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Îïèñàíèå ìîäåëè â íåîäíîðîäíîé ñðåäå

Áóäåì ðàññìàòðèâàòü îäíîðîäíîå ïî âðåìåíè âåòâÿùèåñÿ ñëó÷àéíîå áëóæäàíèå
(ÂÑÁ) ñ íåïðåðûâíûì âðåìåíåì, êîòîðîå çàäà¼òñÿ ãåíåðàòîðîì ïðîñòîãî
ñèììåòðè÷íîãî ñëó÷àéíîãî áëóæäàíèÿ è ãåíåðàòîðîì âåòâëåíèÿ â íóëå.
Òî åñòü áëóæäàíèå çàäà¼òñÿ îïåðàòîðîì κ∆, κ > 0, êîòîðûé äåéñòâóåò â
ïðîñòðàíñòâå l2(Z d) ñëåäóþùèì îáðàçîì

(κ∆g)(x) = κ
∑

x ′:|x ′−x |=1

(g(x ′)− g(x)).

Âåòâëåíèå â íóëå çàäà¼òñÿ èíôèíèòåçèìàëüíîé ôóíêöèåé f (x) =
∑∞

n=0 bnx
n,

f (1) = 0. Áóäåì ñ÷èòàòü, ÷òî ó èíôèíèòåçèìàëüíîé ôóíêöèè ñóùåñòâóåò ïåðâûå
äâå ïðîèçâîäíûå â åäèíèöå β = f ′(1) < ∞ è β2 = f ′′(1) < ∞.
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Îïèñàíèå ìîäåëè â íåîäíîðîäíîé ñðåäå

Áóäåì ïðåäïîëàãàòü, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè íà ðåøåòêå åñòü òîëüêî
îäíà ÷àñòèöà â òî÷êå x .
Êàê ïîêàçàíî, íàïðèìåð, â ìîíîãðàôèè ßðîâîé Å. Á. (2025), ìàòåìàòè÷åñêîå
îæèäàíèå ÷èñëåííîñòè ÷àñòèö m1(t, x , y) â òî÷êå y â ìîìåíò âðåìåíè t
óäîâëåòâîðÿåò óðàâíåíèþ

m1(t, x , y)

∂t
= Hm1(t, x , y),

c íà÷àëüíûì óñëîâèåì m1(0, x , y) = δ0(x − y), ãäå H = κ∆+ βδ0δ
T
0 è δ0 �

äåëüòà-ñèìâîë Êðîíåêåðà.
Íàñ áóäóò èíòåðåñîâàòü ïîâåäåíèå ÷èñëåííîñòè ÷àñòèö â òî÷êå ïðè t → ∞.
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Ôóíêöèÿ Ãðèíà

Ïåðåõîäíûå âåðîÿòíîñòè óäîâëåòâîðÿþò óðàâíåíèþ ñ íà÷àëüíûì óñëîâèåì

∂p(t, x , y)

∂t
= κ∆p(t, x , y), p(0, x , y) = δ0(x − y),

ãäå δ � äåëüòà-ñèìâîë Êðîíåêåðà.
Ôóíêöèåé Ãðèíà áóäåì íàçûâàòü ïðåîáðàçîâàíèå Ëàïëàñà ïåðåõîäíûõ
âåðîÿòíîñòåé

Gλ(x , y) =

∫ +∞

0

e−λtp(t, x , y) dt.

Êàê ïîêàçàíî, íàïðèìåð, â ìîíîãðàôèè ßðîâîé Å. Á. (2025), äëÿ ôóíêöèè Ãðèíà
âåðíî àëüòåðíàòèâíîå ïðåäñòàâëåíèå

Gλ(x , y) =
1

2π

∫ π

−π

e iθ(x−y)

λ+ 2κ(1− cos θ
dθ = Gλ(x − y , 0) = Gλ(x − y).
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Íàäêðèòè÷åñêèé ïðîöåññ

Áóäåì ãîâîðèòü, ÷òî ÂÑÁ íàäêðèòè÷åñêîå, åñëè ó îïåðàòîðà H ñóùåñòâóåò
ïîëîæèòåëüíîå ñîáñòâåííîå çíà÷åíèå λ0, ÷òî îçíà÷àåò, ÷òî ñóùåñòâóåò
ýêñïîíåíöèàëüíûé ðîñò ÷àñòèö. Ðàññìîòðèì ðàâåíñòâî

1

βcr
= G0(0) =

∫ +∞

0

p(t, 0, 0) dt.

Êàê ïîêàçàíî, íàïðèìåð, â ìîíîãðàôèè ßðîâîé Å. Á. (2025), äëÿ âñåõ β > βcr = 0
ÂÑÁ íàäêðèòè÷åñêîå, îïåðàòîð H èìååò åäèíñòâåííîå ñòàðøåå ñîáñòâåííîå
çíà÷åíèå λ0, êîòîðîå óäîâëåòâîðÿåò óðàâíåíèþ

1

β
= Gλ(0).

Ïîçæå ìû óâèäèì, ÷òî λ0 =
√

β2 + 4κ2 − 2κ.
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Ôóíêöèÿ Ãðèíà

Òåîðåìà. (Ìîë÷àíîâ Ñ.À., ßðîâàÿ Å.Á., 2012)

Äëÿ êàæäîãî ôèêñèðîâàííîãî λ > 0 ôóíêöèÿ Ãðèíà Gλ(y) ïðè |y | → ∞ èìååò
àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå âèäà

Gλ(y) =
e−|y |rλ(y/|y |)

|y | d−1
2

Rλ(y/|y |) (1+ o(1)) ,

ãäå ôóíêöèè rλ è Rλ îïðåäåëÿþòñÿ â òî÷êàõ v = (v1, v2, . . . , vd) ∈ Sd−1 è
âûðàæàþòñÿ ñëåäóþùèì îáðàçîì: rλ(v) =

∑d
j=1 vj arcsh

vj
s0
,

Rλ(v) =
d(2π)

1−d
2

2κ

(∏d
j=1(s

2
0 + v 2j )

)− 1
4
(∑d

j=1

v4j
s40 (s

2
0+v2j )

)− 1
4

, ãäå s0 > 0 ÿâëÿåòñÿ

ðåøåíèåì óðàâíåíèÿ
∑d

j=1

√
1+

(
vj
s0

)2
= λ

2κ + d .
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Ôóíêöèÿ Ãðèíà

Ðàññìîòðèì ñëó÷àé d = 1. Òîãäà èíòåðåñóþùèå íàñ ôóíêöèè âûðàæàþòñÿ
ñëåäóþùèì îáðàçîì:

rλ(v) = arcsh
1

s0
,

Rλ(v) =
1

2κ
(
(s20 + 1)

)− 1
4

(
1

s40 (s
2
0 + 1)

)− 1
4

=
s0
2κ

.

Çäåñü s0 > 0 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ√
1+

1

s2
=

λ

2κ
+ 1.
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Ôóíêöèÿ Ãðèíà

Ðåøàÿ ïîñëåäíåå óðàâíåíèå, ïîëó÷àåì

s0 =
2κ√

λ(λ+ 4κ)
;

Ïîäñòàâëÿÿ s0 è âîñïîëüçàâøèñü ðàâåíñòâîì arcsh(x) = ln(x +
√
x2 + 1), ïîëó÷àåì

rλ(v) = arcsh

√
λ(λ+ 4κ)
2κ

= ln

(
λ+ 2κ +

√
λ(λ+ 4κ)

2κ

)
;

Rλ(v) =
2κ

2κ
√

λ(λ+ 4κ)
=

1√
λ(λ+ 4κ)

.
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Ôóíêöèÿ Ãðèíà

Ïîäñòàâèâ s0, rλ è Rλ â

Gλ(y) =
e−|y |rλ(y/|y |)

|y | d−1
2

Rλ(y/|y |) (1+ o(1)) ,

äëÿ d = 1 ïîëó÷àåì

Gλ(y) =
1√

λ(λ+ 4κ)

(
λ+ 2κ +

√
λ(λ+ 4κ)

2κ

)−|y |

(1+ o(1)) .

Ñëåäñòâèå.
Â ðàçìåðíîñòè d = 1 â ïðåäûäóùåì ïðåäñòàâëåíèè o(1) ≡ 0.
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Ôóíêöèÿ Ãðèíà

Äîêàçàòåëüñòâî
Â ðàçìåðíîñòè d = 1 ôóíêöèÿ Ãðèíà ìîæåò áûòü íàéäåíà ÿâíî. Âîñïîëüçóåìñÿ
ñëåäóþùèì ïðåäñòàâëåíèåì:

Gλ(y) =
1

2π

∫ π

−π

cos (yθ)

λ+ 2κ − 2κ cos θ
dθ.

Â ðàáîòå Ôèëè÷êèíîé è ßðîâîé (2024) äàííûé èíòåãðàë íàéäåí ÿâíî

Gλ(y) =
1√

λ(λ+ 4κ)

(
λ+ 2κ −

√
λ(λ+ 4κ)

2κ

)|y |

=

=
1√

λ(λ+ 4κ)

(
λ+ 2κ +

√
λ(λ+ 4κ)

2κ

)−|y |

.
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Ïðåäåëüíàÿ òåîðåìà äëÿ ÷èñëåííîñòè ÷àñòèö

Òåîðåìà

Ïóñòü β > 0, κ > 0. Òîãäà äëÿ ÷èñëåííîñòè ÷àñòèö µt,x(y) â ôèêñèðîâàííîé òî÷êå
y ∈ Z ïðè óñëîâèè µ0,x(y) = δ(y − x) âåðíî

lim
t→∞

sup
x∈Z

E
(
e−λ0tµt,x(y)− λ0Gλ0(y)ξx

)2
= 0,

ãäå λ0 =
√
β2 + 4κ2 − 2κ � ñòàðøåå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà H , ξx �

íåâûðîæäåííàÿ ñëó÷àéíàÿ âåëè÷èíà, ó êîòîðîé

Eξx = λ0Gλ0(x), Eξ2x =
β2 (λ0Gλ0(0))

2

(1− βG2λ0(0))
G2λ0(x).

.
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Ïðåäåëüíàÿ òåîðåìà äëÿ ÷èñëåííîñòè ÷àñòèö

Äîêàçàòåëüñòâî
Òàê êàê ó íàñ ñóùåñòâóåò ïðîñòîå ñòàðøåå ñîáñòâåííîå çíà÷åíèå λ0 ïðè β > 0,
ñóùåñòâóþò ïåðâûå äâå ïðîèçâîäíûå èíôèíèòåçèìàëüíîé ôóíêöèè â åäèíèöå, à
èñòî÷íèê âåòâëåíèÿ òîëüêî â íóëå, òî ìîæíî âîñïîëüçîâàòüñÿ ðåçóëüòàòîì ñòàòüè
Ñìîðîäèíîé Í.Â. è ßðîâîé Å.Á (2023), ãäå ïîêàçûâàåòñÿ ñîîòâåòñòâóþùàÿ
ñõîäèìîñòü â ñðåäíåêâàäðàòè÷åñêîì eλ0tµt,x(y) ê ïðîèçâåäåíèþ íåêîòîðîãî
ïðåäåëüíîãî ìàðòèíãàëà è ñîáñòâåííóþ ôóíêöèè, îòâå÷àþùàÿ ñòàðøåìó
ñîáñòâåííîìó çíà÷åíèþ λ0 îïåðàòîðà H , â òî÷êå y . Â ìîíîãðàôèè ßðîâîé Å.Á.
(2025) ïîêàçàíî, ÷òî ñîáñòâåííàÿ ôóíêöèÿ â òî÷êå y ðàâíÿåòñÿ λ0Gλ0(y). Êðîìå
òîãî, â òîé æå ìîíîãðàôèè ïîêàçàíà ñõîäèìîñòü ìîìåíòîâ eλ0tµt,x(y) â ñëó÷àå
ñóùåñòâîâàíèÿ ñîîòâåòñòâóþùåé ïðîèçâîäíî èíôèíèòåçèìàëüíîé ôóíêöèè â
åäèíèöå. Ðåçóëüòàò äëÿ ïåðâûõ äâóõ ìîìåíòîâ áûë ïðèâåä¼í íà ïðåäûäóùåì
ñëàéäå.
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Ïðåäåëüíàÿ òåîðåìà äëÿ ÷èñëåííîñòè ÷àñòèö

Çàìåòèì, ÷òî â ðàçìåðíîñòè d = 1 ôóíêöèÿ Ãðèíà ìîæåò áûòü íàéäåíà ÿâíî,
ïîýòîìó ïîëó÷àåì

λ0Gλ0(y) =

√
β2 + 4κ2 − 2κ

β

(
β +

√
β2 + 4κ2

2κ

)−|y |

,

Eξx =

√
β2 + 4κ2 − 2κ

β

(
β +

√
β2 + 4κ2

2κ

)−|x |

,

Eξ2x =
2β2λ

2
0

√
λ0(λ0 + 2κ)

β2(2
√
λ0(λ0 + 2κ)− β)

(
λ0 + κ +

√
λ0(λ0 + 2κ)
κ

)−|x |

.
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Ïðåäåëüíàÿ òåîðåìà äëÿ ÷èñëåííîñòè ÷àñòèö

Òåîðåìà 1

Åñëè β > 0, κ > 0, 0 ≤ α < 1 è ôóíêöèÿ y(t), ïðèíèìàþùàÿ çíà÷åíèÿ â Z, òàêîâà,
÷òî limt→∞

|y(t)|
tα

= c > 0, òî äëÿ ÷èñëåííîñòè ÷àñòèö µt,x(y) â òî÷êå y = y(t) ∈ Z
ïðè óñëîâèè µ0,x(y) = δ(y − x) âåðíî

lim
t→∞

sup
x∈Z

E

(
e−λ0tµt,x(y(t))

λ0Gλ0(ct
α)

− ξx

)2

= 0,

ãäå λ0(β) =
√
β2 + 4κ2− 2κ è ξx � íåâûðîæäåííàÿ ñëó÷àéíàÿ âåëè÷èíà, ó êîòîðîé

Eξx = λ0Gλ0(x), Eξ2x =
β2 (λ0Gλ0(0))

2

(1− βG2λ0(0))
G2λ0(x).
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Ïðåäåëüíàÿ òåîðåìà äëÿ ÷èñëåííîñòè ÷àñòèö

Äîêàçàòåëüñòâî

Â ïðåäûäóùåé òåîðåìå ïîäåëèì íà λ0Gλ0(y) è çàìåíèì y íà y(t). Äàëåå
ïðîâåðèì, ÷òî îñòàòî÷íûå ÷ëåíû â äîêàçàòåëüñòâå òåîðåìû 4 â ñòàòüå Í.Â.
Ñìîðîäèíû è Å.Á. ßðîâîé (2023) ñòðåìÿòñÿ ê íóëþ ýêñïîíåíöèàëüíî ñ
ïîêàçàòåëåì −c0t ïðè t → ∞, ãäå c0 � íåêîòîðàÿ ïîëîæèòåëüíàÿ êîíñòàíòà. Èç
ÿâíîãî âèäà ôóíêöèè Ãðèíà âèäíî, ÷òî Gλ0(ct

α) âåä¼ò ñåáÿ êàê e−c1tα ïðè t → ∞,
ãäå c1 � íåêîòîðàÿ ïîëîæèòåëüíàÿ êîíñòàíòà. Çíà÷èò ïðè äåëåíèè îñòàòî÷íûõ
÷ëåíîâ íà Gλ0(ct

α), îíè áóäóò ñõîäèòñÿ ê íóëþ ýêñïîíåíöèàëüíî ñ ïîêàçàòåëåì

−c0/1t
1−α ïðè t → ∞. Òàê êàê limt→∞

|yt |
ctα

= 1, ïîëó÷àåì, ÷òî e−λ0tµt,x (y(t))
λ0Gλ0

(ctα)
ñõîäèòñÿ

â ñðåäíåêâàäðàòè÷íîì ê ξx .
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Îïèñàíèå ìîäåëè â îäíîðîäíîé ñðåäå

Òåïåðü ðàññìîòðèì ÂÑÁ â îäíîðîäíîé âåòâÿùåéñÿ ñðåäå, â îñíîâå êîòîðîãî ëåæèò
ïðîñòîå ñèììåòðè÷íîå ñëó÷àéíîå áëóæäàíèå, à èñòî÷íèêè âåòâëåíèÿ â êàæäîé
òî÷êå èìåþò ðàâíóþ èíòåíñèâíîñòü β > 0. Êàê ïîêàçàíî, íàïðèìåð, â ñòàòüå
Ä.Ì. Áàëàøîâîé, E.Á. ßðîâîé (2022) òàêîì ÂÑÁ ìàòåìàòè÷åñêîå îæèäàíèå
÷èñëåííîñòè ÷àñòèö m1(t, x , y) óäîâëåòâîðÿåò óðàâíåíèþ

∂m1

∂t
= κ∆m1 + βm1,

ñ íà÷àëüíûì óñëîâèåì m1(0, x , y) = δx(y), ãäå δx(y) � äåëüòà-ñèìâîë Êðîíåêåðà.
Ðåøåíèå äàííîãî óðàâíåíèÿ íàõîäèòñÿ ÿâíî

m1(t, x , y) = eβtp(t, x , y)

è ïðîâåðÿåòñÿ íåïîñðåäñòâåííîé ïîäñòàíîâêîé m1(t, x , y).
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Òåîðåìà. (Ìîë÷àíîâ Ñ.À., ßðîâàÿ Å.Á., 2012)

Äëÿ ïåðåõîäíîé âåðîÿòíîñòè ñëó÷àéíîãî áëóæäàíèÿ ñïðàâåäëèâî ïðåäñòàâëåíèå

pd(t, x , y) = eHd (2κt, y−x)hd(2κt, y − x),

ãäå Hd(t, z) =
∑d

j=1

(√
t2 + z2j − t − zj arcsh

zj
t

)
,

hd(t, z) ≤ min

{
1,
∏d

j=1

√
2π

4(t2+z2j )
1/4

}
.

Ôóíêöèÿ hd(t, z) èìååò âèä hd(t, z) = h∗d(t, z)(1+ νd(t, z)); ãäå
h∗d(t, z) =

1

(2π)d/2(
∏d

j=1(t
2+z2j ))

1/4
è νd(t, z) → 0 ïðè âûïîëíåíèè äëÿ êàæäîé èç

êîîðäèíàò zj âåêòîðà z = (z1, . . . , zd) ñîîòíîøåíèÿ t2 + z2j → ∞. Ïðè ýòîì

0 < 1+ ηd(t, z) ≤
(
π
2

)d
, z ∈ Z, t ≥ 0.
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Ðàññìîòðèì ðàçìåðíîñòü d = 1. Òîãäà

H1(t, z) = H(t, z) =
√
t2 + z2 − t − z arcsh

z

t
= t

(√
1+

(z
t

)2
− 1− z

t
arcsh

z

t

)
,

h1(t, z) = h(t, z) =
1

(2π)1/2(t2 + z2)1/4
(1+ νd(t, z)) =

=
1

√
2πz

(
1+

(
z
t

)2)1/4 (1+ ν1(t, z)),

ãäå ν1(t, z) → 0 ïðè t2 + z2 → ∞.
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Òîãäà
p1(t, x , y) = p(t, x , y) = eHd (2κt, y−x)hd(2κt, y − x) =

=
e
2κt

(√
1+( y−x

2κt )
2
−1− y−x

2κt
arcsh y−x

2κt

)
√
4πκt

(
1+

(
y−x
2κt

)2)1/4 (1+ ν1(t, y − x)) = p(t, 0, y − x) = p(t, x − y).
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Âîñïîëüçóåìñÿ ôîðìóëàìè Òåéëîðà:

arcsh x =
∞∑
k=0

(−1)k

2k + 1

(2k)!

k!k!

x2k+1

22k
,

√
1+ x2 =

∞∑
k=0

(−1)k+1

2k − 1

(2k)!

k!k!

(x
2

)2k
Ïîëó÷àåì

p(t, x − y) =
e
∑∞

k=0
(−1)k+1

2k+1
(2k)!

k!(k+1)!
(y−x)2k+2

(4κt)2k+1

√
4πκt

(
1+

(
y−x
2κt

)2)1/4 (1+ ν1(t, y − x)).
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Òåîðåìà 2

Åñëè β > 0, κ > 0, 0 ≤ α ≤ 1 è ôóíêöèÿ y(t), ïðèíèìàþùàÿ çíà÷åíèÿ â Z, òàêîâà,
÷òî limt→∞

|y(t)−x |
tα

= c > 0, òî äëÿ ìàòåìàòè÷åñêîãî ÷èñëåííîñòè ÷àñòèö m(t, x , y)
â òî÷êå y = y(t) ∈ Z ïðè íà÷àëüíîì óñëîâèè m(0, x , y) = δ(y − x) ïðè t → +
âåðíî:
ïðè 0 ≤ α < 1

2

m(t, x , y) ∼ eβt√
4πκt

;
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äëÿ âñåõ n ∈ N, ïðè 2n−1
2n

≤ α < 2n+1
2n+2

m(t, x , y) ∼ e
βt+

∑n−1
k=0

(−1)k+1

2k+1
(2k)!

k!(k+1)!
c2k+2

(4κ)2k+1
t(2k+2)α−(2k+1)

√
4πκt

;

ïðè α = 1

m(t, x , y) ∼ et(β+
√
4κ2+c2−2κ−c arcsh c

2κ )
√
2πt(4κ2 + c2)1/4

;
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