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Ïîñòàíîâêà çàäà÷è

Ãèïîòåçà

Ïóñòü S ⊂ Rd òàêîé êîìïàêò, ÷òî Hα(S) < ∞. Ïóñòü ξ òàêàÿ

îáîáù¼ííàÿ ôóíêöèÿ, ÷òî supp(ξ) ⊂ S è ξ̂ ∈ L 2d
α
(Rd). Òîãäà ξ = 0.

Çäåñü Hα ýòî α-ìåðà Õàóñäîðôà.

Hα(F ) = lim
δ→0

inf
F⊂∪Bj

diam(Bj )<δ

∑
j

diam(Bj)
α. (1)
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Èñòîðèÿ

Òåîðåìà

Ïóñòü S ⊂ Rd òàêîé êîìïàêò, ÷òî Hα(S) < ∞. Ïóñòü ξ òàêàÿ

îáîáù¼ííàÿ ôóíêöèÿ, ÷òî supp(ξ) ⊂ S è ξ̂ ∈ Lp(Rd) äëÿ p < 2d
α . Òîãäà

ξ = 0

Ñëó÷àé d = 1 è ξ ìåðà áûë ðàññìîòðåí Ñàëåìîì â 1951.

Ýäãàð è Ðîçåíáëàòò ðàçîáðàëè ñëó÷àé d − 1 ⩽ α â 1979.
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Èñòîðèÿ

Â 1984 Êàõàí äîêàçàë ñëåäóþùóþ òåîðåìó:

Òåîðåìà

Ïóñòü S ⊂ Rd òàêîé êîìïàêò, ÷òî Hα(S) < ∞. Ïóñòü ξ òàêàÿ

îáîáù¼ííàÿ ôóíêöèÿ, ÷òî supp(ξ) ⊂ S è ξ ∈ W
α−d
2

2 (Rd). Òîãäà ξ = 0

F : Lp(Rd) → W
d
p
− d

2
−ε

2 . (2)
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Èñòîðèÿ
Ïðåäåëüíûé ñëó÷àé α = 2d

p

Ïðåäåëüíûé ñëó÷àé (p = 2d
α ) áûë äîêàçàí â íåêîòîðûõ ÷àñòíûõ

ñëó÷àÿõ.

Òàê Ðîçåíáëàòò ïîêàçàë ÷òî íåíóëåâàÿ îáîáùåííàÿ ôóíêöèÿ ζ,
ζ̂ ∈ L 2d

d−1
, íå ìîæåò áûòü êîíöåíòðèðîâàíà íà ãëàäêîé ïîâåðõíîñòè

ðàçìåðíîñòè d − 1.
Àãðàíîâñêèé è Íàðàÿíàí ðàçîáðàëè ñëó÷àé êîãäà S ýòî C 1−ãëàäêàÿ
ïîâåðõíîñòü.

Çàòåì Ñåíòèë Ðààíè äîêàçàëà ïðåäåëüíûé ñëó÷àé òåîðåìû äëÿ

óïàêîâî÷íûõ ìåð.

Õàðå è Ðîãèíñêàÿ ïîêàçàëè, ÷òî äëÿ òàêîãî çàðÿäà ξ, ÷òî
∥ξ∥

W
α−d
2

2

< ∞, âåðíî dimH(ξ) ⩾ α.
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Èñòîðèÿ
α > 2d

p

Ïóñòü σd−1 ýòî ìåðà Ëåáåãà íà åäèíè÷íîé ñôåðå â Rd . Òîãäà

σ̂d−1 ∈ L 2d
d−1

+ε.
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Ðåçóëüòàò

Òåîðåìà

Ïóñòü 2 < p < ∞. Òîãäà ñóùåñòâóåò òàêîé êîìïàêò S ∈ Rd è

âåðîÿòíîñòíàÿ ìåðà µ, ÷òî supp(µ) ⊂ S , µ̂ ∈ Lp è H 2d
p
(S) = 0.
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Êîíñòðóêöèÿ

Îïðåäåëåíèå

Ïóñòü µM,r ñëó÷àéíàÿ âåëè÷èíà ñî çíà÷åíèåì â âåðîÿòíîñòíûõ ìåðàõ,

çàäàííàÿ ôîðìóëîé

µM,r =
1

M

M∑
j=1

Sj
λ|[0,r ]d
rd

. (3)

Çäåñü λ|[0,r ]d � ýòî ìåðà Ëåáåãà íà êóáå [0, r ]d è {Sj}Mj=1 � ýòî

ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ ñäâèãîâ ðàâíîìåðíî

ðàñïðåäåë¼ííûõ íà êóáå [0, 1− r ]d .
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Êîíñòðóêöèÿ

Ëåììà

Äëÿ âñåõ M ∈ N è r < 1
2 âûïîëíåííî íåðàâåíñòâî∫

Rd

E|µ̂M,r (x)− Eµ̂M,r (x)|pdx ≲ M− p
2 r−d . (4)
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Êîíñòðóêöèÿ

Íåðàâåíñòâî Ìàðöèíêåâè÷à-Çèãìóíäà

Ïóñòü 1 ⩽ p < ∞ è X1, . . . ,Xn ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ

ñëó÷àéíûõ âåëè÷èí ñ íóëåâûì ñðåäíèì, òîãäà

E

∣∣∣∣∣∣
n∑

j=1

Xj

∣∣∣∣∣∣
p

⩽ CpE

∣∣∣∣∣∣
n∑

j=1

|Xj |2
∣∣∣∣∣∣
p
2

(5)
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Êîíñòðóêöèÿ

Çàôèêñèðóåì p1 > p

Ëåììà

Äëÿ M ∈ N and 0 < r < 1
2 ìîæíî âûáðàòü òàêóþ ìåðó, ÷òî

νM,r = µM,r (ω) ∫
Rd

|ν̂M,r (x)− Eµ̂M,r (x)|p1dx ≲ M− p1
2 r−d , (6)

∫
Rd

|ν̂M,r (x)− Eµ̂M,r (x)|pdx ≲ M− p
2 r−d . (7)
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Êîíñòðóêöèÿ

Ðèñ.: Êîíñòðóêöèÿ
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Êîíñòðóêöèÿ

Äëÿ ïîñëåäîâàòåëüíîñòè M = {M0, . . . ,Mk} ïîñòðîèì ìåðó µM.

µM− =

M0+···+Mk−1∑
i=k

b(Qi )µQi
. (8)

rk =
M

− p
2d

k b(Qk)
p
2d

n(Qk)
. (9)

µM = µM− − b(Qk)µQk
+ b(Qk)νMk ,

rk
l(Qk )

,Qk
. (10)

b(Qi ) =
∏

Qj ïðåäîê Qi

M−1
j ⩽ 2−n(Qi ). (11)
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Êîíñòðóêöèÿ

Îöåíèì ìåðó Õàóñäîðôà íîñèòåëÿ ñ ïîìîùüþ ïîêðûòèÿ êóáàìè èç

îäíîãî ñëîÿ.

∑
n(Qk )=n

diam(Qk)
2d
p ≲

∑
n(Qk )=n

l(Qk)
2d
p =

∑
n(Qk )=n−1

Mk r
2d
p

k =

∑
n(Qk )=n−1

b(Qk)

(n − 1)
2d
p

=
1

(n − 1)
2d
p

(12)
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Êîíñòðóêöèÿ

Ëåììà

Ïóñòü äàíà ôóíêöèÿ f ∈ Lp è ïîñëåäîâàòåëüíîñòü ôóíêöèé gj ∈ Lp
òàêèå, ÷òî lim sup ∥gj∥Lp ⩽ A è äëÿ íåêîòîðîãî p1 > p âûïîëíåíî

lim ∥gj∥Lp1 = 0. Òîãäà

lim sup ∥f + gj∥pLp ⩽ ∥f ∥pLp + Ap. (13)
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Êîíñòðóêöèÿ

Ëåììà

Ïóñòü M− = {M0,M1,M2, . . . ,Mk−1} è M = {M0,M1,M2, . . . ,Mk}.
Çàôèêñèðóåì M−, à Mk óñòðåìèì ê áåñêîíå÷íîñòè. Òîãäà âûïîëíåíû

íåðàâåíñòâà

lim sup ∥F(µM − µM−)∥
p
Lp

≲ b(Qk)
p
2 n(Qk)

d , (14)

lim ∥F(µM − µM−)∥Lp1 = 0 (15)

Äëÿ äîñòàòî÷íî áîëüøîãî Mk âûïîëíåíî íåðàâåíñòâî

∥µ̂M∥pLp ⩽ ∥µ̂M−∥
p
Lp

+ Cb(Qk)
p
2 n(Qk)

d (16)
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Êîíñòðóêöèÿ

Äëÿ äîñòàòî÷íî áûñòðî ðàñòóùåé ïîñëåäîâàòåëüíîñòè

M = {M0,M1,M2, . . . } âûïîëíåíî íåðàâåíñòâî

∥µ̂M∥pLp ⩽ C
∞∑
k=0

b(Qk)
p
2 n(Qk)

d = C
∞∑
n=0

∑
n(Qj )=n

b(Qj)
p
2 nd ⩽

C
∞∑
n=0

∑
n(Qj )=n

b(Qj)2
−n( p

2
−1)nd = C

∞∑
n=0

2−n( p
2
−1)nd < ∞ (17)
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