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Classes of compact operators
Let H and G be separable Hilbert spaces. Let T : H→ G be a compact operator.
If H = G and T = T ∗ ≥ 0, then λk(T ), k = 1, 2, . . . , are the positive eigenvalues
of T numbered in descending order counting multiplicity. For arbitrary H, G and
compact T , let sk(T ) =

√
λk(T ∗T ) =

√
λk(TT ∗), k = 1, 2, . . . , be the

singular values of T .
Note the useful inequalities

s2k(T1 + T2) ≤ s2k−1(T1 + T2) ≤ sk(T1) + sk(T2),
r∑

k=1

sk(T1 + T2) ≤
r∑

k=1

sk(T1) +
r∑

k=1

sk(T2), ∀r ,

that hold for any two compact T1,T2.

More generally: Rotfeld’s Theorem. For any concave non-decreasing function
Φ : [0,∞)→ [0,∞), s.t. Φ(0) = 0:

r∑
k=1

Φ
(
sk(T1 + T2)

)
≤

r∑
k=1

Φ
(
sk(T1)

)
+

r∑
k=1

Φ
(
sk(T2)

)
, ∀r ≥ 1.
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Schatten-von Neumann classes Sp, 0 < p <∞. The operator T ∈ Sp if

‖T‖p =

[ ∞∑
k=1

sk(T )p
] 1

p

<∞.

It is a norm if p ≥ 1. If p < 1, then by Rotfeld’s Theorem

‖T1 + T2‖pp ≤ ‖T1‖pp + ‖T2‖pp, p-triangle inequality.

For T ∈ Sp we have sk(T ) = o(k−1/p).

Classes Sp,∞, 0 < p <∞.

Sp,∞ = {T ∈ S∞ : sk(T ) = O(k−1/p)},
S◦p,∞ = {T ∈ S∞ : sk(T ) = o(k−1/p)}.

Denote

‖T‖p,∞ = sup
k

k
1
p sk(T ).

The class Sp,∞ is a complete linear space with the quasi-norm ‖T‖p,∞.

Proposition. For all p > 0:

‖T1 + T2‖
p

p+1
p,∞ ≤ ‖T1‖

p
p+1
p,∞ + ‖T2‖

p
p+1
p,∞.
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If p > 1, then Sp,∞ has an equivalent norm:

Proposition p > 1. Let T ∈ Sp,∞, p > 1, and let

〈T 〉p = sup
r∈N

r1/p−1
r∑

k=1

sk(T ).

Then 〈T 〉p is a norm and

‖T‖p,∞ ≤ 〈T 〉p ≤ p(p − 1)−1‖T‖p,∞.

Proof. The triangle inequality follows from

r∑
k=1

sk(T1 + T2) ≤
r∑

k=1

sk(T1) +
r∑

k=1

sk(T2), ∀r .
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Proposition p < 1. Let T ∈ Sp,∞, p < 1, and let

〈T 〉p = sup
t>0

t1−1/p

[ ∞∑
k=1

min{t, sk(T )}
] 1

p

.

Then ‖T‖p,∞ ≤ 〈T 〉p ≤ (1− p)−1/p‖T‖p,∞, and

〈T1 + T2〉pp ≤ 〈T1〉pp + 〈T2〉pp.

Proof. For the p-triangle inequality use Rotfeld’s Theorem: for any concave
non-decreasing function Φ : [0,∞)→ [0,∞), s.t. Φ(0) = 0:

m∑
k=1

Φ
(
sk(T1 + T2)

)
≤

m∑
k=1

Φ
(
sk(T1)

)
+

m∑
k=1

Φ
(
sk(T2)

)
, ∀m ≥ 1.

Use it with Φt(x) = tp−1 min{t, x}, t > 0. The p-triangle inequality follows.

Corollary. ∥∥∑
j

Tj

∥∥p
p,∞ ≤ (1− p)−1

∑
j

‖Tj‖pp,∞, p < 1.
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For T ∈ Sp,∞ the numbersGp(T ) =
(

lim supk→∞ k
1
p sk(T )

)p
,

gp(T ) =
(

lim infk→∞ k
1
p sk(T )

)p
,

are finite and satisfy the inequality

gp(T ) ≤ Gp(T ) ≤ ‖T‖pp,∞.

If Gp(T ) = gp(T ), then the singular values of T satisfy the asymptotic formula

sn(T ) =
(
Gp(T )

) 1
p n−

1
p + o(n−

1
p ), n→∞.

Observe:gp(TT ∗) = gp(T ∗T ) = g2p(T ), Gp(TT ∗) = Gp(T ∗T ) = G2p(T ).
Fact:

Gp(T ) = inf
R∈S◦p,∞

‖T + R‖pp,∞.
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The functional Gp(T ), p < 1, also satisfies the p-triangle inequality:

Proposition. Suppose that Tj ∈ Sp,∞, j = 1, 2, . . . , with some p < 1 and that∑
j

‖Tj‖pp,∞ <∞.

Then

Gp

(∑
j

Tj

)
≤ (1− p)−1

∑
j

Gp(Tj).
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The functionals Gp and gp are continuous on Sp,∞:

Proposition. If T1,T2 ∈ Sp,∞, 0 < p <∞, then∣∣Gp(T1)
1

p+1 − Gp(T2)
1

p+1

∣∣ ≤ Gp(T1 − T2)
1

p+1 ,∣∣gp(T1)
1

p+1 − gp(T2)
1

p+1

∣∣ ≤ Gp(T1 − T2)
1

p+1 .

Corollary. Suppose that Gp(T1 − T2) = 0. Then Gp(T1) = Gp(T2),
gp(T1) = gp(T2).

More generally:
Corollary. Suppose that T ∈ Sp,∞ and that for every ν > 0 there exists an
operator Tν ∈ Sp,∞ such that Gp(T − Tν)→ 0, ν → 0. Then the functionals
Gp(Tν), gp(Tν) have limits as ν → 0 and

lim
ν→0

Gp(Tν) = Gp(T ), lim
ν→0

gp(Tν) = gp(T ).
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Singular values of integral operators
M. Birman - M.Solomyak (1977). Let C = (0, 1)d .
Proposition. Let Tba : L2(Λ)→ L2(Rn), be the integral operator of the form

(Tbau)(t) = b(t)

∫
T (t, x)a(x)u(x) dx ,

where a ∈ L2(Λ), b ∈ L2
loc(Rn), and the kernel T (t, x), t ∈ Rn, x ∈ Λ, is such that

T (t, · ) ∈ Hl(Λ) with some l = 1, 2, . . . , 2l > d , a.e. t ∈ Rn.

Then

sk(Tba) . k−
1
2−

l
d

[∫
‖T (t, · )‖2

Hl |b(t)|2 dt
] 1

2

‖a‖L2(Λ),

k = 1, 2, . . . , with some implicit constant independent of the kernel T , weights
a, b and the index k. In other words, Tba ∈ Sq,∞ with

1

q
=

1

2
+

l

d
,

and

‖Tba‖q,∞ .

[∫
‖T (t, · )‖2

Hl |b(t)|2 dt
] 1

2

‖a‖L2(Λ).
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Operators with a homogeneous kernel: [BS1977], [BS1970].

Proposition. Let X ,Y ⊂ Rd , d ≥ 1, be bounded Borel sets. Let
T : L2(Y )→ L2(X ) be the operator with the kernel

T (x , y) = ρ1(x)|x − y |αφ(x , y)ρ2(y),

where α > −d , ρ1 ∈ L∞(X ), ρ2 ∈ L∞(Y ), and φ ∈ C∞(X × Y ).

Then for p−1 = 1 + αd−1 we have

gp(T ) = Gp(T ) = µα,d

∫
X∩Y

|ρ1(x)φ(x , x)ρ2(x)|pdx ,

with

µα,d =
1

Γ
(
d/2 + 1

)[ Γ
(
(d + α)/2

)
πα/2|Γ(−α/2)|

]p
, α 6= 0, 2, 4, . . . ,

µα,d = 0, α = 0, 2, 4, . . . .
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