Recent analytic and spectral results for the
multi-particle Schrodinger operator:
Lecture 2: compact operators

Alexander Sobolev

University College London

St Petersburg, November 2020

A Sobolev (UCL) Lecture 2: Compact operators St Petersburg, November 2020 1/11



Classes of compact operators

Let H and G be separable Hilbert spaces. Let T : H — G be a compact operator.
IfH=Gand T=T*">0, then \((T), k=1,2,..., are the positive eigenvalues
of T numbered in descending order counting multiplicity. For arbitrary H, G and
compact T, let sg(T) = \/M(T*T) = V\(TT*), k=1,2,..., be the
singular values of T.

Note the useful inequalities

Du(T1 + T2) < op—1(T1 + T2) < si(T1) + sk(T2),
> s+ To) < ZSk (Th) Jrzsk (T2), Vr,
k=1

that hold for any two compact Ty, T».
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Classes of compact operators

Let H and G be separable Hilbert spaces. Let T : H — G be a compact operator.
IfH=Gand T=T*">0, then \((T), k=1,2,..., are the positive eigenvalues
of T numbered in descending order counting multiplicity. For arbitrary H, G and
compact T, let sg(T) = \/M(T*T) = V\(TT*), k=1,2,..., be the
singular values of T.

Note the useful inequalities

Du(T1 + T2) < op—1(T1 + T2) < si(T1) + sk(T2),
> s+ To) < ZSk (Th) Jrzsk (T2), Vr,
k=1

that hold for any two compact Ty, T».
More generally: Rotfeld's Theorem. For any concave non-decreasing function
¢ : [0,00) — [0,00), s.t. (0) =0:

D o(s(To+ To)) <) d(se(Th)) + > O(s(T2)), Vr>1.
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Schatten-von Neumann classes S,, 0 < p < oo. The operator T € S, if

17l = [gskmpr <.

It is a norm if p > 1. If p < 1, then by Rotfeld's Theorem
[ T1+ Tallb < I Tall5 + || 2|5,  p-triangle inequality.
For T €S, we have s,(T) = o(k~*/P).
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Schatten-von Neumann classes S,, 0 < p < oo. The operator T € S, if

17l = [gjlskmpr <.

It is a norm if p > 1. If p < 1, then by Rotfeld's Theorem
[Ty + Tofl5 < | Tal[5 + ([ T2|l5,  p-triangle inequality.
For T €S, we have s,(T) = o(k~*/P).
Classes S, ., 0 < p < oo.
Spoo = {T €Ss :s(T) = O(kV/P)},
S) o ={T €S :5k(T) = o(k™/P)}.
Denote

1
[T llp,00 = sup ke sk(T).

The class S, o is a complete linear space with the quasi-norm || T oo-
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Schatten-von Neumann classes S,, 0 < p < oo. The operator T € S, if

17l = [gjlskmpr <.

It is a norm if p > 1. If p < 1, then by Rotfeld's Theorem
(| Ty + TgH’; < HT1||I’; + ||T2H5, p-triangle inequality.

For T €S, we have s,(T) = o(k~*/P).
Classes S, ., 0 < p < oo.

Spoo = {T €S 1 5x(T) = O(k™V/P)},

Spoo = {T €S :s5(T) = o(k_l/p)}.
Denote

1
[T llp,oc = sup ke si(T).
The class S, o is a complete linear space with the quasi-norm || T oo-
Proposition. For all p > 0:
_P_ _P_ _P_
IT1+ Tallpoo < [ Tallgoe + 1 T2llpoo-
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If p> 1, then S, o has an equivalent norm:

Proposition p > 1. Let T € S, o, p > 1, and let

e
(T)p =supr'/P~1> "5 (T).
reN =1

Then (T), is a norm and

[ Tllpoo <(T)p < p(p— 1)_1” Tllp,c0-
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If p> 1, then S, o has an equivalent norm:

Proposition p > 1. Let T €S, », p > 1, and let

e
(T)p =supr'/P~1> "5 (T).
reN =1

Then (T), is a norm and

[ Tllpoo <(T)p < p(p— 1)_1” Tllp,c0-

Proof. The triangle inequality follows from

DT+ ) <D s(T)+ Y si(Ta), vr.
k=1 k=1 k=1
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Proposition p < 1. Let T € S, o, p <1, and let

1

<T>p — ig[g tlfl/P |:Z min{t, Sk(T)}:| ’

=1
Then || Tlp00 < (T)p < (1= p) /P T|p.00, and
(Ty+ To)h < (T1)h + (T2)h.
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Proposition p < 1. Let T € S, o, p <1, and let

1

(T, fsu[gtl 1/P[Zm|n{t sk( )}}"

=
Then || T|p,co < (T)p < (1= p) P T|lp,00, and
(Ty+ To)h < (T1)h + (T2)h.

Proof. For the p-triangle inequality use Rotfeld's Theorem: for any concave
non-decreasing function @ : [0, 00) — [0, 00), s.t. ¢(0) =0:

D O(si(Ti+ T2)) <D d(s(Ty)) + > O(su(T2)), Vm=>1.
k=1

Use it with ®,(x) = tP~Imin{t,x}, t > 0. The p-triangle inequality follows.
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Proposition p < 1. Let T € S, o, p <1, and let

1

(T, fsu[gtl 1/P[Zm|n{t sk( )}}"

=
Then || T|p,co < (T)p < (1= p) P T|lp,00, and
(Ty+ To)h < (T1)h + (T2)h.

Proof. For the p-triangle inequality use Rotfeld's Theorem: for any concave
non-decreasing function @ : [0, 00) — [0, 00), s.t. ¢(0) =0:

m m m
D O(si(Ti+ T2)) <D d(s(Ty)) + > O(su(T2)), Vm=>1.
k=1 k=1 k=1

Use it with ®,(x) = tP~Imin{t,x}, t > 0. The p-triangle inequality follows.

Corollary.

I> T <@=p) DTl P<L.
J J
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For T € S,  the numbers
Go(T) = (limsup,_,.c k7s¢(T))",
go(T) = (liminfyo0 krse(T))",
are finite and satisfy the inequality

gp(T) < Gp(T) <[ TIp oo
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For T € S,  the numbers
Go(T) = (limsup,_,.c k7s¢(T))",
go(T) = (liminfyo0 krse(T))",
are finite and satisfy the inequality
gp(T) < Gp(T) <[ TII7 oo

If Go(T) = gp(T), then the singular values of T satisfy the asymptotic formula

1

so(T) = (Go(T))? 1% + o(n" %), n— oc.
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For T € S,  the numbers
Go(T) = (limsup,_,.c k7s¢(T))",
go(T) = (liminfyo0 krse(T))",
are finite and satisfy the inequality
gp(T) < Gp(T) <[ TIp oo

If Go(T) = gp(T), then the singular values of T satisfy the asymptotic formula

1

so(T) = (Gp(T))?n"% 4+ o(n"5), n— oo.

Observe:g,(TT*) =go(T*T) = gop(T), Gp(TT*) =Gp(T*T) = Gop(T).
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For T € S,  the numbers
Go(T) = (limsup,_,.c k7s¢(T))",
go(T) = (liminfyo0 krse(T))",
are finite and satisfy the inequality
gp(T) < Gp(T) <[ TIp oo

If Go(T) = gp(T), then the singular values of T satisfy the asymptotic formula

1

so(T) = (Gp(T))?n"% 4+ o(n"5), n— oo.

Observe:g,(TT*) =go(T*T) = gop(T), Gp(TT*) =Gp(T*T) = Gop(T).
Fact:

Go(T) = inf T+ RI5 .
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The functional G,(T), p < 1, also satisfies the p-triangle inequality:
Proposition. Suppose that T; € S, o, j = 1,2,..., with some p < 1 and that

DTl s < o0
j

Then
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The functionals G, and g, are continuous on S,
Proposition. If T;, T, € S, o, 0 < p < o0, then

< Gp(Ty — To)w+
< Gp(T1 — To)?

1
1
1
il
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The functionals G, and g, are continuous on S,
Proposition. If T;, T, € S, o, 0 < p < o0, then

< Gp(Ty — To)w+
< Gp(T1 — To)?

1
1
1
il

Corollary. Suppose that G,(T1 — T2) = 0. Then G,(T1) = G,(T>2),
go(T1) = go(T2).
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The functionals G, and g, are continuous on S,

Proposition. If T;, T, € S, o, 0 < p < o0, then

Corollary. Suppose that G,(T1 — T2) = 0. Then G,(T1) = G,(T>2),
gp(T1) = gp(T2).

More generally:

Corollary. Suppose that T € S, o and that for every v > 0 there exists an

operator T, € S, « such that G,(T — T,,) = 0, v — 0. Then the functionals
Gp(T.),gp(T.) have limits as v — 0 and

lim Gy(Ty) = Gp(T),  lim go(T.) = gp(T)-
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Singular values of integral operators
M. Birman - M.Solomyak (1977). Let € = (0,1)¢.
Proposition. Let Ty, : L>(A) — L?(R"), be the integral operator of the form

(Tpau) t)/ t, x) (x) dx,

where a € L2( ), b e L (R"), and the kernel T(t,x), t € R”, x € A, is such that
T(t, - ) e H'(A) with some / =1,2,..., 2/ > d, ae. t € R".
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Singular values of integral operators
M. Birman - M.Solomyak (1977). Let € = (0,1)¢.
Proposition. Let Ty, : L>(A) — L?(R"), be the integral operator of the form

(Tpau) t)/ t, x) (x) dx,

where a € L2( ), b e L (R"), and the kernel T(t,x), t € R”, x € A, is such that
T(t, - ) e H'(A) with some / =1,2,..., 2/ > d, a.e. t € R". Then

1
11 2
5i(To) < 47474 [1TC6, IR 16(0 ] g,
k=1,2,..., with some implicit constant independent of the kernel T, weights
a, b and the index k. In other words, Ty, € Sg .o with
11
g 2 d
and
%
| Thallg,00 < [/I a [6(0) dt | lalliza)-
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Operators with a homogeneous kernel: [BS1977], [BS1970].

Proposition. Let X, Y C R?,d > 1, be bounded Borel sets. Let
T : L?(Y) — L*(X) be the operator with the kernel

T(x,y) = p1(x)|x = y[*o(x, y)p2(y),

where o > —d, p; € L™(X), p2 € L¥(Y), and ¢ € C(X x Y).

A Sobolev (UCL) Lecture 2: Compact operators St Petersburg, November 2020

10 / 11



Operators with a homogeneous kernel: [BS1977], [BS1970].

Proposition. Let X, Y C R?,d > 1, be bounded Borel sets. Let
T : L?(Y) — L*(X) be the operator with the kernel

T(x,y) = p1(x)|x = y[*o(x, y)p2(y),

where o > —d, p; € L™(X), p2 € L¥(Y), and ¢ € C(X x Y).
Then for p~! =14 ad™! we have

g5(T) = Gp(T) = fioa / 11(x)6(x, X)palx) Pax,
XNy

with

B 1 { F((d—|—a)/2)
FHeod = Fd/2+ 1) |72 (—a/2)
Na,dzo, 0420,2,47....

P
J , a#£0,24...
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