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Multi-particle system

Begin with the Schrodinger operator

N
4 1
S (ca D)y i
— |x] [xj = x|

1<j<k<N

Here x; € R3, j=1,2,..., N, are coordinates of “electrons”,

X = (X17X27 ce 7XN) = ()’E,X), X = (X17X37 ce ,XNfl),

Similar notation x = (X;, x;), where X; = (x1,...,Xj—1, Xj+1, - -, Xn)
Z > 0 is the “nuclear” charge.

The underlying space is L?(R3V).
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Multi-particle system

Begin with the Schrodinger operator

N
H— Z ( Z ) T S —
-1 b 1< 19
Here x; € R3, j=1,2,..., N, are coordinates of “electrons”,
X = (X17X27 ce 7XN) = ()?7X), X = (X17X37 ce ,X/\/,l),
Similar notation x = (X;, x;), where X; = (x1,...,Xj—1, Xj+1, - -, Xn)
Z > 0 is the “nuclear” charge.
The underlying space is L*(R3V).
For the Fermions: space of L-functions u such that u — —u under the
interchange x; <= X,
H is self-adjoint on H?(R3V).
Let ¢ € L?(R3N) be an eigenfunction of H:

HY = E,
with some E € R.
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One-particle density matrix

Define the one-particle density matrix:
N S —
) =3 [ TR N,
j=1
For the Fermions:

w&mzw/‘ DR (% y)dR.

R3NV—3
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One-particle density matrix

Define the one-particle density matrix:

N S
. _ (% VAR
F(x.y) ;:1 /R o VR X)),y )dR;

For the Fermions:

F(x,y) =N / D(&, x) (X, y)dX.

R3NV—3

For our purposes we adopt the definition

Y(x,y) = /1/1(*, X)h(%, y)dR, (x,y) € R® x R3,

The one-particle density:
p(x) = 7(x; x).

Advantage: dramatic reduction in the number of variables!
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Elementary fact.
Let T be the operator on L?(R3) with kernel y(x, y),
and let W : L?(R3) — L*(R3V—3) be the operator with kernel (X, x):

(Vu)(x) = . (X, x)u(x)dx.

Then ' = V*V,
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Elementary fact.
Let T be the operator on L?(R3) with kernel y(x, y),
and let W : L?(R3) — L*(R3V—3) be the operator with kernel (X, x):

(Vu)(x) = . (X, x)u(x)dx.

Then ' = V*V,
Lemma. The operator [ is trace class and

trl =Ml = V3 =[]

Questions
1. Smoothness and decay of the eigenfunctions,

2. Smoothness and decay of the one-particle density and of the one-particle
density matrix,

3. How fast do the eigenvalues A\x(I') decay as k — oo? In other words, how
well do finite rank operators approximate 7
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Fall-off at infinity and smoothness of the eigenfunction
Classical result:

[0(x)] S e M, 50 > 0,x € RV

J-M.Combes-L.Thomas (1973), Sh. Agmon(1982), R. Froese-l.Herbst(1982) and
many others.
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Fall-off at infinity and smoothness of the eigenfunction
Classical result:

[0(x)] S e M, 50 > 0,x € RV

J-M.Combes-L.Thomas (1973), Sh. Agmon(1982), R. Froese-l.Herbst(1982) and
many others.

Denote xp = 0 and let

Sk =Sqg={xeRN:x, #x}, I #s, 1,s=0,1,2,...,N.

» Since |x| ™! is real analytic away from x = 0, the function 1 is real analytic

on the set
U= () Se
0</<s<N
Follows from the classical elliptic theory.
» T. Kato (1957): % is Lipschitz.
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Fall-off at infinity and smoothness of the eigenfunction
Classical result:

[0(x)] S e M, 50 > 0,x € RV

J-M.Combes-L.Thomas (1973), Sh. Agmon(1982), R. Froese-l.Herbst(1982) and
many others.
Denote xp = 0 and let

Sk =Sqg={xeRN:x, #x}, I #s, 1,s=0,1,2,...,N.

» Since |x| ™! is real analytic away from x = 0, the function 1 is real analytic

on the set
U= () Se

0<I<s<N
Follows from the classical elliptic theory.
» T. Kato (1957): % is Lipschitz.

» S. Fournais, T. and M. Hoffmann-Ostenhof, T. @. Sgrensen: FHOS2005,
FHOS2009, FS2018.

Detailed analytic structure of the eigenfunctions near the coalescence points,
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Pair coalescence points

Define
Uj - ﬂ Sls ﬂ SsN7
0<I<s<N—1  0<s<N—1
s#j

In words, U; includes the coalescence point x; = xy, but excludes all the others.

The diagonal set:

UJ(-d) ={xeUj:x =xn}.

Observe that the sets U, UJ(-d) are of full measure in R3" and R3V=3 respectively,
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Pair coalescence points

Define
U= (1 Ss (] S J=01...,N-1
0<I<s<N—1 0<s<N—1
Hi

In words, U; includes the coalescence point x; = xy, but excludes all the others.
The diagonal set:

UJ(-d) ={xeUj:x =xn}.

Observe that the sets U, UJ(-d) are of full measure in R3" and R3V=3 respectively,

Proposition (FHOS2009)
For each index j =1,...,N — 1, there exists an open connected set Q; C U;, such

that UJ(.d) C Qj, and two functions &;,n);, real analytic on Q;, such that for all
x € €; the following representation holds:

w(ﬁ7 X) = gj(f(’ X) + |XJ - X|nj(ﬁvx)'
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Effective bounds

The previous proposition provides no information is available on & and 7; near the
points xx = x;, k, | # N.
Effective bounds by S. Fournais and T. @. Sgrensen:

Proposition (FS2018)
Let d(%,x) = min{|x|,|x — x;|,j =2,...,N}. Then
074 (%,x)| S d(%,x)'"Mem X Im| > 1,

with some s, > 0.
Note: |m| > 1.

A Sobolev (UCL) Lecture 1: Background and results St Petersburg, November 2020 7/14



Spectral estimates

G. Friesecke (2003): T has infinite rank.
Suppose that

()| S ek, xe RN

Theorem (Main Theorem 1: Estimates, Sob2020)
Assume (1). Then Then \(T) < k=8/3.
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Spectral estimates

G. Friesecke (2003): T has infinite rank.
Suppose that

()| S e, xe R, (1)

Theorem (Main Theorem 1: Estimates, Sob2020)
Assume (1). Then Then \(T) < k=8/3.

Theorem (Main Theorem 2: Asymptotics)
Assume (1). Then
Jim K83\ (M) = A,

with an explicit constant A > 0.
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Spectral estimates
G. Friesecke (2003): T has infinite rank.
Suppose that

()| S e, xe R, (1)

Theorem (Main Theorem 1: Estimates, Sob2020)
Assume (1). Then Then \(T) < k=8/3.

Theorem (Main Theorem 2: Asymptotics)

Assume (1). Then
lim k83X (T) = A,
k—o00

with an explicit constant A > 0.

Since I = W*W, we have \((I") = sx(W)?, where s, (V) are singular values (or
s-values) of W. Thus:

S(W) S KTYR lim K () = A2,
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Recall:

1/1(>A(,X) = gj(ﬁa X) + |XJ - X|77j()/E,X),j = 1727

Theorem (The value of A)
If N = 2, then the function n1(x, x) belongs to L?(R3) and

8

3

A:21303_§7r_130[/ |Th(x,x)|2dx] .
]R3
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Recall:
P(X, x) = &(X,x) + |x; — x|nj(X,x),j =1,2,...,N.

Theorem (The value of A)
If N = 2, then the function n1(x, x) belongs to L?(R3) and

8

3

A:21303_§7r_130[/ |Th(x,x)|3dx] )
]R3

If N =3, then ni(x,- ,x),m2( - ,x,x) € L*(R3) a.e. x € R? and

2

H(x) = [/W (’nl(X, t,X)’2 + 772(t,x,x)|2)dt] ,

belongs to L (R3) and

8

3

A:213°3§7r%°U |H(x)3dx} .
R3
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Smoothness of v(x, y)

One-particle density: p(x) = y(x, x),x € R3.
» FHOS2002: p € C®(R3\ {0}), |07 p(x)| S e~ |x| > 1.
» FHOS2004: p is real analytic on R3\ {0}.
> FS2018: |07 p(x)| < |x|*Imle=>nmlxI x £ 0.
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Smoothness of v(x, y)

One-particle density: p(x) = y(x, x),x € R3.
» FHOS2002: p € C®(R3\ {0}), |07 p(x)| S e~ |x| > 1.
» FHOS2004: p is real analytic on R3\ {0}.
> FS2018: |07 p(x)| < |x|*Imle=>nmlxI x £ 0.

Theorem (Main Theorem 3, HS2020)
v(x,y) is real analytic on {(x,y) € R® x R3 : |x||y||x — y| # 0}.

Remark

~(x, y) is analytic in the variable x + y in the neighbourhood of
{Ix]ly| # 0,x = y}. This implies the analyticity of p(x).
However, v(x, y) is not smooth in the variable x — y.
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Plan

» Lecture 2: Classes of compact operators

> Lecture 3: Spectral estimates and spectral asymptotics: proof of Theorems 1
and 2.

> Lecture 4: Real analyticity of the one-particle density matrix: proof of
Theorem 3.

A Sobolev (UCL) Lecture 1: Background and results St Petersburg, November 2020 11 /14



Exponential decay:

1.

Sh. Agmon, Lectures on exponential decay of solutions of
second-order elliptic equations: bounds on eigenfunctions of N-body
Schrédinger operators, Princeton University Press, Princeton, NJ; University
of Tokyo Press, Tokyo, 1982.

J. M. Combes and L. Thomas, Asymptotic behaviour of eigenfunctions
for multiparticle Schrédinger operators. Comm. Math. Phys. 34: 251-270,
1973.

P. Deift, W. Hunziker, B. Simon and E. Vock, Pointwise bounds on
eigenfunctions and wave packets in N-body quantum systems. V. Comm.
Math. Phys. 64(1): 1-34, 1978/79.

R. Froese and |. Herbst, Exponential bounds and absence of positive
eigenvalues for N-body Schrédinger operators. Comm. Math. Phys. 87(3):
429-447, 1982/83.

B. Simon, Exponential decay of quantum wave functions,
http://www.math.caltech.edu/simon/Selecta/ExponentialDecay.pdf,
Online notes, part of B. Simon’s Online Selecta at
http://www.math.caltech.edu/simon/selecta.html.
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