


Lecture 3

Kronecker- type identities

with applications to
classical results on sums

of squares and sums of

triangular numbers .



Last time .

- mock Theta functions have many forms
- changing between forms leads to a
better understanding of mock Theta
functions .

- we introduced a heuristic relating-
Appell- Lerch functions to

divergent partial Theta functions•
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the heuristic led to
-

- new identities far the mcxiq ,
2- I

function
- formulas that expand Hecke - type
double - sums in terms of mac ,q ,z)

functions
- new proofs of the six identities
for Ramanujan's four tenth
order mock theta function )

,

where the four functions and the

six identities where all found

in Ramanujan 's Lost Notebook ,



today we will demonstrate

how the heuristic leads to a
new identity which gives
new proofs of classical results
in number theory such as
1) Legendre - Gauss local to global
principle
Bcn) so ⇐s n't 478bt 7)

2) Gauss's Eureka Theorem

num= At Dt d

D= kCK +412
,
k£0

, 42 , - -

Bank # ways to write n as
a sum of three D's



Review

Many forms of mode Theta functions
i) q - hypergeometric
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2) Hecke - type double -sum
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Review

Many forms of mock Theta functions
3) Appell- Lerch functions

soon.- me,
"

. g.
30

. g.
" Iemcg

" .gs : g
" )

egimcg.iq?gil-yimcgiig4giY
where

""art : III"3"
I - yr

-'

x z

jangle III.ageing,
"'
z
"

4) Fourier Coefficients of

meromorphic Jacobi forms
( skip)



Review :

we introduced a heuristic

m C qx ,q ,
z ) =L- Xm (x ,gal

* m Cx , g. it 7=1
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' xml g-
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Review

let us break (*) into two parts

dependingon parity of r
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Review

Notation

""""i¥¥E:i¥
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,
m e-- j I qajq )

Fam i = it- ga i qm )

Jmi= Jmism = j Cgm ;sqm )
false the ta fu

partial Theta fu



Review
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more general formulas exist !



Review :
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Review

Hecke - type double -sums

building block

faire te , y .g)
⇐ ÷

.

÷
.

) an
"' x' y?

a CEH brst c CE)
of

converges absolutely acb.cz 0

weight system depends on

region being summed over



Review

Liza Gc 17 , of)
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Examples

Lrn (91414)

- jlqiqlmcqcq? - it

xjcqiqlmlg.iq?iil-iJfjlqjq7=0
So

truly.gg/--JE-Fa-qi )
F- I

Recall jlscjq) - o ⇒ x=g^nEZ
Mckay ,Z ) singularities from -3

2- =q^ NEZ

Xt =qM MEI



Examples >
6th order

✓ mock Theta fu

F. it . dlql = firm Cq ,
-

gig
)

1
Barley Pair Technology

f.
µ, Cq , -4cg)

)= jtqiqlmlqcq? - I

tjlg.iq/mC-q,q7-ilt0--jC-qiqlmCqcqi-i)

or ¢cqI⇒mCqcq?-i)
use :

JC -gig) - 2 Fry product rearrangement



Review

Notation
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i.in ii.
"II'
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Ja
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Fam i = it- ga i qm )

Jmi= Jmisin = j Cgm ;sqm )
Cx In= Cxiqlu = !III ( I -qi x)



Application Review

The four tenth order mock thetas .

- CNE' )
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Application Review

g- hypergeometric
LHS

Bailey's Lemma
✓

Hecke - type double - sum

/ Hecke - type.ae?zfformdaMCxeqYzlform

/ new manga)

✓
properties

theta functions RHS



today
- we will review classical number

theory results on the

representations of a number n
as a sum of K squares or as a
sum of k triangular numbers

of = KZ D= kcktlllz
- demonstrate howa q

- series

identity known to Kronecker
gives as special cases
- Lagrange 's four - square

thm

- Fermat's two - square
Ham



Today
- use the heuristic as guide
to find a double - sum analog
of Kronecker 's identity .

Special cases of the new
double- sum analog yield
- Legendre - Gauss local

- to -global
principle
resent > o⇐ n 't 4^(83+7)

- Gauss's Eureka theorem

num = At Dt D

D= locket) 12

Bcn) = #ways to write n as

a sum of 3 squares



Today
More detailed plan

- Give examples of classical
number theory results
2- D's 2- B 's

- Recall Kronecker 's identity
- Prove Kronecker 's identity
using Ramanujan's it ,

summation

- Prove Ramanujan's ifsummation
- demonstrate that special cases

yield
- Lagrange 's four- square thin

- Fermat 's two - square Thur



today
More detailed plan
- use heuristic to find
double - sum analog of Kronecker

- sketch proof
- demonstrate that special
cases yield
- r
,
cut > o ⇐s n 't 4486+71

- nvm= At StD
,
A-lccktl) 12



Compute examples
-

origin) so ⇐s n# 4485+71
n -- 3 = Reft 12

3-44^(86+7)
a-0

,
b = O

44-84+71 = 7
7- cannot be writers as a sum of 3D's

3=141412 1=1404 o
'

4=22+0402 2=1412+02

5=44 the O2

6=44-12+12

7 none .



Classical problems in number theory
- count the number of representations
of a positive integer n
• as a sum of K squares
• as a sum of k triangular
numbers

- Gauss's two -square theorem

DzCw) =4 [ c-y
Icd -y

d.In
,
d odd

Jacobi 's four { eight square theorem

Da, cul
= • I d

d. In ,
4Xd
ned 3

D @
Cm -16 I C-4 d

d In

Dacre elliptc functions



Compute Examples
- o-

Dz Cm)

f-2 2= l't 12

a

= 12T C-42

Dame 4 . I c-yield -'I

1/4 ,
dodd

= 4 . c- 1)
¥ - O

D= I

= 4 . I 24



Legendre 's formulas far sums of

triangular numbers
D= locket) 12

z Cd-r)

AzCnl = 2- C-e)

d14nel

by Cn) = I d . D @Cuke .
-

d) 2n-4

Kac { Wakimoto used denominator

formulas for affine super algebras
to derive many

Mf
, families of

identities

conjectures - proofs by Zager, Milne

subsequent work
- Rosengren , Ono ,

Getz
,

Mehlberg .



Kac { WakimotoExample :
conjectured

Dymz (n) = 1- a

2M-I

4mm
- "

Te j!
j - I

• I
↳ let kzlzt - - t Kmlm=

Ent MZ

ke> Kz) - - -Skin

ki positive, Li odd positive~
IT Ki Ti ( ki - K;

'

)
'

i' l l Eicjfm
Case m 't gives Legendre 's

formula for Dq Cnl !



Compute Examples
- o-

De k Ck ee) 12 1EUR13,-

D= o , I , 3,6 ,
10 , - -

by (2) = -2 d = I t 5=6

dl 5

2=1+1 to -10

It Otl t O

÷ ::c : :} .
O + ( to rel

o to + let



here we will put classical
number theory results into
the setting of Kronecker- type
identities

Questions

- can they be further

generalized
?

-

e C so
,
what kinds of new

7identities are there .

- are there more general
building blocks?



Reminder :

cxhecxigln-YI.io a-qix)
(Hao = High = II. oh- girl

icxigd : II.airing,
"'.cn

JTPid = (x; g)• ( cxlxjqlaoccfjgloo
j Ga ,Xz , - - - Pcnjg)

:=j Coc .;g) j GE; g) ooojfxnjq)
Jam : - jlqasg ) Jaiijtgaiqm )
Jm- Jm ,3m= ¥9

,

( l- gmt )



The following identity was
known to Kronecker

For X.y C- Quo} , 0dg)4×1<1
and y neither zero nor an integral
power ol g,

Ez.
'Ghanaian
Cxcqlx ,1414 igloo

or in theta
=

JP j (KY 'sg) A
function
-

notation jlxiqljlyjq)



Alternate from of Kronecker 's Id .

For say
C- Eko} , 04gal shale I {

04gal style ) then we have the

more symmetric form

t.E.is?../qrsx;s--Cq1aoCxy,qlx7iqlo
-

Cxcqlxcy , 917 igloo
or in Theta

=
Jisjcxyigl

function
-

notation jcxjg.li Gig)



- how do we prove Kronecker 's identity?
- what are its applications to

classical no . theory results
?

new

Proof of Kronecker 's identity
- state and prove

Ramanujan's it , summation
- Use Ramanujan's it , summation
to prove Kronecker 's identity .

Survey article by Waruaar
on 14

,
summation



Ramanujan's 14 , summation

{ Proof
- o-

useful facts

caiqln-I.IO a- qia)
easy, -n = taking"¥a ;gin
g- binomial theorem
• a

2- Cajqlu Z = Cazjqla
- -

n-o Cqiqlu ( 2- igloo



Ramanujan's it , summation
{Proof

- o -

r

x. causal : :E
.
I
*,

= ( az be Cqlatloocblala Igloo
-

Cz) - (blattoo Cqlaloo Choo

lbla lethal
it is understood that ails 40

and that a
, 91lb E{qcq7e - - }

-Ramanujan did not provide a proof
- A short proof was discovered by
M

.

Ismail 2977 Proc AMS

2 pages



Proof of Ramanujan's it , - Ismael
N n

it , ( aiga) : - E height
n= -N ( bjqln

N n
-l n

= I Caiqlut laiqlu Z
n- o Tig

+ E -
n
= -co ( bigIn

N n D n

-

- ⇐ ''÷÷¥i¥÷Y¥l
So

i
4
, is an analytic fu of b

provided lqlcl , Itt c l , 131C lat)
Ctd reduces to the

q- binomial
then

whenever b-
g
"

mc-X

(*) is valid in general since it holds
on a convergent sequence within the
domain of analyticety ,



Proof of Kronecker 's identity
( biz) - Cay , b) in it ,

r?z, k÷I! ( AZ , 91oz , bla , q ;q1•
-

CZ
,
blaz

, ayla , big)
* → ÷
. "÷i. E.÷,

RHS -s cab , glab , q.qig.la
-

Cb
, qlb , qda , aq; g)N

divide both sides by Cl- a)

and we are done



Applications of Kronecker 's identity

÷
.

-E.) g.rsa's
= Cgl} Cab

,qlabjq) -
-

it a.b -s - I
Caigda ,b.gg/bjq)o

i) Jacobi 's 4 - square thin
rain? = 8 E d

DII
,

'Hd
,
d tu

ii ) Lagrange5 4- square them

2) a ,5→ - I

i ) Gauss & Lagrange
rain1=4 ( d , cul - dscul)

ii) Fermat 's two -square
thus

he Cnt # reps ol n as sum of K D 's
dkcnl = # divisors of n of form 4MtK



Proof of Jacobi's four square them
-o-

Generatingfunction far Rs cu)

⇒ ways to write
n as sum of

St 's n

Rs Cox) & = I rscnl C-g)
rnZo s

claim : Rs Cade - ( Eating
" )

S

= ( lait'ftp.go)
in particular

4

Eisemann - ( laity,,§ .)



Proof of Jacobi 's four
sq,
thin

idea

make LHS ol Kronecker look like

8 E d
d Il
d Im

,
4Xd

Make RHS ol Kronecker look like
4

( comitia .)
D

n

= Truth C-g.
I

n=O



Proof of Jacobi 's Four square Thun
Procol ol claim

Rsa.' -- ( E.eungni )
'

= airing.
"" Is

-
- Cic gig ) )

'

Eff!
- ftp.g.4IG.gl . Is
= ( ↳ igloo ( gig)o !
⇐ ( cardiology. )



Proof of Jacobi's four square thin

E.si?...)grsab=lq1I( ab
, glabj g) so
-

Ca
, gala , b , qlbjqIN

let a.b -s
- I

but first we have to get rid
of singularities



Proof of Jacobi 's four say, then
we rewrite LHS

( Esso - E. . )q"arbs
re
-

↳ g.
"arbs

=f÷i¥.ir?..oo:?...hisar"
= IT - Ia -4¥, qrsarbs
LHS is now

i.tt#-i.Eixrslarbs-a-rb-s)



Proof of Jacobi 's four sq, thin

multiple both LHS} RHS

by a - a) ( t-b) Ice-ah)
" " II.g." carbs -a'b'

' I

= igloo Cabg , qlabig.la
-

coxa , Ha , qb , qlbjq) @
Let a=b in LHS

't E . q" cares. a-
r- s )

te Is!qrsa-r-scaur.sk .)
= It a - al qrsa

- r-s

.

( Kaka
''
, . - e a'

' res- il)



Proof of Jacobi 's four
sq thin

now let a = - I

LHS = l- 4 }%,
qrs C-yr

"

( res)

= i - 4.37
, grsai-r-y.IE

,
grseu
"

's
a rs res

= l - 8 E q r th

res=/
A hell

= l - 837
,
GT Z n e-4

Nik=/

Nk--M
• so Corey (Kell

= It 8 I c-g)ME a C -al

m=/ n
,
K=/

nk=m

-
- le 8 E C-

gT E d .

MT d ? I

4 Xd
,
d IM



Proof of Jacobi 's four
sq.

thin
.

LHS a=b , a⇒ - I

- It 8£
,

c-g)ME d
d.21

4Xd
,
dlm

RHS a=b
, a
-s - I y

''
'÷I÷t"%a.)

so 4

" 'Iiia:I÷:'-( "Hai.)
•

m
= -2 rum) C-g)
M=O

rycm) = 8 -2 d .
dzl

4X4 Ilm



Double-sum analog of Kronecker 's ad .

Q :

what is

EE. :¥)i4I - kg,
or in Hecke - type farm

4¥.tn?...)qrstrttstaqszy
idea : set up functional egg

iterate functional eqn
use heuristic as guide
numerical work to find Theta Ln

.



Recall

"""" 'I÷, I
-u"g"

ikick
.
E.are, c
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- C tsar



The functional equation
FGM ,

2- i got
⇐ 4¥ ,.tn?...)grstrttstyszxFCxcy,zjq7=ocFCXiqY1qZjg)

+ Jisjlyziglfjcyiyjcziq)
Proof - straight forward shift of

rude e s

- Kronecker 's ad .



iterate the functional equation
jcgxsqkceiq-mx-njlxs.gl
na j (qxjq)

= -x

-'

jcxjql
Fcxcyitiqktiglyziq)

itygzftxthgiyqziql
apply functional equi to

/

xfcxiqy.qzi.gl
=xJ? jcqyziq) 2

iffy
"Fcxigyigeiq)

=

,
JPi42-iglxxt-kgy.ge ,.gl
jlyiqljlziy)



So

F-Cx
, y it ,41

= Jf j C y Zig)

diµ
* FGoh ,q

e
, g.
I

= J ? j ly-2 ig)
if

l 't
,¥ )

+ IF he
,g4 ,It , g)

= a o o iterate

a J f j Cyzig)

Iii
(" HE t , z

e - -

~
J Pj lyzig) -

i
¥"'



iterate functional
ego
's

use heuristic

mcx.q.zin-Ic-ei.iq
-" t

FCK7 , zig) re JiglytsqlTint'¥ .int
Symmetry suggests

Fcxiyczcq)
-

- Jisglyzjyl
Tint'¥fiIi*)

eidemfxjy , z) e theta

{
means previous term repeated

once ul y's X swapped , once w/ XFswapped .



final formula

Fcxcqcziq)
- J

,}(yzjql a

i¥nt¥fif¥
+ idem ( xjyitl

-2.075? jlxyixziyzig)
-

°

-

jlxihzjql stx ,-7 , -Zig)
Applications

I)X=y=z→ -1
Legendre Gauss

Benko# nt4al8bt7)

E) grig x=y - 2- → of
Gauss ' EurekaThem

num=DtDtD
, D=KCk+4k



Last items ?

• Sketch proof of analog
• Sketch proof of Gauss's

Eureka Theorem



from last time :

type of proof seen before
mcx

, ay ,Z,I
- M ( Xcq , Zo)

= Zo JPJCZ.lzojqljGCZOZ.gg)
-

•
Go;qljftijqljcxzojgdjCXZ.iq/FCx,zi,2-o,qI=LHSGCXcZyZo

, q)
=RHS

H = F - G

HCxl=⇐z
,

Cm>cm Laurent series XFO

-

Hlqxl = - XH Cx)

Hcxkco
z,
tiny

-ME ' tem

Ratio test =3 Co -- O



Proof of double - sum analog
"""zig :'-(⇐⇒

- Ee .)9"Y*
I -kg,

GCxqziql.o-Jiglyzjg.licyf.im/-9EigIqye7-idemCxjyit)

- 2 JIJI
.
jlxy ,

Xt
,Yzjg )
-

jlxie,zig) yl -x,
-y ,
-Zig )



Proof of double - sum analog
Def cue

-H Hey ,Zjql -- FG ,y ,zig)
- Glx

,y ,zig)

Fix yo 't , ox
- we want to show H Cx) is analytic
far all x't U

- show singularities are at most
simple poles

- snow residues at poles sum to Zero

- Snow Hex) satisfies the
functional egan .

High ,yczigd= Hcxcyczjq)
XZ



Proof of double - sum analog
Hcxiecziql -- Fcxcy ,zig)

- Gacy ,zig)

is analytic for all XX O so it can be

written as a Lau rant series in X

valid for all IF U
m

* * HCxcqziqt-EC.mx
MEI

Cm may depend on YiZi 4
Insert *I ttcqxk IX Hex)

YE
into (* * I to have

E.cmkixm-fz.am?.cmxm



Proof of double- sum analog
-I-2MSo

Cme, = of - - Cm

YZ

in general CE y
-'

I'
"

g-
K'
Co

Hence ttcxcy ,zig)

=

'E'I'ix.
Because H Cx) is analytic far
all K¥0 we can use the

ratio test to conclude

that Co - O



Proof of double- sumanalog

ratio test
,

assume co# U

look at ratio of consecutive terms

as k→ I

II. I *i.
' I

am I tofu l -ad.K-soo YF



Gauss 's Eureka Them .

Gauss discovered that every
positive integer is a sum of three

triangular numbers

EXP Lt KA? nvm =D tDeb

D=kckecllz K-942 , -
-

D= 0 ,1,3 ,
G

, 10,15 ,
-

-

• does not empty that the triangular
numbers are different
2 O = (Ot (O re O

• does not imply that a solution
with exactly three nonzero

triangular numbers must exist
(ele Oto



Proof of Eureka Thur
-o-

preliminaries
×
(El k

j Cz;g) = I C-4 of
Z

KEI

JTPld = Cz)• ( q Hoo Igloo
classical partial fraction decomposition
far Jacobi's theta Ln a

E."IIIGi±It , qlzjqloo
Rsg Cnl = # of ways to write n as a

sum of three D 's
.

%wgno=fzIg.ME
' ' )
'



Proof of Eureka Theorem
"

IE..mg?=tI..g
"" )

s

→
Iii"%⇒.)

¥÷ ." ⇒
""
⇐÷:"

as ME' )not-n = I -2 9
n= -D

' II.Ei e.gig,
" )



Proof of Eureka Theorem

Prool ol claim
- O-

Eg,
"

e- tic -gig )

= I C- g. igloo ( 91
,
igloo ( 9.igloo

±÷÷÷÷÷÷÷¥¥¥:
> = C-qig.la Cqiqla
= C -
q igloo Caf igloo

= visa': Kasai-



Proof of Eureka Theorem
For X. y , 2-Ease}

oslqlclxl.ly/elZIel#ts.o-rI4..o)qrstrt-istanyszt=Cxy,q/xyjq7o3

Fixing:
'title

c-ci.qkqyklgiig.to
• Z - -

KEI he q2kz
+ ldanfzjyy)

-245%450 .

-

cxcytcqlx.9dyixkjgdoo.cxyxeiyz.gYxy.ge/xz.g4yzig7oo
-

C-47 , -7-444-954 , -often;q7oo



Proof of Eureka Theorem
- o-

idea

÷::::
"

:p:*:*!na

LH s

something that shows

By Chl Z l all n



Proof of Eureka
-

we set
q
↳ q2 X=y=Z

,
SC-say

The RHS has four pieces
the theta quotient -24,711£

→
The three terms ( gigloo
with Appell -Leech Fug
each go to cgiig.la/qiql?o
where we used the partial fraction

expansion of Jacob's theta product
Summarythe four pieces on the RHS

A

RHS= Giggle = 2- uses cul of
→
( qsql, n-o



Proof of Eureka Then

LHS rewrite

¥ ..ir?...)qsttrttr.Iyszt
similar toJacobi's four square then

| we want to rewrite

E. so
-

- 3.7¥
.

-' 7¥,
- Ee Few

so LHS where25-7=2--3-2qrsxr-4+3-2 >c ' e l
r
,
SEL

r 21

4¥..in?...)gittr::II• JC



Proof of Eureka

Letting grog? ,
Sc -say

The LHS D

'

I gr ; grows

¥..:÷.):
""

• of€ai;=E.rs.cm
(gig
)
-

so tells us Biscuit 1 all n.



Summary
lasttuue
- introduced a heuristic

- ( red )
Mex, 9cal ruzzo C-Murg

- new un Cx ,gal identities
- express Hecke - type double -

sums an terms of mcxiq.tl foes .
Thistle
- Kronecker 's identity
applications : Lagrange , four sq then

{ Fermat 's two sq, then
- Heuristic { double sum analog of
Kronecker 's identity

applications : Legendre / Gauss
and Gauss's Eureka Thurn



next two lectures8

- Three field identities

- simultaneous representations
of primes by binary
quadratic forms

- a function from the lost
notebook studied by
Andrews

,Dyson , and
Hickerson

- quantum modular forms


