
Ïðåäåëüíàÿ ôîðìà âåðîÿòíîñòíîé ìåðû q-ðàçìåðíîñòåé äëÿ ãðóïï Ëè áåñêîíå÷íîãî ðàíãà

Ïîñòàíîâêà çàäà÷è
Êîñîñèììåòðè÷åñêàÿ äâîéñòâåííîñòü Õàó äëÿ ïàðû ãðóïï (GLn,GLk)∧(

Cn ⊗ (Ck)∗
) ∼= ⊕

λ

VGLn(λ)⊗ VGLk(λ̄
′
).

Èñïîëüçóÿ äâîéñòâåííîå òîæäåñòâî Êîøè äëÿ õàðàêòåðîâ

µn,k(λ| {xi}ni=1
, {yj}kj=1

) =
sλ(x1, . . . , xn)sλ̄′(y1, . . . , yk)∏n

i=1

∏k
j=1

(xi + yj)
.

Íàñ èíòåðåñóåò äâà ñëó÷àÿ ñïåöèàëèçàöèè:

xi = f ( in) = qi−1 è
yj = g( in) = qj−1,

xi = f ( in) = qi−1 è
yj = g( in) = q1−j .

n, k →∞, k
n
→ c, q = 1− γ

n
≈ e−

γ
n

fn(x) = 1 +

∫ x

0

(1− 2ρn(t))dt

Â ïåðâîì ñëó÷àå ìåðà èìååò âèä:

µn,k(λ|q) =
q‖λ‖ dimq(Vn(λ))× q‖λ̄

′‖ dimq(Vk(λ̄
′
))∏n

i=1

∏k
j=1

(qi−1 + qj−1)
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‖λ‖ =
n∑

i=1

(i − 1)λi

dimq(λ) =
∏
α∈Φ+

[(λ + ρ, α)]q
[(ρ, α)]q

Àíñàìáëü q-ïîëèíîìîâ Êðàâ÷óêà
Ìåðó ìîæíî ïåðåïèñàòü êàê

µn,k({ai}, q) = Cn,k,q

∏
i<j

(q−ai − q−aj)2
n∏

i=1

W (ai),

ãäå

W (ai) = q(ai
2
)+ai(n−k)

[
k + n − 1

ai

]
q

.

Äåòåðìèíàíòíûé òî÷å÷íûé àíñàìáëü, òî åñòü

ρn,m(x1, . . . , xm) = det[Kn(xi , xj)]1≤i ,j≤m.

Íàñ èíòåðåñóåò
ρn(x) = ρn,1(x) = Kn(x , x).

Kn(x , y) =
n−1∑
i=0

√
W (x)W (y) pi(x)pi(y),

ãäå {pi(x)} � ñåìåéñòâî îðòîãîíàëüíûõ ïîëèíîìîâ ñ âåñîì W (x).

lim
n→∞

Kn(x , y) = Kφ(x , y) =
sin(φ(x − y))

π(x − y)

1− f ′(x)

2
= ρ(x) =

φ

π
φ ìîæíî íàéòè ñ ïîìîùüþ q-ðàçíîñòíîãî óðàâíåíèÿ:

A(x , k, n, q)pm(a) = B(a, k, n, q)pm(a + 1) + C (a, k, n, q)pm(a − 1).

Ýòî óðàâíåíèå íóæíî ïðèâåñòè ê âèäó:

p(x + 1) + p(x − 1) = S × p(x),

ãäå S � íåêîòîðûé ñïåêòðàëüíûé èíòåðâàë. Ïîñëå ïðåîáðàçîâàíèÿ Ôóðüå â
L2(S1) ìîæíî íàéòè φ.

ρ(x) =
1

π
arccos

(
sign(−γ)× eγ−

γx
2

2

1− eγ(c−1)√
(1− eγx)(1− eγ(c+1−x))

)
Íåìíîãî ïðî ñõîäèìîñòü

Ïåðåïèñàòü ìåðó êàê µn,k({xi}) = 1

Zn
exp(−n2J [ρn] +O(n ln n))

Ïîêàçàòü, ÷òî J [ρn] âûïóêëûé è ïîëîæèòåëüíî îïðåäåë¼ííûé ñ òî÷íîñòüþ
äî êîíñòàíòû

Îãðàíè÷èòü ñóïðåìóì íîðìó íîðìîé, ïîðîæä¼ííîé J [ρn]

Îöåíèòü îáùåå ÷èñëî äèàãðàìì Þíãà ñ ïîìîùüþ ôîðìóëû
Õàðäè�Ðàìàíóäæàíà

Ïîêà ïîëó÷èëîñü ñäåëàòü òîëüêî ïåðâûå äâà øàãà äëÿ γ > 0.

Íåìíîãî ïðî ìàòðè÷íûå ìîäåëè
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Åù¼ îäèí ñïîñîá ïîíèìàòü íàøó ìåðó
Êàæäûé ïóòü èìååò âåñ = q#êóáèêîâ ïîä íèì

Ñâîáîäíûå ôåðìèîíû

Êàæäîé òàáëèöå λ ñîïîñòàâèì ìíîæåñòâî

S(λ) =

{
λi − i +

1

2

}
.

• ìàðêèðóåò êîîðäèíàòû λi − i + 1

2
, íóìåðàöèÿ èä¼ò ñëåâà íàïðàâî.

Âåêòîðíîå ïðîñòðàíñòâî Λ
∞
2 V , ïîðîæäàåìîå âåêòîðàìè:

vS = s1 ∧ s2 ∧ s3 ∧ . . . .
Íàñ èíòåðåñóþò âåêòîðà âèäà vλ = vS(λ) è âàêóóìíûé âåêòîð

v∅ = −1
2
∧ −3

2
∧ −5

2
∧ . . . .

Èñïîëüçóÿ îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ ψk è ψ
∗
k îïðåäåëèì îïåðàòîðû

Γ−(t)v∅ =
∑
λ

sλ(x)vλ, Γ′−(t)v∅ =
∑
λ

sλ′(x)vλ

ρ(X ) =
1

Z

∑
S(λ)⊃X

sλ(x)sλ′(y) =
1

Z

(
Γ+(t)

(∏
x∈X

ψxψ
∗
x

)
Γ′−(t ′)v∅, v∅

)
Óòâåðæäàåòñÿ, ÷òî

ρ(x) =
1

(2πi)2

∮ ∮
|w |<|z |

dz dw√
zw

en(S(z)−S(w)) 1

z − w
,

ãäå S(z) èìååò èíòåãðàëüíîå ïðåäñòàâëåíèå

S(z) ≈ −
∫

1

0

ds ln(1− f (s)z)− c

∫
1

0

ds ln(1 + g(s)/z)− x ln z .

Â ñîîòâåòñòâèå ñ ìåòîäîì ïåðåâàëà, íàñ èíòåðåñóþò òî÷êè, â êîòîðûõ ïåðâàÿ
ïðîèçâîäíàÿ îò S(z) ðàâíà 0:

z∂zS(z) =

∫
1

0

ds
f (s)z

1− f (s)z
− c

∫
1

0

ds
z

z + g(s)
− (x − c) = 0

Â èòîãîâûé îòâåò âîéä¼ò âêëàä îò äóãè, êîòîðûé ñ÷èòàåòñÿ ïî âû÷åòàì.

Ïðèìåðû ïðåäåëüíûõ ôîðì
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Ïðåäåëüíàÿ ôîðìà äëÿ c = 4 è γ = −25,−10,−0.5,−0.1, 0.01, 0.1, 0.5, 10, 25.
Ïðè γ = ±∞, q = 1± const ïîëó÷èì ãîðèçîíòàëüíûå ëèíèè.

Ïðèìåðû ïðåäåëüíûõ ôîðì, äðóãàÿ ñïåöèàëèçàöèÿ
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Ïðèìåðû ïðåäåëüíîé ôîðìû äèàãðàìì Þíãà ïðè çíà÷åíèè ïàðàìåòðîâ c = 4,
γ = −10,−2,−0.5,−0.1,−0.01, 0.01, 0.1, 0.5, 2, 10
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