Many versions of the uncertainty principle, Lectures December 2020
Lecture 3. Problems, Notes and Further reading

We discussed some generalizations of Heisenberg’s uncertainty and the the results related to the
celebrated 2TW theorem of Landau, Slepian, and Pollak

Problem 1. Prove the following statement of Strichatz: Let {a;}>,  be a sequence of points with
a1 —a; < b, limj 100 a; = +00, and let f € WH2(R). If 3. [ f(a;)> < (1 —€)?67' /2| |3, then
11132 > ce?b=2||f||2.. Compare to the statement of (the weak version of) the Logvinenko-Sereda

theorem.

Problem 2. Let {¢,} be an orthonormal basis for L?(R) of eigenfunctions of the self-adjoint operator
QpPaQpB.

(a) (Double orthogonality property) Show that [ 4 Pe®j = Ayl

(b) Let A = [—1,1] and B = [—¢, ¢]. Show that the restriction operator commutes with the differential

operator (1 — x2)f" — 2z f — cx®f and that the latter has simple eigenvalues.

Problem 3. The Poisson summation formula follows from considering the periodic function F(x) =
> f(z +n) and its Fourier transform. Prove the Shannon interpolation formula:
7wk sin(Wt — 7k)
10=3s (37) e

~

for any f such that supp(f) C (=W, W).

Notes. There are many generalizations of the classical inequalities to LP settings. We mentioned the
one by Cowling and Price [2], other relevant results are Bourgain’s construction [I] and Balian-Low
theorem [4] in LP, L? setting. The Strichartz lemma and much more general uncertainty results are
contained in [I5]. A version for the Besov spaces and further sampling formulas can be found in [6].

The prolate spheroid wave functions in time-frequency localizations appeared in the series of works
of H. Landau, H. Pollak, and D. Slepian, in the early 1960s, |8 T3] 14, [9]. An interesting approach to
the 2TW theorem is given in [5].

The Poisson summation formula and Shannon interpolation formula are classical and can be found
in many textbooks. The last result we mentioned on the lecture is the remarkable interpolation
formula by Radchenko and Viazovska, see [12]. See also [7] where a connection to the 2T'W theorem
is discussed.

A nice surveys of uncertainty principles from the end of the last century is [3].
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