the equivalence relation (4 x A4) U {(x, x) | x€ X}.
The quotient space X/R, is the space X with 4 identified to a point, [4]}, and is
written X/A. Observe that if 4 is either open or closed, then the complement C of
[4] is homeomorphic to X — 4:p| X — A is bijective, and by 2.1, the topology of
C C X/A is the 1dentification topology determined by p | X — 4.

Ex. 2 For any space X, let R be the equivalence relation determined by its
components: x ~ x" if and only if x and x” lie 1n a common component. Then
X/R. is totally disconnected: since each fiber p ~(£) is a component, it is con-
nected so, by 3.4, an F C X/R is connected if and only if p “2(F) is connected.
Thus F must consist of a single point.

4.2 (1). Let p: X X/R be the projection. If B C X/R is either
open or closed, then B is homeomorphic to the space
p~UB)[R,, where R, is the relation on p~*(B) induced by R.

(2). p: X — X/R is open (closed) if and only if

R(U) =J{Ru|ue U}

is open (closed) in X for each open (closed) U C X.

(3). If h: X Z is continuous and if p~? is single-valued, then
hp~1: X/R — Z is continuous; and it is open (closed) if and
only if A(U) 1s open (closed) for each open (closed) U ¢ X
satisfying U = R(U).
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Proof: (1). By 2.1, B has the identification topology determined by
s=p|p YB). Let ¢: P7Y(B) > p HB)/R, be the projection. Then
s¢~ ' p Y B)/R, — B is single-valued, and by 3.2, is continuous.
Similarly, gs~1: B — p~Y(B)/R, is continuous, and since ¢gs~*, s¢g~! are
inverses of one another, each is a homeomorphism (111, 12.3). (2) follows
from 1.6, since R(U) is the p-load of U. (3) is simply 3.2 in this special

case.

Ex. 3 Let I be the unit interval and R the equivalence relation 0 ~ 1, x ~ x
(x # 0, 1), which “identifies” 0 and 1. Then I/R =~ S'. For, let p: I — I/R be
the identification and 4: 7 -> S* be the map x — ¢2™. Since Ap 1 is single-valued,
it is continuous and also bijective. T'o see that it is an open map, note that no open
subset of I having form [0, b(, orla, 1] satisfies U = R(U); therefore such intervals
must always occur in pairs for sets that satisfy this condition. It follows that each
p-saturated open set is mapped by A onto an open set in E1, so Ap ~! is open.

Ex. 4 If p: X— X/R is an open (closed) map, R is called an open (closed)
relation. This is not related to the behavior of R as a subset of X x X: In [,
define x ~ ¥ by “|x — | is rational ’; then p(la, b)) = I/R for each open interval
so that .7 (p) is indiscrete. Thus p is an open map, but R is not open in I x 1.

4.3 Theorem Let X, Y be spaces with equivalence relations R, S,
respectively, and let f: X — Y be a relation-preserving, con-
tinuous map. Then, passing to the quotient (I, 7.7), the map
f«: X/R — Y|S1is also continuous. Furthermore, f, is anidentifica-
tion whenever f is an identification.

Proof: We have the commutative diagram
g

f
X — Y

d

XR —] Y/S
Sa

Since ¢ o f is continuous, and f, o p = ¢ o f, 3.2 shows that f, is con-
tinuous. Now assume that f is an identification; then 3.3 shows first that
fe o p (= gof)is an identification and then that f, is also.

5. Cones and Suspensions

5.1 Definition Forany space X, the cone 7X over X is the quotient space (X x I[}/R,
where R is the equivalence relation (x, 1) ~ (x/, 1) for all x, " € X.

Equivalently, TX = (X x N)(X x 1); intuitively, TX 1is obtained from
X x I by pinching X x 1 to a single point. The elements of 7X are denoted by
{x, t. It is trivial to verify that the map x— (x, 0> is a homeomorphism, so we
can identify X with the subspace {<x, 0> | xe X} C TX.
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Ex.1 Though TX is, geometrically, a cone, it may have more open sets than
a cone formed by possibly more elementary methods. In E2, let X={(#n,0)|ncZ *},
and let CX be the subspace of E? obtained by joining each x € X to wy = (0, 1) by
a segment. It is easy to verify that there is a continuous bijection TX — CX; but
the spaces are not homeomorphic. Indeed, let I/, = all pomnts on the segment
from w, to (n, 0) within 1/n of wy, and V' = (J I,; then I is evidently not open in

n

CX, but it is open in TX since p (1) is open in X x I.

5.2 A continuous f: X — Y induces a continuous map 1f: TX— TY by
<oy B — L f (), .

Proof: Define f: X x I—-Y x I by (x,t) = (f(x), £). Noting that fis
relation-preserving, we pass to the quotient and use 4.3.
5.3 Definition Let ¥ be the interval [—1, +1]. For any space X, the suspension
SX of X is the quotient space (X x ¥)/R, where R is the equivalence relation
(e, ) ~ (x, 1), (x, —1) ~ (x/, —1) for all x, x" € X.
Intuitively, SX is obtained from X x ¥ by pinching to points each of the sets
X x 1, X x (—1). The elements of SX are denoted by <{x, > also.

Ex.2 It is easy to verify S S% > S'?; we will see later, once compactness has
been discussed, that S .S” ~ S”*! for all n (¢f. XI, 2, Ex. 5).

5.4 (). SX z TX/X.
(2). TX is homeomorphic to the subspace {{x, > € SX | ¢t = 0}.
(3). A continuous f: X— Y induces a continuous map Sf: SX —-SY by
&, 1) = f(x), £,
Proaof: (1) This follows easily by using the map u: T7X — SX sending
{x, £y — {x, 2t — 1) and passing to the quotient. (2) is straightforward, and (3)
follows as in 5.2.

6. Attaching of Spaces

The process of attaching a space X to a space Y by a map f has great
importance in modern topology; it contains as special cases the cone and
suspension constructions and also the identification of closed sets to
points.

The free union X + Y of disjoint spaces X, Y is the set X U ¥ with
topology: U C X + Y is open if and only if U " X is open in X and
UnNnYisopenin Y. Since XNY = @, X and Y keep their own
topologies and are disjoint open sets in X + Y. Clearly, BC X + Y
is closed if and only if both B N X and B N Y are closed.

6.1 Definition Let X, Y be two disjoint spaces, 4 C X a closed subset,
and f: 4— Y continuous. In X + Y, generate an equivalence
relation R by a ~ f(a) for each ae A. The quotient space
(X + Y)/R is said to be “X attached to Y by f,” and is written
X Ur Y, fis called the attaching map.
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In intuitive terminology, we “identify each ae 4 with its image
fla)e Y.”

Ex. 1 Let A C X be closed, and attach X to a point ¥¢ by f(4) = y¢; then
X Uryo =~ X/A. For, defining ¢: X — X + yo by p(x) = x, and ¢f: X + 39— X
by #(x) = x, (yo) € A, both ¢ and ¢ are continuous and relation-preserving;
passing to the quotient gives continuous maps gg: X/A4A—> X Ur g, the: X Ur yo—>
X/A4, which are inverses. In particular, attaching I to vy, by f(0) = f(1) = 3,
gives S1.

Ex.2 TXis obtained by attaching X X Itoapointp° by f(X x 1) = p°, since
TX = (X x DX x 1); the suspension SX is obtained by attaching X x ¥ to
p° U D™ by F(X x 1) = p° F(X x (—1)) = p~.

Ex. 3 Attaching X X I x Y to the free union X + Y by (x,0,3) > x,
(%, 1, ¥) — v gives a space called the join X * Y of X and Y. This consists of the
spaces X, Y together with line segments joining each x € X to each y € Y, where
no two of the segments have interior points in common. The reader can verify
X#xyy 2 TX,and X » §° ~ SX.

The construction of closed sets in X Uy Y is generally based on

6.2 Letp: X + ¥ — X UsY be the projection, and let C C X + Y be
such that C N X is closed in X. Then p(C) is closed in X Up ¥V
if and only if (C N Y)J f(C N A)is closed in Y.

Proof: Itis elementary to verify that forany C C X + Y, p~1p(C)=
CUfCNADUSHACN DU SfHC N Y); consequently,
PMONNY = (CA Y)Y F(C N A),
PTHAONNX = (CnX)US [p7'p(C) N Y]
Now assume that C N X is closed. Then, because 4 isclosed in X

and f is continuous, p~1p(C) is closed in X + ¥V if and only if
(CNY)YUFICN A)is closed in Y.

6.3 Theorem Letp: X + Y — X Us Y be the projection. Then:

(1). Y is embedded as a closed set, homeomorphicto ¥, andp | ¥
is a homeomorphism.

(2). X — 4 is embedded homeomorphically as an open set, and
p| X — 4 is a homeomorphism.

Proof: (1) p| Y is continuous, and evidently bijective; by 6.2 it is
also a closed map and hence is a homeomorphism. (2)is proved similarly.

For subspaces,

6.4 ILet Xbeattachedto Y by f:A— Y. Let X; C Xand ¥V; C Y be
closed subsets such that f(A4 N X,) C Yy, and attach X; to Y, by
fi=flANnX,. Then X, Uy Y; is homeomorphic to a closed
subset of X Uy Y.
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Proof: Let ©:X; + ¥Y1—>X + Y be the identity map; since
poiop t: X, Uy Y, — X Ur Y is single-valued, it is continuous. It is
clearly also injective. We now show that it is a closed map by proving
(3.2) that p o ¢(C,) is closed for each closed C; C X; + Y, satisfying
p71p1(Cy) = Cy. Since C; N X = C; N X| is closed in the closed X,
it is closed in X. Furthermore, by 6.2, (C; N Y;) Jfi(C; N A) is
closed in the closed Y; and therefore also in Y since f; = f| 4 N X,
and C; C X; + Y, this set is (C; N Y)Y {J f(C; N 4), and so, by 6.2,
we have p(C;) = p o i(C;) closed in X Uy ¥, completing the proof.

The construction of continuous maps X Uy Y — Z is of frequent
occurrence and is based on the important

6.5 Theorem Let X be attached to Y by fid— Y, and let
p: X + Y— X Uy Y be the identification map. Let ¢: X — Z and
Y: Y — Z be a pair of continuous maps, and let (p,): X + ¥V — Z
be their unique common extension. If ¢ and s are “consistent” (that
is, if g(a) = Y[f(a)] for each ac ) then (p,)p "1 XUV —Z

1s continuous.

Proof: The transgressive map (g, )p~' is single-valued, so 3.2
applies.

7. The Relation K(f) for Continuous Maps

If f: X— Y is a homomorphism of groups, we can construct f(X)
from X and the kernel of f. We will see that a similar process for
continuous maps of spaces is possible if and only if fis an identification.

Let f: X — Y be any continuous map. We define the relation K( f)
in X by x ~ &' if f(x) = f(x'). This is clearly an equivalence relation in
X, and therefore we have the identification map p: X — X/K(f);
X/K(f) is called the decomposition space of f. Since fp~! is single-
valued, it is a continuous (in fact, injective) map X/K(f) — Y. Using
3.2, we have thus proved the first part of

7.1 (1). Letf: X— Y be continuous. Then f can always be factored as
? g
X—X|K(f)— Y (that is, f = gop), where pand g (= fp~ 1)
are continuous, p is surjective, and g is injective.

(2.) If

f
X
d
Z

>

)~<

——r
-

s

—_—
h
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is a commutative diagram of continuous maps, there is a
continuous A: X/K( f) — Z/K(h) such that the diagram

P g
X —> XIK(fy —> Y
‘Pl l)\ liﬂ (gop=fi8°p =h)
Z — Z|K(h) — w

p g
commutes in each square.

Proof: (2) Because the given diagram commutes, it is trivial to
verify that ¢: X — Z is relation-preserving; A is the map ¢,, obtained
from ¢ by passing to the quotient (4.3). The verification of commu-
tativity in the resulting diagram is trivial.

If f: X — Y is surjective, then fp~1': X/K(f)— Y is bijective and
continuous. It need not be a homeomorphism:

7.2 Theorem Letf: X+ Y be a continuous surjection. Then

forh XIK(f) =2 ¥

if and only if f is an identification.

Proof: Assume that f is an identification. We need show only that
fp~! is an open map. Using 3.2, if U = p~1p(U) for some open set
U C X, then since p~1p(U) = f~f(U), we find that f(U) is open,
as required. Conversely, if fp~? is a homeomorphism, it is an identifica-
tion, and by 3.2 and 3.3, so also is fp~ o p = f.

Let o7 be any set, and for each « € o7, let p,: X, — ¥, be continuous.
The relation K(J] p,) for [ po: 1 Xy —J1 ¥, is evidently the same as

[T K (ps)-

7.3 1If each p,: X, — Y, is a continuous open surjection, then

jpe
_« ~ H er-
HK(Pa) o
Proof: By IV, 25, T]p, is an open map, and therefore is an
identification.

Ex. 1 Proposition 7.3 is not necessarily true if any one p, is not open. Let O
be the set of rationals, R the identity relation, and S the relation identifying all
the integers. Then p: O — Q/R is an open surjection, but g: Q — Q/S is not (g is
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in fact a closed map). It is not difficult to verify that (O x Q)/(R x S) is not
homeomorphic to O/R x Q/S. This example, due to J. Dieudonné, also shows
(in view of 7.2) that the cartesian product of identification maps need not be an
identification map. This question will be treated later, after local compactness
has been discussed (¢f. XII, 4).

8. Weak Topologies

In this section, we shall study a method for topologizing a set that,
under certain simple conditions, preserves some predetermined topology
on a given family of subsets. We shall also show that this process is
closely related to identifications.

8.1 Definition Let X be aset, and let % = {4, | « € &/} be a family of
subsets of X, with each 4, having a topology. Assume that for
each (o, B) € & x o/, both

(1). The topologies of A, and A4, agree on 4, N 4.
(2). Either (a) each 4, A4, is open in 4, and in 4, or (b) each
A, N Ay is closed in 4, and in A4,
The weak topology in X determined (or induced) by «A is
TN ={UCX|Va:UnNA,isopenin 4.},

It is evident that Z (%) is indeed a topology; furthermore, B C X is
closed in the space X if and only if its intersection with each 4, is closed
in A,. The force of condition (2) is

8.2 Each 4, as a subspace of (X, 7 (%)), retains its original topology.
In case (a), it is an open subset of space X; in case (b), it 1s a closed
subset of the space X.

Proof: We prove this for case (a); that for (b) is similar. Let B C 4,
be open in 4,; then for any B, B N 4, is open in A, N A, so by 8.1(2)
and I11, 7.3, B N 4, is open in A;; by 8.1, this means that B is open in
X, as required. In particular, taking B = 4,, we find that 4, is open
in X.

Ex. 1 7 () is the largest topology in X that preserves the given topology of
each A,: for, in any other such topology 7, Ue.9 = U N A, is open in A, for
each ¢ = Ue 7 ().

Ex.2 If{4,|«€.o7}is an open covering or a nbd-finite closed covering, of a
space X then the topology of X is exactly the weak topology .7 (%) (¢f. 111, 9.3).

Ex. 3 Let R be a real linear vector space (¢f. Appendix, I, 4.2). The weak
topology 7 (w) in R is that determined by the Euclidean topology on each of its
finite-dimensional flats. This is called the finite topology of R and illustrates a
typical way of using 8.1.






