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Multi-particle system
Begin with the Schrodinger operator

H=—-A+V on L*R3N),

with
N NS 1
I STV A
k=1 o g X — %
= = <j<k<N
Notation: x = (x1, X2, ..., xn—1, Xn) = (X, Xn).
Let 1) € L*(R3N) be an eigenfunction of H:

Hy = Ev,

with some E € R.
The one-particle density matrix:

Y(xy) = / TEDR )R, (o) € B x B,

The one-particle density:
p(x) = v(x,x).
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Smoothness of v(x, y)

Theorem (Main Theorem 3, HS52020)
v(x,y) is real analytic on {(x,y) € R® x R3 : |x||y||x — y| # 0}.
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Definition. The function f is real analytic in Q C R? (i.e. f € C¥(Q)) if for every
point xg € €2 there is a neighbourhood U > xg such that the function f can be
represented as a series

f(x) = Z am(x —xo)™

meNg

convergent in U.
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Definition. The function f is real analytic in Q C R? (i.e. f € C¥(Q)) if for every
point xg € €2 there is a neighbourhood U > xg such that the function f can be
represented as a series

f(x) = Z am(x —xo)™

meNg
convergent in U.

Theorem. The function f is C*(Q) if and only if for each xq € Q there is a
neighbourhood U > xp and positive constants C and A such that

O F(x)| < CAMIml, ml = my!myl - mg!,

for all x € U.
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Corollary. If for all x € €,
9 F(x)| < CAM(1 + |m])™ m € N,
then f is real analytic in Q.

Proof. From Stirling's formula it follows that (p + 1)? < CePp!, p=10,1,....
The multinomial formula

dP = 1) =y A
=21 =2
I=1 |K|=p
implies that
Im|! < d™m!, vm e Ng.

Thus
(jm| + 1) < Cel™m|t < Cel™ldImIim!
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Corollary. If for all x € €,
9 F(x)| < CAM(1 + |m])™ m € N,
then f is real analytic in Q.

Proof. From Stirling's formula it follows that (p + 1)? < CePp!, p=10,1,....
The multinomial formula

dP = 1 " Wik
=21 =2
I=1 |kl=p
implies that
Im|! < d™m!, vm e Ng.
Thus

(jm| + 1) < Cel™m|t < Cel™ldImIim!
Corollary-L!. If
/ |0 (x)|dx < CA™ (1 + |m|)I™ ' m e N§,
Q

then f is real analytic in Q.
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Proof of Theorem 3. Simplifications: instead of y(x, y) look at p(x) = v(x, x).
Consider N = 2:

o) = [ T, P
Aim: to establish the bound

/| 1ol < A £ 1), m e 1, (1)
Xo|>2¢e

with some A = A(e) > 0.
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Proof of Theorem 3. Simplifications: instead of y(x, y) look at p(x) = v(x, x).
Consider N = 2:

o) = [ T, P
Aim: to establish the bound

/| 1ol < A £ 1), m e 1, (1)
Xo|>2¢e

with some A = A(e) > 0. A straightforward differentiation w.r.t. x, works if xz is
separated from xi, i.e. on the set

Ua(e) = {(x1,%) € R : [xa| > 2¢,|x1 — xo| > /4}.

A Sobolev (UCL) Lecture 4: Real analyticity St Petersburg, November 2020 6/10



Proof of Theorem 3. Simplifications: instead of y(x, y) look at p(x) = v(x, x).
Consider N = 2:

o) = [ T, P
Aim: to establish the bound

/| 1ol < A £ 1), m e 1, (1)
Xo|>2¢e

with some A = A(e) > 0. A straightforward differentiation w.r.t. x, works if xz is
separated from xi, i.e. on the set
Ua(e) = {(x1,%) € R : [xa| > 2¢,|x1 — xo| > /4}.
Otherwise we use the directional derivatives. On the set
Uia(e) = {(x1, x2) : [x2| > 22, |x1 — x| < £/4}

the potential [x; — x| ! is infinitely differentiable w.r.t. V15 = Vi + V5. Indeed,
Vi2|x1 — x2| 71 = 0. Thus ¢ is also V1z-smooth on Uy (e).
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Lemma. For all m,n € N3, |m| + |n| > 1, the function 97395V is C* on

1058V [[L=(uiey < AsT ™ (|m| + |n| + 1)lmHRL A = Ag(e),

holds, where U(g) = U(™")(¢) is

U(e) = Uy(e) if m=0,

U(e’:‘) = U12(6) if n= 0,

U(e) = Ua(e) NUqa(e) if [m| > 1 and |n] > 1.
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Lemma. For all m,n € N3, |m| + |n| > 1, the function 97395V is C* on
1050V ll= ey < Ag™™ 7l =+ [nf + 1), Ag = Ao(e),

holds, where U(g) = U(™")(¢) is

U(e) = Uy(e) if m=0,

U(e’:‘) = U12(6) if n= 0,

U(e) = Ua(e) NUqa(e) if [m| > 1 and |n] > 1.

Let um pn = 0(305%. Then

(H— E)“m,n = [H — E,00205]¢ = [V, 00,0314

m n m—s qn—
- Z (5)(p>(812 95 PV)us,p = fin,n-

0<s<m
0<p=n
[s|+Ipl<|m|+[n|—1
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Lemma.

/ 073089 (xa, x0)[Pdxrdxa < AP (Im) 4 (| 4 1)l
U(e)

/ AR (x1, x0)Pdxadxe < AT (m| - | - 1)lmlnl,
U(e)

with some A; = Aji(e), Az = Asx(e).
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Lemma.

/ 073089 (xa, x0)[Pdxrdxa < AP (Im) 4 (| 4 1)l

U(e)

/ aman|v(x, x2) Pdxadxe < A (| m| - ] 4 1)mIHL
U(e)

with some A; = Aji(e), Az = Asx(e).
Proof. Based on the elliptic estimate
8V um,nllziersy < C(6 1 Fmnllzie)
+ 6V mnll2 ey + ltm,nllizue))
for s <2 and any § > 0. OJ
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Lemma.

/ 073089 (xa, x0)[Pdxrdxa < AP (Im) 4 (| 4 1)l
U(e)

/ B3|, xe) Pdbadbe < AT ([m] - [nf - 1)l
U(e)

with some A; = Aji(e), Az = Asx(e).

Proof. Based on the elliptic estimate

8V um,nllziersy < C(6 1 Fmnllzie)
+ 6V mnll2 ey + ltm,nllizue))
for s <2 and any § > 0. OJ

PROOF OF (1). Let ¢ € Cg°(R®) be such that 0 < ¢ <1, and
¢(x) =1,|x| < e/8, and {(x) =0, |x| > €/4. Denote w(x) =1 — ((x). Rewrite:

p) = / (o1, x2) PC e — xa) by + / (1, x0) Peooa — 1) b

= pc(X) + pu(x).
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To estimate p¢ write:

pela) = / 0(t + 0, 30) PC(8) e,

so, for |[m| =1,

Fapcx) = /(af’lw(t+><2,><z)l2 + 051 (t + X2, 32) 7)) dt

/ A1 (s 2) P — xa) b
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To estimate p¢ write:
petie) = [ 10(t + )P0k,
so, for |[m| =1,
Dopc(x2) = / (O (t + X2, x2)|? + 0|9 (t + x2, 32) ) ((£)dlt
= [opluta ) Pobe - )
and hence

/ |05 ¢ (x2)|dxa < / |05 |1 (x1, x2)? | dxy dxo
|X2|>28 U12(E)
< AB(L+1)

The same formula for [m| > 1, so that
/ - |05 cOe)|dx < /U . |00 (x1, %) P dxadxa < AR (|| + 1)
X2 £ 12(€
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Consider p,,. First assume that |m| = 1:

O pw(x2) = /357|¢(X17X2)|2w(x2 —x1)dxa + / 9 (x1, %2) 205w (2 — x1)dxa,

and hence

[ 1ozeate)iae
[xo|>e

IN

/ ( )‘iagwj(xl’)(2)‘2’Clxldx2 - C/|¢(X17X2)|2dx1dxz
U1 €
< A2(14+1) 4+ CAL < A2(1+ O)(1 + 1)1

In the second term |x; — xa| < £/4, so that for further derivatives one can use 015.
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Consider p,,. First assume that |m| = 1:

O pw(x2) = /357|¢(X17X2)|2W(X2 —x1)dxa + / 9 (x1, %2) 205w (2 — x1)dxa,

and hence

[ 1ozeate)iae
[xo|>e

IN

/ ‘8?‘¢(X1,X2)‘2’dX1dX2 + C/ |¢(X]_,X2)|2dX1dX2
Ul(E)
< A2(14+1) 4+ CAL < A2(1+ O)(1 + 1)1

In the second term |x; — xa| < £/4, so that for further derivatives one can use 015.

For general N we introduce appropriate cut-offs, associated with various clusters
of particles. ]
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