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Multi-particle system
Begin with the Schrodinger operator

H=—-A+V on L*R3M),

with
N NS 1
I STVS IS S AR g
k=1 o el g % = i
= = <j<k<N
Notation: x = (x1, X2, ..., Xn—1, Xn) = (X, Xn).
Let ¢ € L?(R3N) be an eigenfunction of H:
Hiy = Evp,

with some E € R.
The one-particle density matrix:

Y(xy) = / TEIR )R, (x.y) € B x B
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Spectral estimates
Suppose that

[p(x)| S e, xe R, (1)

Main Theorem 1: Estimates. Assume (1). Then \((I) < k=8/3, ie.
IT113/8,00 < 00.

Main Theorem 2: Asymptotics. Assume (1). Then
lim K830 (M) = A, Gyg(T) = A*/E,
k— 00

with an explicit constant A > 0.

Since [ = U* VY,
Main Theorem 1V: Estimates. Assume (1). Then s (V) < k=#/3, ie.
[W][3/4,00 < o0.

Main Theorem 2V¥: Asymptotics. Assume (1). Then
lim K*3A (W) = A2, Gya(V) = g3/a(V) = AY/E.
k—o00
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Ingredients of the proof

Denote xo = 0 and let

Sk =Sqg={xecR"N:x #£x}, I #s, 1,s=0,1,2,...,N.

Define
U= (] Ss () S Jj=01....N-1L
0</<s<N—1  0<s<N-1
s7J

In words, U; includes the coalescence point x; = xy, but excludes all the others.
The diagonal set:

UJ(-d) ={xeU;:xi=xn}.

Proposition[FHOS2009]. For each index j = 1,..., N — 1, there exists an open

connected set Q; C U;, such that UJ(-d) C £}, and two functions §;, ), real analytic
on €, such that for all x € §; the following representation holds:

(%, x) = (%, x) + [x; = x[n(%, ).
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Theorem (The value of A)
If N = 2, then the function 1:(x, x) belongs to L%(R3) and

A=2%3"ir" [/|nlxx|dx]

If N =3, then ni(x,- ,x),m2( - ,x,x) € L*(R?) a.e. x € R? and

2

H(x) = [/RS (’nl(x, t,x)’2 + ng(t,x,x)|2)dt] ,

belongs to L (R3) and

8
3
A=253"57"% U |H(x)§dx}
R3
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Effective bounds

Effective bounds by S. Fournais and T. @. Sgrensen:

Proposition (FS2018)
Let d(%,x) = min{|x|, |x — xj|,j =2,...,N}. Then

074 (%,x)| S d(%,x)' "X Im| > 1,

with some ,, > 0.
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Singular values of integral operators
M. Birman - M.Solomyak (1977). Let € = (0,1)¢
Proposition. Let T}, : L*(€) — L*(R"), be the integral operator of the form

(Tba t)/ t X )dX
where a € LQ(G) b€ L}, (R"), and the kernel T(t,x), t € R", x € €, is such that

T(t, - ) e H(C) with some / =1,2,..., 2/ > d, ae. t € R", and the function
| T(t, )|l is in L2.(R"). Then

1
_1_ 1 2
su(Too) < kb [ i ~)a/|b(t)|2dt] lallie,

k=1,2,..., with some implicit constant independent of the kernel T, weights
a, b and the index k. In other words, Tj, € Sq4 o0 with
11
g 2 d
and
%
[ Thallg.co S U IT(e, )R 1b()1* dt | lallize)
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Aim to prove
Lemma. Let C, =[0,1)* +n, n € Z3.
Then s (Wle,) < e clnlk=4/3,
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Aim to prove
Lemma. Let C, =[0,1)* +n, n € Z3.
Then s (Wle,) < e clnlk=4/3,

Proof. Assume N = 2, so

0790, )| S e (|x —a [ x| P71 m) > 1
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Aim to prove
Lemma. Let C, =[0,1)* +n, n € Z3.
Then s (Wle,) < e clnlk=4/3,

Proof. Assume N = 2, so
07 (x1, x)| S e (|x — xq P71 4 x [P im)| > 1.

The following domains are treated differently:
1 pal<2e, (61,
2. |xq| > 2e.
21 [x—x|<e |x>e  (65),
22 [x—xi| > e x| <e, | %
23 |x—x| >e x| >e (45)).
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Aim to prove
Lemma. Let C, =[0,1)* +n, n € Z3.
Then s (Wle,) < e clnlk=4/3,

Proof. Assume N = 2, so
07 (x1, x)| S e (|x — xq P71 4 x [P im)| > 1.

The following domains are treated differently:
Ll <2e,  (60),
2. |xq| > 2e.
21 [x—x|<e |x>e  (65),
22 [x—x|>e |x <& (65)),
23 |x—xi| > ¢, x| > ¢, (d)g .
Let ( € Ci°(R) be s.t. (t) =0,[t| > 1, {(t) =1,|t]| <1/2, and let
w(t) =1—¢(1).
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Step 1: |x1] < 2¢. Look at

) (31, x) = ¥(xa, x)C (x| (42) 7).

Then
10268 (1, )| S e (I3 — x| 72+ x| 1) ¢ l(42) D),
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Step 1: |x1] < 2¢. Look at

) (31, x) = ¥(xa, x)C (x| (42) 7).

Then
102619 (x1, x)| S e (. — x| 71 + x| 71) (x| (42) ),
so
1687 6a, e S Tipjeaey,  H = H(Cy),
and hence
/ ||¢(18)(X17 . )|||2_|2dX1 < efc|n|€3.
]Rfi
Thus

5k(¢(15)) < k—1/2-2/3 g—clnl 3/2 _ | —7/6 g—c|nl| 3/2
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Step 2.1: |x1| > 2¢, |[x — x1| < ¢, |x| > e. Look at

851 (x1, x) = Y1, X)C(1x — xale w(xal(4e) ).

Then
10265 (x1, x)| S e ¥ xy — x| 7w (x| (42) ) Ly <}
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Step 2.1: |x1| > 2¢, |[x — x1| < ¢, |x| > e. Look at

851 (x1, x) = Y1, X)C(1x — xale w(xal(4e) ).

Then
10265 (x1, x)| S e ¥ xy — x| 7w (x| (42) ) Ly <}

1
/ H¢21 xi, - )|[2edxg < el /e‘c‘xl‘ / ———dx|dx; < e Il
|x — x1 |2

|[x—xi|<e

Thus
Sk(¢§€_g) < k—1/2-2/3g—cln| 1/2 _ g—cln| ) ~7/6_1/2
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Step 2.2: |x1| > 2¢, |x — x1| > ¢, x| < e. Look at

$50x1, ) = (1, X)C(X[ew(xal(4e) ).

Then ©
0205 2(x1, )| S e 72X x| " Lwo(|xa|(4€) ) L ju<cys
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Step 2.2: |x1| > 2¢, |x — x1| > ¢, x| < e. Look at

$50x1, ) = (1, X)C(X[ew(xal(4e) ).

Then ©

0205 2(x1, )| S e 72X x| " Lwo(|xa|(4€) ) L ju<cys
o)

() . 2 < a—clnl i < a—clnl
[635(x1, - )llfeda S e sdx S e €.
R3 ’ |x|
[x|<e

Thus

s(653) S emelrlkT/oc2,
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Step 2.3: |x1| > 2¢, |[x — x1| > &, |x| > . Look at

Qj)g)(xh x) = P(x, x)w(|xle w(|x — xuleHw(|x|(4e) 7).
Then
U S e

X w(]xal(42) ) s ey Tixms|>e}s
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Step 2.3: |x1| > 2¢, |[x — x1| > &, |x| > . Look at

5, %) = (1, (x| w(|x — xale ™ w(|x|(4e) 7).
Then
105 x| < 77X ([P [ — [
x w([xa](42) ML (x> e} Ljxmsa|>e)

so for all 1 > 3:

[ 168300l

< e—cln/e—c|x1||: / |X‘2_2ldx—|— / ‘X_X1‘2—2Idx dxy

[x|>e [x—x1|>e

—c|n| .5-2/
< eclnlgd=21,
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Step 2.3: |x1| > 2¢, |[x — x1| > &, |x| > . Look at

5, %) = (1, (x| w(|x — xale ™ w(|x|(4e) 7).
Then
105 x| < 77X ([P [ — [
x w([xa](42) ML (x> e} Ljxmsa|>e)

so for all 1 > 3:

[ 168300l

< e—cln/e—c|x1||: / |X‘2_2ldx—|— / ‘X_X1‘2—2Idx dxy

[x|>e [x—x1|>e

—c|n| .5-2/
< eclnlgd=21,

Thus
5k(¢(22) < e—clnl=1/2=1/3_5/2~1
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Use the inequality
k—1(T1+ T2) < si(T1) + sk(T2)
three times:

si—3(Wle,) < si(647) + sk (05)) + s(657) + s(653)
e—clnl (k—7/6€3/2 + k—T7/6:1/2 + k_1/2_’/355/2_’)

<
< efc\n\k77/681/2(1_|_k(27l)/352fl).
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Use the inequality
k—1(T1+ T2) < si(T1) + sk(T2)
three times:

si—3(Wle,) < si(647) + sk (05)) + s(657) + s(653)

< e—clnl (k—7/6€3/2+k—7/651/2+ k_1/2_’/355/2_’)
< efc\n\k77/681/2(1_|_k(27/)/352fl).
Choice of ¢:
k(z_l)/3€2_l — 17 SO £ = k—]./37
and hence,

S4k_3(\|f]].en) < e clnl =473,

Alternative formulation:

[Wle,

3/8.00 = sUp k25 (Wle,) S e, nez’.
K
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Recall: if T €S, ,0 < p <1, then
IIZTHP,OO <(1-p 1X:IITII

Therefore

3/4 3/4 —cln
W3 e <4 W, 13 0 S D e < oo,
neZ3 neZ3

as required.
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Asymptotics

Proposition Asymptotics. Let X, Y C R d > 1, be bounded Borel sets. Let
T : L2(Y) — L?(X) be the operator with the kernel

T(x,y) = p(X)Ix = y[*o(x, y)p2(y),

where o > —d, p; € L™(X), p2 € L¥(Y), and ¢ € C(X x Y). Then for
p~ ! =1+ ad ! we have

gp(T) = Gp(T) = praa | [p1(x)(x, x)p2(x)[Pdx,

XNy
with

1 I((d 2) 1P

fod = () N
= Fldj2+1) =/ (=a/2)

Had =0, a=0,2,4,....
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More precise bound

For some 2 > 0 assume

—qxx|\n q 3
S(0) = | X e lalie| < a= 3

neZ?

Assume that b € L>(R3V=3), so that
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More precise bound

For some 2 > 0 assume

—qxx|\n q 3
S(0) = | X e lalie| < a= 3

neZ?

Assume that b € L>(R3V=3), so that

M(b) = { /R . |b(>“<)|2e2”|d>“<] " <.

Theorem. Assume (1). Then for some s € (0, 55) we have

Gs/a(bWa) < [M(b)S(a)]*.
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|dea of the proof (for N = 2)

Use the representation

Y(xa, x) = &1(x1, x) + [x1 — x|m(x, x). (2)

Assume for simplicity that it holds everywhere except for x = 0,x; = 0.
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|dea of the proof (for N = 2)

Use the representation

P(xi, x) = &1(x, x) + [xa — x| (xa, x). (2)
Assume for simplicity that it holds everywhere except for x = 0,x; = 0.
Let ( € Cg°(R) bes.t. ((t) =0,[t| > 1, {(t) =1,|t]| <1/2, and let
w(t) =1 —((t). Split:
0.0 = ol /2150 RIw(x G/ RV, = e ) )

+ [Cha/e) +wlxa/e)((x/e) + wlxa/e)w(x/e)w(x/R)

n w(xl/s)w(xl/R)w(x/sx(x/m} ).
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|dea of the proof (for N = 2)

Use the representation

P(x1, x) = &1(x1, x) + |x1 — x| (xq, x). 2
Assume for simplicity that it holds everywhere except for x = 0,x; = 0.
Let ( € Cg°(R) bes.t. ((t) =0,[t| > 1, {(t) =1,|t]| <1/2, and let
w(t) =1 —((t). Split:

P(x,x) = W(XI/E)C(Xl/R)W(X/E)C(X/R)w(xlaX)( = wa,R(X17X)>
+ [Ca/e) + wlxa/e)((x/e) + wlxi/e)w(x/e)w(x/R)

n w(xl/s)w(xl/R)w(x/sx(x/m} ).

Contribution from the last four terms — 0 as ¢ — 0 and R — oo.
Therefore

G3/4(\U) - s—)()llg1—>oo G3/4(\U5*R)’
g3/a(V) = 5—)()“21—}00 g3/a(Ve.R)-
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Apply Proposition Asymptotics to the kernel

w(xa/e)C0a/R)x = xafm(xi, x)w(x/e)C(x/R).
Thena=1,1/p=1+1/3=4/3, and

Gs/a(Ver) = g3/a(Ver) = u1,3/IW(X/€)|3/2C(X/R)3/2Inl(x,X)|3/4dX-

Both G3/4(W. r) and g3/4(Ve r) have limits, so they are bounded. By the
Monotone Convergence Theorem (Beppo-Levi), 71 € L¥4(R).
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