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Cancellation problem

R: a commutative ring with unit of Krull dimension d

P: a finitely generated projective R-module of constant rank r C 0

Question

Does P ` Rn
� Q ` Rn for some Q and n A 0 always imply P � Q?

Definition

If this is the case, then P is said to be cancellative.

For inductive purposes, one may just consider the following
question:

Question

Does P ` R � Q ` R for some Q always imply P � Q?
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Stabilization maps

Vr�R� = isomorphism classes of finitely generated projective
R-modules of constant rank r (where r C 0)

Consider the stabilization maps

φr � Vr�R�� Vr�1�R�, �Q�( �Q ` R�.

One is interested in

φ�1
r ��P ` R�� � ��Q� > Vr�R�S P ` R � Q ` R�.

Main goal: Describe the fibers φ�1
r ��P ` R��.
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Description of the fiber

Um�P ` R� = set of epimorphisms P ` R � R

Aut�P ` R� = group of automorphisms of P ` R

Aut�P ` R� acts on the right on Um�P ` R� by precomposition.

We can identify Um�R r�1� and Aut�R r�1� with

Umr�1�R� = set of unimodular rows of length r � 1 over R, i.e.
row vectors �a1, ..., ar�1� with ai > R, 1 B i B r � 1,
and `a1, ..., ar�1e � R

GLr�1�R� = group of invertible matrices of rank r � 1 over R
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Description of the fiber

Description

Um�P ` R�~Aut�P ` R� � φ�1
r ��P ` R��

Sketch of proof.

If a � P ` R � R is an epimorphism, send it to �ker�a�� > Vr�R�.

Conversely, if i � P ` R
�

Ð� Q ` R, then send �Q� to πQ X i , where
πQ � Q ` R � R is the canonical projection.

Description in case P � R r

Umr�1�R�~GLr�1�R� � φ�1
r ��R r�1��
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Cancellation results

Theorem (Bass, 1968)

If r C d � 1 and R is Noetherian, then P is cancellative.

Theorem (Suslin, 1977)

If r � d and R is an affine algebra over an algebraically closed field,
then P is cancellative.

Theorem (Bhatwadekar, 2003)

If r � d and R is an affine algebra over an infinite perfect field k
with c .d .�k� B 1 and d! > k�, then P is cancellative.
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Case r � d � 1 � 2 with P free

Theorem (Fasel, 2011)

If R is a smooth affine algebra of dimension 3 over an algebraically
closed field k with char�k� x 2, then R2 is cancellative, i.e. stably
free R-modules of rank 2 are free.

Sketch of proof.

R2�n
� Q ` Rn

� R3
� Q ` R (Suslin’s cancellation theorem)

So one has to prove that Um3�R�~GL3�R� is trivial.

Rao-van-der-Kallen proved that the Vaserstein symbol

V � Um3�R�~E3�R� �

Ð�WE�R�
is a bijection, inducing a group structure on Um3�R�~E3�R�.
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Case r � d � 1 � 2 with P free

Sketch of proof (continued).

One uses

n �V �b1,b2,b3� � V �b1,b2,b
n
3� for all �b1,b2,b3� > Um3�R�

WE�R� � GW 3
1,red�R� is 2-divisible

Any unimodular row of the form �b1,b2,b
2
3� is the first row of

an invertible 3 � 3-matrix of det. 1 (Swan-Towber theorem)

Now let �a1, a2, a3� > Um3�R�. Since

V � Um3�R�~E3�R� �

Ð�WE�R�
is a bijection, this implies

�a1, a2, a3� �E3�R� 2 � �b1,b2,b3� �E3�R� �b1,b2,b
2
3� �SL3�R� �1,0,0�.

Hence Um3�R�~GL3�R� is trivial.
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Case r � d � 1 with P free or r � 2

Theorem (Fasel-Rao-Swan, 2012)

If R is a normal affine algebra of dimension d C 4 over an
algebraically closed field k with �d � 1�! > k�, then Rd�1 is
cancellative, i.e. stably free modules of rank d � 1 are free.

Similarly: �a1, ..., ad� �Ed�R� �b1, ...,b
�d�1�!
d � �SLd�R� �1,0, ...,0�.

Theorem (Asok-Fasel, 2014)

If R is a smooth affine algebra of dimension 3 over an algebraically
closed field k with char�k� x 2 and P has rank 2, then P is
cancellative.

In fact, the map �c1, c2� � V2�R� �

Ð� CH1�X � � CH2�X � is a
bijection, where X � Spec�R�.
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Case r � d � 1 with det�P� free

Conjecture (Asok-Fasel, 2013)

Let k be a perfect field with char�k� x 2 and d C 4. Then there is
a sequence

KM
d�2~24� πA

1

d �Ad
� 0��GWd

d�1 � 0

of homomorphisms in AbA1

k which is exact at πA
1

d �Ad
� 0� and also

becomes exact at GWd
d�1 after d � 3-fold contraction.

Theorem (Peng Du, 2020)

Assume the conjecture above holds over an algebraically closed
field k with char�k� x 2 and for some d C 4 such that �d � 1�! > k�.
If R is a smooth affine algebra of dimension d over k and P has
rank d � 1 and a trivial determinant, then P is cancellative.
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Case r � d � 2

Let k be an algebraically closed field. Then there is a smooth
affine k-algebra R of dimension 4 with a non-free stably free
R-module of rank 2 (N. Mohan Kumar).

Question

Let R be a Noetherian ring of dimension 4 and P a projective
module of rank 2 with a trivial determinant. Is there a
(cohomological) criterion for P to be cancellative?

Approach: Define a generalized Vaserstein symbol

Vθ � Um�P ` R�~E�P ` R�� Ṽ �R� �WE�R�
associated to P and any fixed isomorphism θ � R

�

Ð� det�P�.
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The Vaserstein symbol
The generalized Vaserstein symbol
Applications

The set A�R�

Let R be a commutative ring with unit.

For any n > N, we let

A2n�R� = the set of alternating invertible matrices of rank 2n
over R, i.e. the set of matrices M > GL2n�R� with
x tMx � 0 for any column vector x of length 2n over R.

We inductively define an element ψ2n > A2n�R� by setting

ψ2 � � 0 1
�1 0

� and ψ2n�2 � ψ2n Ù ψ2.

For any m @ n, we obtain embeddings

A2m�R�� A2n�R�,M (M Ù ψ2n�2m.

We let A�R� � �nC1 A2n�R�.

Tariq Syed, University of Duisburg-Essen The generalized Vaserstein symbol
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Applications

The groups W �

E�R� and W �

SL�R�

Let G be either E�R� or SL�R�.

M > A2m�R� and N > A2n�R� are called G -equivalent, M �G N, if
there is an integer s > N and a matrix ϕ > SL2n�2m�2s�R� 9G such
that

M Ù ψ2n�2s � ϕ
t�N Ù ψ2m�2s�ϕ.

This defines an equivalence relation on A�R�. We denote the sets
of equivalence classes by

W �

E�R� �� A�R�~�E�R�

W �

SL�R� �� A�R�~�SL�R�.

The operation Ù equips these sets with the structure of an abelian
group.
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Applications

The groups WE�R� and WSL�R�

Any alternating invertible matrix M has a so-called Pfaffian
Pf �M� > R�, which satisfies the following formulas:

Pf �M Ù N� � Pf �M�Pf �N� for M > A2m�R�,N > A2n�R�
Pf �ϕtNϕ� � det�ϕ�Pf �N� for ϕ > GL2n�R�,N > A2n�R�
Pf �ψ2n� � 1 for all n > N

Therefore the Pfaffian determines group homomorphisms

Pf �W �

E�R�� R� Pf �W �

SL�R�� R�.

We define

WE�R� �� ker�Pf � WSL�R� �� ker�Pf �.
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The Vaserstein symbol

Let a � �a1, a2, a3� > Um3�R�. Then choose b � �b1,b2,b3� with
b1,b2,b3 > R and P3

i�1 aibi � 1.

The element of W �

E�R� defined by the matrix

V �a,b� �
�����

0 �a1 �a2 �a3

a1 0 �b3 b2

a2 b3 0 �b1

a3 �b2 b1 0

�����
has Pfaffian 1 and does not depend on the choice of b1,b2,b3. We
obtain a well-defined Vaserstein symbol

V � Um3�R�~E3�R��WE�R�
and an induced map

V � Um3�R�~SL3�R��WSL�R�.

Tariq Syed, University of Duisburg-Essen The generalized Vaserstein symbol
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Reinterpretation of the Vaserstein symbol

Let X � Spec�R� be a smooth affine scheme of finite type over a
perfect base field k with char�k� x 2.

Let r > N. By affine representability results due to Morel,
Schlichting, Asok-Hoyois-Wendt, one has an identification

�X�,BGLr �HY�k� � Vr�R�.
Furthermore, we have an A1-fiber sequence in HY�k� of the form

Ar�1
� 0� BGLr � BGLr�1

such that the induced map �X�,BGLr �HY�k� � �X�,BGLr�1�HY�k�

corresponds to the stabilization map

φr � Vr�R�� Vr�1�R�.

Tariq Syed, University of Duisburg-Essen The generalized Vaserstein symbol
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Reinterpretation of the Vaserstein symbol

If r C 2, a result of Fasel gives an identification

�X�,Ar�1
� 0�HY�k� � Umr�1�R�~Er�1�R�.

Representability results of Schlichting-Tripathi in Hermitian
K -theory give identifications

W �

E�R� � A�R�~�E�R� � �X�,A�HY�k� � �X�,GL~Sp�HY�k� � GW 3
1�X �.

We denote by τ � A3
� 0� A3

� 0 the morphism given by
x1 ( x1, x2 ( �x2, x3 ( x3 on the coordinates of A3.

The composite of natural morphisms

Ψ3 � A3
� 0

τ
Ð� A3

� 0
�

Ð� SL3~SL2
�

Ð� SL4~Sp4 � GL~Sp
induces a map �X�,A3

� 0�HY�k�

�Ψ3��
ÐÐÐ� �X�,GL~Sp�HY�k� which

corresponds to the Vaserstein symbol.
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The group V �R� and Ṽ �R�

Let R be a commutative ring with unit.

Consider the set of triples�P,g , f �, where

P is a finitely generated projective R-module

f ,g are non-degenerate alternating forms on P.

Two such triples �P, f0, f1� and �P �, f �0 , f
�

1� are called isometric if
there exists an isomorphism h � P � P � such that fi � ht f �i h for
i � 0,1.

We denote by �P,g , f � the isometry class of the triple �P,g , f �.
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The group V �R� and Ṽ �R�

Let V �R� be the quotient of the free abelian group on isometry
classes of triples as before modulo the subgroup generated by the
relations

�P ` P �,g Ù g �, f Ù f �� � �P,g , f � � �P �,g �, f �� for
non-degenerate alternating forms f ,g on P and f �,g � on P �;

�P, f0, f1� � �P, f1, f2� � �P, f0, f2� for non-degenerate
alternating forms f0, f1, f2 on P.

The assignment M ( �R2n, ψ2n,M� for M > A2n�R� induces an
isomorphism

W �

E�R� � V �R�.

We denote by Ṽ �R� the subgroup corresponding to WE�R� under
this isomorphism.

Tariq Syed, University of Duisburg-Essen The generalized Vaserstein symbol



Survey on the cancellation problem of projective modules
Projective modules of rank 2 with a trivial determinant

The generalized Serre question

The Vaserstein symbol
The generalized Vaserstein symbol
Applications

The group V �R� and Ṽ �R�
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The generalized Vaserstein symbol

Let P be a projective R-module of rank 2 with a fixed trivialization

θ � R
�

Ð� det�P� of its determinant.

There is a canonical non-degenerate alternating form on P given
by χ � P � P � R, �p,q�( θ�1�p , q�.

Any element a � P ` R � R of Um�P ` R� gives rise to an exact
sequence of the form

0� Pa � P ` R
a
Ð� R � 0,

where Pa � ker�a�. Any section s � R � P ` R of a determines an

isomorphism i � P ` R
�

Ð� Pa ` R.
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The generalized Vaserstein symbol

We obtain an isomorphism det�P� � det�Pa� and hence an

isomorphism θa � R
�

Ð� det�Pa� obtained by composing with θ.

We denote by χa the non-degenerate alternating form on Pa given
by Pa � Pa � R, �p,q�( θ�1

a �p , q�. The element

Vθ�a, s� � �P ` R2, χ Ù ψ2, �i ` 1�t�χa Ù ψ2��i ` 1��
in V �R� does not depend on the section s of a � P ` R � R. One
obtains the generalized Vaserstein symbol

Vθ � Um�P ` R�~E�P ` R�� Ṽ �R�
associated to P and θ and an induced map

Vθ � Um�P ` R�~SL�P ` R�� ṼSL�R�.
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Tariq Syed, University of Duisburg-Essen The generalized Vaserstein symbol



Survey on the cancellation problem of projective modules
Projective modules of rank 2 with a trivial determinant

The generalized Serre question

The Vaserstein symbol
The generalized Vaserstein symbol
Applications

Connection with the usual Vaserstein symbol

Remark

If we take P � R2 and let e1 � �1,0�, e2 � �0,1� > R2, then there is

a canonical isomorphism θ � R
�

Ð� det�R2� given by 1( e1 , e2.

The generalized Vaserstein symbol V�θ associated to R2 and �θ
coincides with the usual Vaserstein symbol via the canonical
isomorphism Ṽ �R� �WE�R�.
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Surjectivity

For n C 3, let Pn �� P ` Rn�2 and en � �0, ...,0,1� > Pn.

Theorem (S., 2019)

Let R be a Noetherian ring of Krull dimension B 4. Then
Vθ � Um�P ` R�~SL�P ` R�� ṼSL�R� is surjective if SL�P5� acts
transitively on Um�P5�.

Special case P � R2 (Suslin-Vaserstein, 1976)

Let R be a Noetherian ring of Krull dimension B 4. Then
V � Um3�R�~SL3�R��WSL�R� is surjective if SL5�R� acts
transitively on Um5�R�.
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Vθ � Um�P ` R�~SL�P ` R�� ṼSL�R� is injective if and only if
SL�P4�e4 � Sp�M�e4 for all non-degenerate alternating forms M
on P4 such that �P4, χ Ù ψ2,M� > ṼSL�R�.
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Theorem (A. Gupta, 2015)

Let R be a smooth affine algebra of dimension d C 4 over an
algebraically closed field k with d! > k�. Assume that d � 2 mod 4.
Then Spd�R� acts transitively on Umd�R�.

Theorem (S., 2020)

Let R be a smooth affine algebra of even dimension d C 4 over an
algebraically closed field k with d! > k�. Then Sp�M� acts
transitively on Umd�R� for any M > Ad�R�.

Sketch of proof.

To show: πSp�M� � Umd�R�, where π � �1,0, ...,0�.
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Sketch of proof (continued).

Reduction step I. Let a � �a1, ..., ad� > Umd�R�.

Assume:
§ϕa > SLd�R� such that

πϕa � �a1, ..., ad�
�ϕa� > im�K1Sp�R� f

Ð� K1�R��.

rk�M� � d � §ψ > Sp�M�: �ψ� � �ϕa� > K1�R�.

SLd�R�~Ed�R�0 SK 1�R� injective � ϕaψ
�1

> Ed�R�.

πEd�R� � π�Ed�R� 9 Sp�M��� §τ > Ed�R� 9 Sp�M� such that
πϕaψ

�1
� πτ .

In particular, �a1, ..., ad� � πϕa � πτψ and τψ > Sp�M�.
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Sketch of proof (continued).

Hence for any a � �a1, ..., ad� it suffices to find ϕa > SLd�R� as
above.

Reduction step II. Recall that Fasel-Rao-Swan proved

a � �a1, ..., ad� �Ed�R� b
�
� �b1, ...,b

�d�1�!
d �.

So let a � b�ϕ with ϕ > Ed�R� and assume that we have already
found ϕb� . Then simply define ϕa �� ϕb�ϕ.

Hence it actually suffices to find ϕb� for a row of the form

b� � �b1, ...,b
�d�1�!
d � as above.

Idea: Use Suslin matrices!

Tariq Syed, University of Duisburg-Essen The generalized Vaserstein symbol
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Sketch of proof (continued).

Let x � �x1, ..., xd� > Umd�R� and y � �y1, ..., yd� s.t. Pd
i�1 xiyi � 1.

Consider the row x � �� �x1, ..., x
�d�1�!
d � > Umd�R�.

Then the Suslin matrix construction gives invertible matrices
Sd�x , y� > SL2d�1�R� and β�x , y� > SLd�R� such that

πβ�x , y� � x � and �β�x , y�� � �Sd�x , y�� > SK 1�R�
�Sd�x , y�� > im�K1Sp�R� f

Ð� K1�R�� if d � 2 mod 4

If z > Umd�R� such that z � xϕ for some ϕ > Ed�R�, then

�Sd�x , y�� � �Sd�z , yϕ�t�� > SK 1�R�
�Sd�z , yϕ�t�� > im�K1Sp�R� f

Ð� K1�R�� if d � 0 mod 4 and
one of the entries of z is a square in R
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Back to the proof:

Let b � �b1, ...,bd� and choose u � �u1, ...,ud�
s.t. Pd

i�1 biui � 1. Moreover, let b� �� �b1, ...,b
�d�1�!
d �. It remains to

show that there is ϕb� > SLd�R� such that

πϕb� � b�

�ϕb�� > im�K1Sp�R� f
Ð� K1�R��.

Now simply define ϕb� �� β�b,u�. Clearly, πϕb� � πβ�b,u� � b�.

If d � 2 mod 4, then �ϕb�� � �Sd�b,u�� > im�K1Sp�R� f
Ð� K1�R��.

If d � 0 mod 4, then Fasel-Rao-Swan proved that c � bϕ for some

ϕ > Ed�R� and c � �c1, ..., c
�d�1�!
d �. In particular, it follows that

�ϕb�� � �Sd�b,u�� � �Sd�c ,uϕ�t�� > im�K1Sp�R� f
Ð� K1�R��.
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Bijectivity result

Theorem (S., 2020)

Let R be a smooth affine algebra of dimension 4 over an
algebraically closed field k with 6 > k�. Then

V � Um3�R�~SL3�R� �

Ð�WSL�R�
is bijective and induces a group structure on Um3�R�~SL3�R�.

Proof.

By Suslin’s cancellation theorem, SL5�R� acts transitively on
Um5�R�. So V is surjective.

Let M > A4�R� with Pfaffian 1. The previous transitivity result
implies that Um4�R� � �0,0,0,1�Sp�M�1�. Hence it follows by
transposition that SL4�R�e4 � Sp�M�e4. So V is injective.
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Criterion

Theorem (S., 2019)

Let R be a smooth affine algebra of dimension d � 4 over an
algebraically closed field k with 6 > k�. Then all stably free
R-modules of rank 2 are free if and only if WSL�R� is trivial.

Proof.

R2�n
� Q ` Rn

� R3
� Q ` R (Fasel-Rao-Swan)

So all stably free R-modules of rank 2 are trivial if and only if
Um3�R�~GL3�R� is trivial. However, this holds if and only if
Um3�R�~SL3�R� is trivial.

By the previous results, the latter condition holds if and only if
WSL�R� is trivial.
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algebraically closed field k with 6 > k�. Then all stably free
R-modules of rank 2 are free if and only if WSL�R� is trivial.

Proof.

R2�n
� Q ` Rn

� R3
� Q ` R (Fasel-Rao-Swan)

So all stably free R-modules of rank 2 are trivial if and only if
Um3�R�~GL3�R� is trivial. However, this holds if and only if
Um3�R�~SL3�R� is trivial.

By the previous results, the latter condition holds if and only if
WSL�R� is trivial.
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Some further applications

As before, let P be a projective R-module of rank 2 with a fixed

trivialization θ � R
�

Ð� det�P� of its determinant.

Theorem (S., 2019)

The map Vθ � Um�P ` R�~E�P ` R�� Ṽ �R� is a bijection if R is
a 2-dimensional regular Noetherian ring or a 3-dimensional regular
affine algebra over a perfect field k with c .d .�k� B 1 and 6 > k�.

Theorem (S., 2020)

If R is a smooth affine algebra of dimension 4 over an algebraically
closed field k with char�k� x 2,3 and Q is a projective R-module
of rank 3 with c1�Q� � c2�Q� � c3�Q� � 0, then Q is cancellative.
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a 2-dimensional regular Noetherian ring or a 3-dimensional regular
affine algebra over a perfect field k with c .d .�k� B 1 and 6 > k�.

Theorem (S., 2020)

If R is a smooth affine algebra of dimension 4 over an algebraically
closed field k with char�k� x 2,3 and Q is a projective R-module
of rank 3 with c1�Q� � c2�Q� � c3�Q� � 0, then Q is cancellative.

Tariq Syed, University of Duisburg-Essen The generalized Vaserstein symbol



Survey on the cancellation problem of projective modules
Projective modules of rank 2 with a trivial determinant

The generalized Serre question

The Vaserstein symbol
The generalized Vaserstein symbol
Applications

Some further applications

As before, let P be a projective R-module of rank 2 with a fixed

trivialization θ � R
�

Ð� det�P� of its determinant.

Theorem (S., 2019)

The map Vθ � Um�P ` R�~E�P ` R�� Ṽ �R� is a bijection if R is
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The generalized Serre question

Topologically contractible varieties

Let k be a field which admits an embedding ι � k 0 C.

For any smooth k-variety X , one may use ι in order to define an
associated complex manifold X an

ι .

Definition

A smooth k-variety X is called topologically contractible if X an
ι is a

contractible topological space for any embedding ι � k � C.

Example

The affine spaces An
k are the primordial examples of topologically

contractible smooth affine k-schemes.
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The generalized Serre question

Serre’s question (1955)

If k is a field, are all algebraic vector bundles on An
k trivial?

Theorem (Quillen, Suslin, 1976)

If k is a field, then all algebraic vector bundles on An
k are trivial.

Generalized Serre question

If X � Spec�R� is a topologically contractible smooth affine
complex variety, then are all algebraic vector bundles on X trivial?

Tariq Syed, University of Duisburg-Essen The generalized Vaserstein symbol



Survey on the cancellation problem of projective modules
Projective modules of rank 2 with a trivial determinant

The generalized Serre question

The generalized Serre question

Serre’s question (1955)

If k is a field, are all algebraic vector bundles on An
k trivial?

Theorem (Quillen, Suslin, 1976)

If k is a field, then all algebraic vector bundles on An
k are trivial.

Generalized Serre question

If X � Spec�R� is a topologically contractible smooth affine
complex variety, then are all algebraic vector bundles on X trivial?

Tariq Syed, University of Duisburg-Essen The generalized Vaserstein symbol



Survey on the cancellation problem of projective modules
Projective modules of rank 2 with a trivial determinant

The generalized Serre question

The generalized Serre question

Serre’s question (1955)

If k is a field, are all algebraic vector bundles on An
k trivial?

Theorem (Quillen, Suslin, 1976)

If k is a field, then all algebraic vector bundles on An
k are trivial.

Generalized Serre question

If X � Spec�R� is a topologically contractible smooth affine
complex variety, then are all algebraic vector bundles on X trivial?

Tariq Syed, University of Duisburg-Essen The generalized Vaserstein symbol



Survey on the cancellation problem of projective modules
Projective modules of rank 2 with a trivial determinant

The generalized Serre question

Result in dimension 1

Theorem (Serre, 1957)

Let R be a commutative Noetherian ring of dimension d . Then
any finitely generated projective R-module P of constant rank
r A d is of the form P � P �

` R r�d for some projective R-module
P � of constant rank d .

Theorem (Gurjar, 1980)

If X � Spec�R� is a topologically contractible smooth affine
complex variety, then CH1�X � � 0.

Corollary (Gurjar, 1980)

If X � Spec�R� is a topologically contractible smooth affine
complex variety of dimension 1, then all algebraic vector bundles
on X are trivial.
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Result in dimension 2

Theorem (Gurjar-Shastri, 1989)

If X � Spec�R� is a topologically contractible smooth affine
complex variety of dimension 2, then CH2�X � � 0.

Corollary (Gurjar-Shastri, 1989)

If X � Spec�R� is a topologically contractible smooth affine
complex variety of dimension 2, then all algebraic vector bundles
on X are trivial.

In fact, the map �c1, c2� � V2�R� �

Ð� CH1�X � � CH2�X � is a
bijection.
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The generalized Serre question

Result in dimension 3

Theorem

If X � Spec�R� is a topologically contractible smooth affine
complex variety of dimension 3, then all algebraic vector bundles
on X are trivial if and only if CH2�X � and CH3�X � are trivial.

In fact, if X � Spec�R� is a smooth affine complex variety of
dimension 3, then Asok-Fasel proved in 2014 that

�c1, c2� � V2�R� �

Ð� CH1�X � � CH2�X � is a bijection

and Kumar-Murthy proved in 1982 that

�c1, c2, c3� � V3�R� �

Ð� CH1�X � � CH2�X � � CH3�X � is a bijection.
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The generalized Serre question

Result in dimension 4

Theorem (S., 2019)

If X � Spec�R� is a smooth affine variety of dimension 4 over an
algebraically closed field k with 6 > k�, all algebraic vector bundles
on X are trivial if CHi�X � � 0 for 1 B i B 4 and H2�X , I3� � 0.

Sketch of proof.

CHi�X � � 0 for i � 1,2,3,4� K̃0�X � � 0 and V1�R� is trivial.

0� K̃0�X �� K0�X � rk
Ð� Z� 0 exact � all v.b. stably trivial.

Fasel-Rao-Swan, Suslin � V3�R� and V4�R� are trivial.

CH3�X � � CH4�X � � H2�X , I3� � 0�WSL�R� � 0 (use the
Gersten-Grothendieck-Witt spectral sequence) � V2�R� trivial.
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The generalized Serre question

Result in dimension 4

Corollary (S., 2019)

If X � Spec�R� is a topologically contractible smooth affine
complex variety of dimension 4, then all algebraic vector bundles
on X are trivial if CHi�X � � 0 for i � 2,3,4 and H2�X , I3� � 0.

Conjecture (Asok-Østvær, 2019)

If X � Spec�R� is a topologically contractible smooth affine
complex variety and x > X �C� a chosen base-point, then there
exists an integer n C 0 such that Σn

P1�X , x� is A1-contractible.

Remark

A proof of the conjecture above would automatically yield an
affirmative answer to the generalized Serre question on algebraic
vector bundles in dimensions 3 and 4.
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