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7 Schnol's Theorem and sufficient

conditions for localization

Motivation the Schrodinger equation

Let It be a Hilbert space ECI later e4zd

ft H't a self adjoint operator
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what is e't't

If dim Hats then
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j IR

where E EP is
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The spectral theorem

Let H H Then

1 17 DECH where

R
is a Borel measure on IR whose values are

orthogonal projections

IECdaAdil IEldsIEDjf.Boreesees.EHR

I.TLeH.ThenMqyGlfECo 4 Y
mycol Ecole y

shaealasires



Alternatively we can say
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Example multiplication operator on LYIR
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Spectral types

Let H H on H Then

H Hpp Ha Hsc where

IEly has the corresponding type

purely point
absolutely continuous singularcontinuous

Schrodinger operators tight.ffindzing

HY n Yn 14mi Vn Yu L at wth
discrete Laplace

hopping terms pfotential operator

Motivation electron stays close to an ion

hop between ionsbut
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Quantum dynamics how spread out is e't'tyo

if Yo is localized say Yo e

For example let qftl fzlnffh.ltT
expectation value of the coordinate 2nd moment

ac spectrum gCEl rt

pp spectrum gCEI const

Sc spectrum qCt
Ed 04cL sometimes

Related to growth properties of
the Fourier

transform of the soectral measure
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Exercises a HY n YntstYn s

Let 8th be an interval Calculate

o as an operator on 842
b On EUR1 consider 114 04

Same question

2 Let YE 2 be compactly supported

Prove 941244 ITI for Heo



Anderson localization let H otV
We say that H satisfies AL if LCH is purely point

14 E 4 and ftp.lnl ec e
K ln nil

sometimes X ZV O

Discovered by P.W Anderson in 1958 for

random potentials Un
nez

are i i d r V

non constant
d Li known in essentially all cases

dz2 open question for small disorder

and or Bernoulli type distributions

AL can be observed not only for random

ut for other ergodic operators

Let hype be a measure space Mcr L

and T R r be a measure preserving bijection
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Assume that T is ergodic

1 A A MIA E 0,13
no non trivial invariant subsets

Let firelR be a measurable function



Exercise Let T r r ergodic

f RTR measurable

T invariant f Tw _f w

Show that f u _const a e

T r R ergodic

Let fits be a measurable function



Vfw f Thw is an ergodicpotent

Hln 4 n That Yust f Thw 4h
isomersLdinger

operator

Examples 1 Random operators

1 11421 Tw m Wants Whwisnez

single site distribution

2 Quasiperiodic operators our focus

I _Tt 10,1 Tx 4kt dmodi LEIRIA
Exercise Prove T is ergodic

WHY n Ynet Ynet f xthH Yu
Invariance of the spectra

HlxtH U'NHU LUNE4ms

TJ Kunz Souillard there are EEacEpp.ECRs.t6 HIM E for a e x

Idea of the proof Fox pig C

Let gCx
2 E Chatto
0 E Ipoh O

g is an invariant function on T immediately

g is measurable not trivial use quantum dynamics
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Exercise a Let f THR be continuous Show

hat 6 HCM const for all not just a e x ET

f Same for f x L Cal Oca I
O a

ThJ For any fixed FEIR Pasear

thxET E is an eigenvalue of Hla 0

Therefore while Gpp const the eigenvalues more

Meta result there exists a function E'THR

E E x 1hL HE 21 are the eigenvalues

of H1n1 for a e X

E is called the Sinai function

Diophantipropeties
In QP operators Diophantine properties of L

become important

Let DCd Got2L cTd lln.LI zclnl t3
HakdisttaiZ
UFO

Exercise Fix t Dt2 Then 8494 has

full Lebesgue measure
continuedfraction expansion

let d L PI L PCH eihsuplh9
n a Gngn Dc plD 0



the Almost Mathieu Operator

fHMY Ynet Ym 127 cosZala 1hL he21

HILL purely ac spectrum alex LEIRIA

11,1 1 purely Sc spectrum all x recent

1 17,14 EP purely sic for a e x

IN et pp spectrum for a e butnot every z

There is an additional transition in x

Most recent results see references AvilaYou ZhouTitomirskayaLiu

the Maryland model

Hhc 4 n YnetYnet X tantlxthL 4h

Let Le DC KEIR 221 Then

61kcal is purely point for all I O

The proof also
works on Id but relies

heavily on the tan structure

n d e the spectral type is described completely
for all I x L Titomirskaya Liu



Transfer matices HIM o tf 12thw

et M x
E f j transfer matrix

Mnla ELLE Mft f ethisIII matrix

HCHY EY Yun.ge Mnlx1lY tnt2

f I
0Let Hnl l
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L fbcdn.tw
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Exercise Mule E
RIME PneHHE

Punkie pn.zlxtd.FI

Lyapunov exponent

LCETnlffhthfenllmnlx.esldx ihfthfenHMnlxeHldx



Thfkingmant Let fj.TL Rbeasubadditiveprocess

French EFNlxltfn.la 1hL

fleadlducts
int f Tff
N N

Them In Fr converges a s to T F

Apply to Fn lnHMnlxE Il

Th Ishii Pastier KotaniI
tackle LEILLE 03

Integrateddensityof states

Let Nutt E 6 Hulk f to E counting function

N E find IN Nuke doc

The limit exists for very generalergodic operators

E N E is a continuous non decreasing function

and is the distribution function of the

density of States measures



EIdNCH HEI Eugene doc

DoSM is the expectation value of the

spectral measures

Theoremlthoulessformi
E Sente E't dNCE't

Ii
Lyapunov exponent

DosM

Heuristics LCE In enlp.nuHdx

1ntfEolnIE Eilxlldx JenIE E'lNnldE
o

counting measure

This can be made rigorous by considering

EEE
1 and showing that L is subharmonic on Clt



Let H4 n YwestYu stunk general operator

We say that 4 is ageneralizedeinction
f 14 a IE Ca H1n1 polynomially bounded

HY EY for some EHR

In general Yete z
Tgeneralized eigenvalue

Theoremlutnia The spectral measure off

is supported on the set of generalized

eigenvalues of H

Many modern proofs of AL use

Green's function method
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Then try to prove that kn E

has exponential decay away from

the diagonal


