
Algebraic groups: the White Nights season VI
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!"#$% K & ’()*+,’-.*#/- 0’1/2"$3* 43(* 5’,’/$*,-#$-/- 23(%.

64,*7*(*2-* 1. 877-$-923* 7*:#$9-* 2’ ’()*+,’-.*#/31 123)33+,’0-- X & ;$3 ;<-
<*/$-923* ,*)"(=,23* 7*:#$9-* ),"44> Gm

a
∼= (K,+)m 2’ X # 3$/,>$3: 3,+-$3:.

? #(".’*, /3)7’ X & )-4*,439*,523#$% 9 Pn, ’77-$-923* 7*:#$9-* 2’ X 2’0>9’*$#=
-27"@-,39’22>1, *#(- 323 4,373(A’*$#= 73 ,*)"(=,23)3 7*:#$9-= 2’ Pn.

B> +"7*1 ,’##1’$,-9’$% (3/’(%2>* /32*.231*,2>* ’()*+,> 2’7 43(*1 K. C09*#$-
23, .$3 7(= /32*.231*,23: ’()*+,> A "#(39-* (3/’(%23#$- ;/9-9’(*2$23 "#(39-D
A = K → m, )7* m & -7*’(, #3#$3=E-: -0 2-(%43$*2$2>5 ;(*1*2$39.

64,*7*(*2-* 2. F3/3(% (3/’(%23: ’()*+,> A # 1’/#-1’(%2>1 -7*’(31 m & ;$3
-7*’( SocA = {a ↑ A | ma = 0}. A 2’0>9’*$#= )3,*2G$*:2393:, *#(-
dimSocA = 1.

64,*7*(*2-* 3. !"#$% 4,3*/$-92’= )-4*,439*,523#$% X ↓ Pn 0’7’2’ ",’92*2-*1
f(z0, z1, . . . , zn) = 0, )7* f & 3723,372>: 123)3.(*2. X 2’0>9’*$#= 2*9>,3A7*2-
23:, *#(- 2* #"E*#$9"*$ (-2*:23: 0’1*2> /33,7-2’$, 9 ,*0"(%$’$* /3$3,3: .-#(3
4*,*1*22>5 9 123)3.(*2* f #$’239-$#= 1*2%G* n+ 1.

(051,&."06)4 03,)’6)

? ,’+3$* [1] 73/’0’2’ #(*7"DE’= $*3,*1’.

H*3,*1’ 2. C27"@-,39’22>* ’77-$-92>* 7*:#$9-= 2’ 2*9>,3A7*22>5 )-4*,439*,5-
23#$=5 #$*4*2- d 9 Pn!1 90’-123-372302’.23 #33$9*$#$9"D$ H-4’,’1 (A,U), )7*
A & )3,*2G$*:239’ ’()*+,’ ,’01*,23#$- n # @3/3(*1 md - U & 7343(2-$*(%2’= /
SocA )-4*,4(3#/3#$% 9 m.

H’/A* 9 ,’+3$* [1] 43/’0’23, .$3 *#(- X ↓ Pn & )-4*,439*,523#$% #$*4*2- d, 73-
4"#/’DE’= -27"@-,39’223* ’77-$-923* 7*:#$9-*, $3 d ↭ n. I,31* $3)3, 9 ,’+3$*
’9$3,’ [2] 73/’0’23, .$3 7(= (D+3)3 d 3$ 2 73 n 9 Pn #"E*#$9"*$ 2*9>,3A7*22’=
)-4*,439*,523#$% #$*4*2- d # -27"@-,39’22>1 ’77-$-92>1 7*:#$9-*1.

/0*1’*2" ,"78#$5)52

C2$*,*# 4,*7#$’9(=*$ 0’7’.’ /(’##-<-/’@-- 2*9>,3A7*22>5 )-4*,439*,523#$*:
9>#3/-5 #$*4*2*:, 734"#/’DE-5 -27"@-,39’223* ’77-$-923* 7*:#$9-*. H’/, ,’2**
+>(3 73/’0’23, .$3 9 Pn #"E*#$9"*$ *7-2#$9*22’=, # $3.23#$%D 73 -0313,<-01’,
$’/’= )-4*,439*,523#$% #$*4*2- n.
6#2392>1 ,*0"(%$’$31 ,’+3$>, 34"+(-/39’2231 9 [3], =9(=*$#= #(*7"DE** "$9*,-
A7*2-*.

H*3,*1’ 2. J-#(3 /(’##39 -0313,<-01’ 2*9>,3A7*22>5 )-4*,439*,523#$*: 9 Pn

#$*4*2- d 3$ n! 1 73 n! 3 "/’0’23 9 #(*7"DE*: $’+(-@*.

dn 3 4 5 6 7 8 9 ↔ 10

n! 1 1
n! 2 – 1 3
n! 3 – – 1 3 6 5 → 6

? .’#$23#$-, 9 P9 -1**$#= +*#/32*.23* #*1*:#$93 434’,23 2*-0313,<2>5 )-4*,43-
9*,523#$*: #$*4*2- 6, 734"#/’DE-5 -27"@-,39’223* ’77-$-923* 7*:#$9-*.

"-./ -(*,0,1.23)1+

? #-(" H*3,*1> 1 /’A73: 2*9>,3A7*223: )-4*,439*,523#$- 9 Pn #$*4*2- d 3$9*-
.’*$ )3,*2G$*:239’ ’()*+,’ A ,’01*,23#$- n $’/’=, .$3 SocA = md. K(= $’/3:
’()*+,> ,’##13$,-1 43#(*739’$*(%23#$% 9(3A*22>5 -7*’(39:

A ↗ m ↗ m2 ↗ . . . ↗ md ↗ md+1 = 0.

6+302’.-1 ri = dimmi ! dimmi+1 ↫ 1 (9 .’#$23#$-, r0 = 1). !3#(*739’$*(%23#$%

(r0, r1, . . . , rd)

2’0>9’*$#= 43#(*739’$*(%23#$%D L-(%+*,$’-M’1D;(= ’()*+,> A. N*)/3 9-7*$%, .$3
n + 1 = dimA = r0 + r1 + . . . + rd. H’/-1 3+,’031, 0’7’.’ /(’##-<-/’@-- )--
4*,439*,523#$*: 9 Pn #$*4*2- d # -27"@-,39’22>1 ’77-$-92>1 7*:#$9-*1 #937-$-
#= / 43-#/" 93013A2>5 43#(*739’$*(%23#$*: L-(%+*,$’-M’1D;(=, ’ 0’$*1 / /(’#-
#-<-/’@-- #33$9*$#$9"DE-5 )3,*2G$*:239>5 ’()*+,. O’4,-1*,, *#(- d = n, $3
=#23, .$3 *7-2#$9*22’= 93013A2’= 43#(*739’$*(%23#$% L-(%+*,$’-M’1D;(= & ;$3
r0 = r1 = . . . = rn = 1, - 2* 3.*2% #(3A23 73/’0’$%, .$3 #33$9*$#$9"DE’= )3,*2-
G$*:239’ ’()*+,’ *7-2#$9*22’ - -0313,<2’ K[x]/(xn+1).
? #(".’*, /3)7’ d = n ! 1, n ! 2 -(- n ! 3, /(’##-<-/’@-= #$’239-$#= +3(**
#(3A23:. 8 -1*223, 7(= d = n! 1 *7-2#$9*223: 93013A23: 43#(*739’$*(%23#$%D
L-(%+*,$’-M’1D;(= =9(=*$#= (1, 2, 1, 1, . . . , 1), 7(= d = n! 2 & (1, 3, 1, 1, . . . , 1)

- (1, 2, 2, 1, . . . , 1), ’ 7(= d = n ! 3 & (1, 4, 1, 1, . . . , 1), (1, 3, 2, 1, . . . , 1) -
(1, 2, 2, 2, 1, . . . , 1). ? #$’$%* [4] 43(".*2’ /(’##-<-/’@-= )3,*2G$*:239>5 ’()*+,
# $’/-1- 43#(*739’$*(%23#$=1- L-(%+*,$’-M’1D;(=, 0’ -#/(D.*2-*1 2*/3$3,>5
1’(>5 ,’01*,23#$*:. P*0"(%$’$> ;$3: #$’$%-, 91*#$* # 7343(2-$*(%2>1- #33+,’-
A*2-=1-, 43093(=D$ 43(".-$% 43(2"D /(’##-<-/’@-D 2"A2>5 )3,*2G$*:239>5
’()*+,. O’/32*@, =923 4,39*,== 7(= /’A73: -0 ;$-5 ’()*+,, .$3 #33$9*$#$9"DE’=
)-4*,439*,523#$% 372302’.23 34,*7*(=*$#= ’()*+,3: - 2* 0’9-#-$ 3$ 9>+3,’ 4374,3-
#$,’2#$9’ U -0 H*3,*1> 1, 1> 43(".’*1 43(2"D /(’##-<-/’@-D #33$9*$#$9"DE-5
4,3*/$-92>5 )-4*,439*,523#$*:.

9,&:",2

!,-1*, 1. L3,*2G$*:239> ’()*+,>, 3$9*.’DE-* 2*9>,3A7*22>1 )-4*,439*,5-
23#$=1 9 Pn #$*4*2*: n - n ! 1, -0313,<2> #33$9*$#$9*223 K[x]/(xn+1) -
K[x, y]/(xy, y2 ! x

n!1).

!,-1*, 2. ? P9 -1**$#= +*#/32*.23* #*1*:#$93 2*9>,3A7*22>5 )-4*,439*,523#$*:
#$*4*2- 6 # -27"@-,39’22>1 ’77-$-92>1 7*:#$9-*1. Q1" 3$9*.’*$ +*#/32*.23* #*-
1*:#$93 )3,*2G$*:239>5 ’()*+,, 2*4,*,>923 0’9-#=E-5 3$ 4’,’1*$,’ - -0313,<-
2>5 K[x, y]/(y2 ! x

2
y ! cx

4
, x

3
y), c ↑ K↘. K(= ,’0(-.2>5 02’.*2-: c #33$9*$-

#$9"DE-* ’()*+,> (-, #(*739’$*(%23, )-4*,439*,523#$-) 434’,23 2*-0313,<2>.

45/)(* 2/1.6,1768
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!"#$%&’( ’)"*%+",-(*./ +*%0%%#),1"2

!"#$"% &"’()*+ !#,-".#,/(/"0

!"# #$% &’(, )*+,-.

1.%(/%2* 3(%45"4

!"#$% K & ’()*+,’-.*#/- 0’1/2"$3* 43(* 2"(*536 7’,’/$*,-#$-/-, X & ’88-223*
’()*+,’-.*#/3* 123)33+,’0-*, K[X] & ’()*+,’ ,*)"(9,2:7 8"2/;-6 2’ X. <+302’-
.-1 .*,*0 SAut(X) 43=),"44" 5 ),"44* ’5$313,8-0135 123)33+,’0-9 X, 43,3>=?2-
2"@ 5#*1- ’()*+,’-.*#/-1- 43=),"44’1-, -0313,82:1- ’==-$-5236 ),"44* 43(9
Ga.

<4,*=*(*2-* 1. A23)33+,’0-* X 2’0:5’*$#9 >*#$/-1, *#(- 323 2* =34"#/’*$ 2*$,--
5-’(%2:7 Ga-=*6#$5-6.

<4,*=*(*2-* 2. B*)"(9,2’9 $3./’ x → X
reg 2’0:5’*$#9 )-+/36, *#(- *? /’#’$*(%23*

4,3#$,’2#$53 43,3>=’*$#9 /’#’$*(%2:1- 5*/$3,’1- / 3,+-$’1 5#*7 Ga-=*6#$5-6.

<4,*=*(*2-* 3. A23)33+,’0-* X 2’0:5’*$#9 )-+/-1, *#(- (@+’9 *)3 ,*)"(9,2’9 $3.-
/’ )-+/’9.

C ,’+3$* [1] +:(’ =3/’0’2’ #(*="@D’9 $*3,*1’:

E*3,*1’ 1. [1, E*3,*1’ 0.1] !"#$% X 2*4,-53=-13* ’88-223* ’()*+,’-.*#/3* 123-
)33+,’0-* ,’01*,23#$- 73$9 +: 2. E3)=’ #(*="@D-* "#(35-9 F/5-5’(*2$2::
(1) X )-+/3*;
(2) G,"44’ SAut(X) =*6#$5"*$ 2’ X

reg $,’20-$-523;
(3) G,"44’ SAut(X) =*6#$5"*$ 2’ X

reg +*#/32*.23 $,’2-0-$-523.

H’8-/#-,"*1 ;*(:* .-#(’ n0 ↑ 0, k ↑ 2, =(9 /’>=3)3 i = 1, . . . , k 0’8-/#-,"*1
2’$",’(%23* .-#(3 ni > 0 - /3,$*> li = (li1, . . . , lini

). !"#$% Tij, 0 ↓ i ↓ k, 1 ↓
j ↓ ni & 2*0’5-#-1:* 4*,*1*22:*. <4,*=*(-1 13231

T
li
i = T

li1
i1 T

li2
i2 . . . T

lin
i

ini
.

I#(- n0 = 0, 43(’)’*1 T
l0
0 = 1.

<4,*=*(*2-* 4. J88-223* ’()*+,’-.*#/3* 123)33+,’0-* X 2’0:5’*$#9 $,-231-’(%-
2:1, *#(- 323 0’=’?$#9 #(*="@D*6 #-#$*136 ",’52*2-6:

→
↑↑↓

↑↑↔

ω2T
l0
0 + T

l1
1 ! T

l2
2 = 0,

. . . ,

ωkT
l0
0 + T

l1
1 ! T

lk
k = 0,

)=* =(9 /’>=3)3 i = 2, . . . , k: ωi → K↔ = K \ {0} - ωi ↗= ωj, *#(- i ↗= j.

C ,’+3$* [3] +:(3 =3/’0’23, .$3 (@+3* $,-231-’(%23* 123)33+,’0-* 2*4,-53=-13 -
23,1’(%23.
C5*=?1 #(*="@D-* 3+302’.*2-9:

T
1

i
= Ti1Ti2 . . . Tini

, T
2

i
= T

2

i1
T
2

i2
. . . T

2

ini
,

̂
T
li
i = T

li2
i2 . . . T

lin
i

ini
, T

2mi

i = T
2mi1

i1 T
2mi2

i2 . . . T
2min

i

ini
.

6.5(7"0*.$,4 .37,/$,

C ,’+3$* [2] +:(- 43(".*2: =3#$’$3.2:* "#(35-9 )-+/3#$- $,-231-’(%236 )-4*,-
435*,723#$-.

E*3,*1’ 2. [2, E*3,*1’ 4] C(*="@D-* $-4: $,-231-’(%2:7 )-4*,435*,723#$*6 )-+-
/-*:

H1 V(Tl0
0 + T

l1
1 + T

1

2
)

H2 V(T2

0
+ T

2

1
+ T

l2
2 )

H3 V(T01̂
T
l0
0 + T

l1
1 + T21

̂
T
l2
2 )

H4 V(T2

01

̂
T
2m0

0 + T
2

11

̂
T
2m1

1 + T21
̂
T
l2
2 )

H5 V(T2

01

̂
T
2m0

0 + T
2

11

̂
T
2m1

1 + T
2

21

̂
T
2m2

2 )

1.%(/%2* 7*89#:5,52

C ,’+3$* [4] +:(3 43(".*23 3+3+D*2-* ,*0"(%$’$’ K*,)*9 J(*/#’2=,35-.’ G’68"(-
(-2’ =(9 4,3-053(%2:7 $,-231-’(%2:7 123)33+,’0-6.
C5*=?1 #(*="@D-* $-4: $,-231-’(%2:7 123)33+,’0-6 =(9 k ↑ 3:

V1 V(ωiT l0
0 + T

l1
1 ! T

1

i
, 2 ↓ i ↓ k)

V2 V(ωiT 2

0
+ T

2

1
+ T

li
i , 2 ↓ i ↓ k)

V3 V(ωiT01̂
T
l0
0 + T

l1
1 ! Ti1

̂
T
li
i , 2 ↓ i ↓ k)

V4 V(ωiT 2

01

̂
T
2m0

0 ! T
2

11

̂
T
2m1

1 ! Ti1
̂
T
li
2 , 2 ↓ i ↓ k)

V5 V(ωiT 2

01

̂
T
2m0

0 + T
2

11

̂
T
2m1

1 + T
2

i1

̂
T
2mi

i , 2 ↓ i ↓ k)

E*3,*1’ 3. A23)33+,’0-9 $-4’ V1, V3, V4 )-+/-*.

E*3,*1’ 4. !"#$% 123)33+,’0-* X $-4’ V5 -(- >* $-4’ V2, 23 $’/3*, .$3 #"D*#$5"-
@$ 73$9 +: =5’ -2=*/#’ i1, i2 → {2, . . . , k} $’/-*, .$3 13231: T

li
1

i1
, T

li
2

i2
2* #3=*,>’$

4*,*1*22:7 5 4*,536 #$*4*2-. E3)=’ 123)33+,’0-* X >*#$/3*.

;7"’*72

A23)33+,’0-*

X :

→
↓

↔
T
2

01
T
4

02
+ T

2

11
T
6

12
! T21T

2

22
= 0,

2T
2

01
T
4

02
+ T

2

11
T
6

12
! T31T

5

32
= 0,

)-+/3*, 43#/3(%/" 323 $-4’ V4.

!2/(-2 " -,#:%*+<"* %,37,/#*%"4 "..#*-(/,%"+

!(’2-,"*$#9 -0".-$% /,-$*,-6 )-+/3#$- =(9 $,-231-’(%2:7 )-4*,435*,723#$*6, ’
#(*=31 - =(9 4,3-053(%2:7 $,-231-’(%2:7 123)33+,’0-6.

/01+*, 21345.3657
[1] I. Arzhantsev, H. Flenner, S. Kaliman, F. Kutzschebauch, M. Zaidenberg. Flexible varieties and

automorphism groups. Duke Math. J. 162 (2013) no. 4, 767–823.

[2] S. Gaifullin. On rigidity of trinomial hypersurfaces and factorial trinomial varieties. Preprint,
arxiv: math.AG/1902.06136 (2019).

[3] J. Hausen, M. Wrobel. Non-complete rational T -varieties of complexity one. Math. Nachr. 290
(2017), no. 5–6, 815–826.

[4] M. Ignatev, T. Vilkin. On flexibility of trinomial varieties. Preprint, arxiv: math.AG/2506.20524
(2025).
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!"#$%&%’#"()* (+,()(+,*-
&(.#&/,( ,%&/0("1,",*-

+%221)1,3%)(4#,%5
!"#$%&’$"( )$*&+( ,"(+$"+(

!"# $%. !.&. ’(%()(*(+,, -.# &/0, !(*1+,

-.+$"+/0 1$+23&2

!"#$%& "’(")%( (% ’")*+’,("- .%/",+ ’ !.0. 12(%+)3* [1].
42’,5 K 6 %$7+/.%89+’#8 :%*#(2,"+ ;"$+ <%.%#,+.8’,8#8 0. =%’’*",.8* %>>8(("+
*("7""/.%:8+ X 8 +7" %$7+/.2 .+72$?.(3< >2(#@8- B := K[X].

A;.+&+$+(8+ 1. !8>>+.+(@8.")%(8+ ω : B → B (%:3)%+,’? $"#%$5(" (8$5;",+(,-
(3* (BC!), +’$8 &$? $D/"7" f → B (%-&E,’? (%,2.%$5("+ 98’$" n ,%#"+, 9,"
ωn(f) = 0.

A/":(%98* *("F+’,)" )’+< BC! %$7+/.3 B #%# LND(B). G2H+’,)2+, +’,+’,)+(("+
&+-’,)8+ 7.2;;3 %),"*".>8:*") Aut(B) %$7+/.3 B (% LND(B) ’";.?F+(8?*8.
G,%/8$8:%,". BC! ω ;.8 I,"* &+-’,)88 "/":(%98* 9+.+: Aut(B)ω.
!)% BC! ω 8 ε (%:3)%D,’? I#)8)%$+(,(3*8, +’$8 Ker(ω) = Ker(ε), I," .%)("-
’8$5(" ,"*2, 9," ε = hω, &$? (+#","."7" h 8: ;"$? 9%’,(3< Quot(Ker(ω)). !$?
&%(("7" BC! ω "/":(%98* U(ω) 6 ;"&7.2;;2 I#’;"(+(, )’+< I#)8)%$+(,(3< ’ ω

BC!.

A;.+&+$+(8+ 2. J2&+* (%:3)%,5 BC! ω *%#’8*%$5(3*, +’$8 )’+ BC! %$7+/.3 B,
#"**2,8.2DH8+ ’ ω, I#)8)%$+(,(3 +*2.

A;.+&+$+(8+ 3. K(&-*("7""/.%:8+ 6 I," "/L+&8(+(8+ V = ↑i→NVi )":.%’,%DH+-
;"’$+&")%,+$5("’,8 %$7+/.%89+’#8< *("7""/.%:8- V1 ω→ V2 ω→ . . ., ;.89+* )’+
)$"F+(8? Vi ω→ Vi+1 :%*#(2,3 ) ,";"$"788 M%.8’’#"7". N’$8 )’+ Vi %>>8((3, ,"
V 6 %>>8(("+ 8(&-*("7""/.%:8+. C% 8(&-*("7""/.%:88 ))"&8,’? ,";"$"78? M%.8’-

’#"7": U ↓ V :%*#(2," ) V ,"7&% 8 ,"$5#" ,"7&%, #"7&% U ↔ Vi :%*#(2," ) Vi. C%
:%*#(2,"* ;"&*("F+’,)+ 8(&-*("7""/.%:8? 8*++,’? +’,+’,)+((%? ’,.2#,2.% 8(&-
*("7""/".%:8?.
O".>8:* &)2< 8(&-*("7""/.%:8- V = ↑iVi 8 W = ↑iWi 6 I," ,%#"+ ","/.%F+(8+
ϑ : V → W, 9," &$? $D/"7" k (%-&+,’? l, 9," )3;"$(+(" ’$+&2DH++: ϑ(Vk) ↓ Wl

8 8(&2@8.")%(("+ ","/.%F+(8+ Vk → Wl 6 *".>8:* %$7+/.%89+’#8< *("7""/.%-
:8-.

A;.+&+$+(8+ 4. K(&-7.2;;% G 6 I," 8(&-*("7""/.%:8+ ’ ,%#"- 7.2;;")"- ’,.2#-
,2."-, 9," ","/.%F+(8+ G ↗ G → G, (g, h) ↘→ gh!1, ?)$?+,’? *".>8:*"* 8(&-
*("7""/.%:8-.

!$? 7.2;;3 Aut(B) ’2H+’,)2+, +’,+’,)+((%? ’,.2#,2.% 8(&-7.2;;3, % ++ %$7+/.%
B8 )#$%&3)%+,’? ) %$7+/.2 &8>>+.+(@8.")%(8- (% B (’*. [3]).

4+.+-&+* # ";.+&+$+(8D ,.8("*8%$5(3< 78;+.;")+.<("’,+-. A;.+&+$8* *"("*
Tli
i = Tli1

i1 . . . T
lini
ini

, n0 ≃ 0, n1, n2 ≃ 1, lij 6 ;"$"F8,+$5(3+ @+$3+ 98’$%, ;.89+*
+’$8 n0 = 0, ," ’"",)+,’,)2DH8- *"("* ’98,%+,’? .%)(3* +&8(8@+. A/":(%98*
n = n0 + n1 + n2.

A;.+&+$+(8+ 5. P.8("*8%$5("- 78;+.;")+.<("’,5D (%:3)%+,’? %>>8(("+ *("7"-
"/.%:8+ ) n-*+.("* %>>8(("* ;."’,.%(’,)+, :%&%DH++’? 2.%)(+(8+* ’$+&2DH+7"
)8&%:

Tl0
0 + Tl1

1 + Tl2
2 = 0,

7&+ Tij )3’,2;%D, ) ."$8 ;+.+*+((3<.

-.+$"+/0 4056*73(3/

Q .%/",+ ";8’%(3 *%#’8*%$5(3+ BC! (% ,.8("*8%$5(3< 78;+.;")+.<("’,?<, :%-
&%DH8<’? 2.%)(+(8?*8:

x1 . . . xky
a1
1 . . . yam

m = zn + 1, (1)

R,)+.F&+(8+ 1. Q’+ "&("."&(3+ BC! (% ,.8("*8%$5(3< 78;+.;")+.<("’,?< )8-
&% (1) *%#’8*%$5(3.

P%#F+ ) .%/",+ ) #"*/8(%,".(3< ,+.*8(%< ";8’%( #.8,+.8- *%#’8*%$5("’,8 "&("-
."&("7" BC! (% (".*%$5("* ,".89+’#"* *("7""/.%:88. 42’,5 ϖ 6 .%@8"(%$5(3-
;"$8I&.%$5(3- #"(2’, ’"",)+,’,)2DH8- (".*%$5("*2 ,".89+’#"*2 *("7""/.%:8D
’ I>>+#,8)(3* &+-’,)8+* ,".% T ) ;."’,.%(’,)+ NQ := N⇐ZQ, 7&+ N 6 .+S+,#%
"&(";%.%*+,.89+’#8< ;"&7.2;; ,".% T.

R,)+.F&+(8+ 2. 42’,5 e 6 #".+(5 !+*%:D.%, ’"",)+,’,)2DH8- .+/.2 ρ. BC! ωe
*%#’8*%$5(" ,"7&% 8 ,"$5#" ,"7&%, #"7&% ⇒e, v ⇑⇓ ⇔= 0 &$? )’+< .+/+. ρ ⇑, $+F%H8< ’
ρ ) "&("- &)2*+.("- 7.%(8 ϖ, 7&+ v ⇑ 6 ;.8*8,8)(3- )+#,". (% .+/.+ ρ ⇑.

BD/"- ϑ → Aut(B)ω ’"<.%(?+, ;"&%$7+/.2 A := Ker(ω), ;"I,"*2 *"F(" .%’’*",-
.+,5 7"*"*".>8:* "7.%(89+(8? Θ : Aut(B)ω → Aut(A). Q [2] &"#%:%(" ’$+&2DH++
2,)+.F&+(8+:

R,)+.F&+(8+ 3. Ker(Θ) = U(ω).

0(%$"789(" [4] *"F(" &"#%:%,5 ’$+&2DH2D ,+".+*2:

P+".+*% 1. 42’,5 G ↓ Aut(X) 6 :%*#(2,%? ;"&7.2;;%, g 6 ++ %$7+/.% B8 ,%#%?,
9," ) (+- )3;"$(+(3 ’$+&2DH8+ 2’$")8?:
1) )’+ BC! ) g I#)8)%$+(,(3 8 &$? $D/"7" BC! ε → g )+.(", 9," exp(ε) → G,
2) &$? $D/"7" $"#%$5(" #"(+9("7" &8>>+.+(@8.")%(8? ω → g )+.(", 9," ωs,

ωn → g, 7&+ ω = ωs + ωn 6 .%:$"F+(8+ T".&%(% &$? ω.
P"7&% ) G )’+ *%#’8*%$5(3+ ,".3 ’";.?F+(3 ’ ;"*"H5D exp(ε) &$? (+#","."7"
BC! ε → g.

U.2;;% Aut(B)ω &$? *%#’8*%$5("7" BC! ω 2&")$+,)".?+, 2’$")8?* ,+".+*3 )3S+,
8 ;"I,"*2 &$? (++ )+.(" ’$+&2DH++:

G$+&’,)8+. 42’,5 ω 6 *%#’8*%$5("+ BC! 8 T 6 *%#’8*%$5(3- ,". ) Aut(B)ω.
P"7&% Aut(B)ω ’"<.%(?+, *("F+’,)" T-;"$28()%.8%(,(3< >2(#@8- 8: A.

V,8 >%#,3 ;":)"$?D, (%-,8 Aut(B)ω &$? *%#’8*%$5(3< BC! (% ";8’%((3< )3S+
,.8("*8%$5(3< 78;+.;")+.<("’,?<, % ,%#F+ (% ,".89+’#8< *("7""/.%:8?<.

P+".+*% 2. 42’,5 ω 6 "&("."&("+ (+;.8)"&8*"+ BC! (% 78;+.;")+.<("’,8 )8&% (1).
P"7&%

Aut(B)ω = (Sω ⊋Hω)⊋ U(ω),

7&+ Sω 6 ;.?*"+ ;."8:)+&+(8+ ’8**+,.89+’#8< 7.2;;, ;+.+’,%)$?DH8< ;+.+*+(-
(3+ 8: ?&.%, )<"&?H8+ ) *"("* x1 . . . xky

a1
1 . . . yam

m ’ "&8(%#")3*8 ’,+;+(?*8,
Hω = H ↔ Aut(B)ω, % H 6 (+#",".3- #)%:8,"., &+-’,)2DH8- (% 78;+.;")+.<-
("’,8.

P+".+*% 3. 42’,5 X 6 %>>8(("+ ,".89+’#"+ *("7""/.%:8+ ’ I>>+#,8)(3* &+--
’,)8+* ,".% T 8 ω 6 *%#’8*%$5("+ T-"&("."&("+ BC! (% X. P"7&%

Aut(B)ω = (Sω ⊋ Tω)⊋ U(ω),

7&+ Sω 6 #"(+9(%? 7.2;;%, % Tω 6 ;"&,". ) T, ’"’,"?H8- 8: #"**2,8.2DH8< ’ ω

I$+*+(,").

23$*(1 4$567,5879
[1] D. Chunaev, P. Evdokimova. Isotropy subgroups of homogeneous locally nilpotent derivations,

arXiv:2604.04762, 2026.

[2] N. Dasgupta, S. Gaifullin, A. Lahiri. Isotropy subgroups of locally nilpotent derivations, in
preparation.

[3] J.-P. Furter, H. Kraft. On the geometry of the automorphism groups of a!ne varieties,
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[4] A. Perepechko, A. Regeta. When is the automorphism group of an a!ne variety nested?
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!"#$#%&$%’(’%) *$&%+$,’%-.’%) /01(",1(.

2&,3"($#’45 2&,1(&%’1(#
!"#$%& !’()#* +,’#-.("),

!"# $%&, ’()*+,

/’)&")0( 1&)*$#*

!"#$% $& ’()*#+, $#-./0%1#.2* 3$/)4$2#)(5#26 ’12%1./$$ 7*(71.-7 8/2’/)%%)

%$#$%)(5#+, %2"1(16 (9::). ;.2 8/241"0/), 82(0<)=>)7 #) *,2"1 8/21?.$*#21

)(’13/)$<1-?21 %#2’223/)&$1 $ *+")=>)7 * ?)<1-.*1 /1&0(5.).) ($32 .)? #)&+*)-

1%0= @%$#$%)(5#0= %2"1(5A, ($32 /)--(21#$1 :2/$.

!8/1"1(1#$1. 90-.5 X – %#2’223/)&$1 - .1/%$#)(5#+%$ Q-B)?.2/$)(5#+%$ 2-2-

31##2-.7%$ (#)8/$%1/, ’()"?21). C2’") %2/B$&% ω : X → Y #)&+*)1.-7 /)--(21#$-

1% :2/$, 1-($ 2.#2-$.1(5#+6 /)#’ 9$?)/) ε(X/Y) = 1, )#.$?)#2#$<1-?$6 "$*$&2/

!KX 82(2D$.1(5#2 81/1-1?)1.-7 - ?/$*+%$ * -(27, $ dim Y < dimX.

E(7 %#2’223/)&$6 F)#2 /1&0(5.). 9:: – *-1’") /)--(21#$1 :2/$. !.?0") *2&#$-

?)1. 1-.1-.*1##+6 *28/2-: #)-?2(5?2 2"#2&#)<#2 /)--(21#$1 :2/$ X → Y 28/1"1(7-

1.-7 3$/)4$2#)(5#+% ?()--2% X? ;.2. *28/2- 8/$*2"$. ? 82#7.$= 3$/)4$2#)(5#26

DG-.?2-.$.

!8/1"1(1#$1. :#2’223/)&$1 F)#2 X - ε(X) = 1 #)&+*)1.-7 3$/)4$2#)(5#26 DG-.-

?$%, 1-($ (=321 /)--(21#$1 :2/$, 3$/)4$2#)(5#21 X, $&2%2/B#2 X.

23"(’$)0( 4(35-.$,$0

H0>1-.*01. "2-.).2<#2 %#2’2 8/$%1/2* 3$/)4$2#)(5#2 DG-.?$, ./G,%1/#+, %#2-

’223/)&$6 F)#2:

• ’()"?)7 ?*)/.$?);

• 82(#21 81/1-1<1#$1 ?*)"/$?$ $ ?03$?$;

• #1?2.2/+1 "*26#+1 #)?/+.$7;

• #1?2.2/+1 ’$81/82*1/,#2-.$ *2 *&*1I1##2% 8/21?.$*#2% 8/2-./)#-.*1.

6%"#",4#,)$)&( &7&78()#(

J-($ #) %#2’223/)&$$ X "16-.*01. (?2#1<#)7) ’/088) G → Aut(X), .2 1-.1-.*1##2

/)--%)./$*).5 .2(5?2 .1 3$/)4$2#)(5#+1 8/123/)&2*)#$7, ?2.2/+1 -2,/)#7=. K.2

"16-.*$1. ;.2 8/$*2"$. ? 82#7.$= G-3$/)4$2#)(5#26 DG-.?2-.$.

L#.1/1-#+6 B1#2%1# -2-.2$. * .2%, <.2 %#2’223/)&$1, #1 7*(7=>11-7 3$/)4$2#)(5-

#2 DG-.?$% * 23+<#2% -%+-(1, %2D1. 2?)&).5-7 G-3$/)4$2#)(5#2 DG-.?$% 82-(1

B$?-)4$$ 82",2"7>16 ’/088+ G.

94#:(40

$ -,./0-1()23 2

C12/1%) [1]. 90-.5 G – ?2#1<#)7 82"’/088) * Aut(P2). C2’") P2
7*(71.-7 G-

3$/)4$2#)(5#2 DG-.?26 ↑↓ G "16-.*01. #) P2
31& #182"*$D#+, .2<1? & G ↑↓ A4

& G ↑↓ S4.

$ -,./0-1()23 3

C12/1%) [2, 3, 4]. 90-.5 G – ?2#1<#)7 82"’/088) * Aut(P3). C2’") P3
7*(71.-7 G-

3$/)4$2#)(5#2 DG-.?$% ↑↓ G "16-.*01. #) P3
31& #182"*$D#+, .2<1? & * P3

#1.

G-$#*)/$)#.#26 8)/+ -?/1>$*)=>$,-7 8/7%+, & #1. G-2/3$. "($#+ 4 & G ↑↓ A5

& G ↑↓ S5.

$ -,./0-1()23 4

M /)32.1 [5] 82?)&)#2, <.2 P4
7*(71.-7 G-3$/)4$2#)(5#2 DG-.?$% "(7 ’/088+

G ↓ PSp4(F3).

9*$#:(4)&( 14&(%$#")&( 14&’$4,)’$"&

N$82.1&). 90-.5 G → Aut(P5) – 8/2-.)7 ’/088) O2(()-P#?2. C2’") P5
7*(71.-7

G-DG-.?$%.

L"17 "2?)&).1(5-.*) 28$/)1.-7 #) K?*$*)/$)#.#0= *1/-$= #1/)*1#-.*) QG.1/)-

F)#2 $ 8/2*2"$.-7 2. 8/2.$*#2’2. J-($ P5
#1 G-(-*1/,)DG-.?2, .2 -0>1-.*0-

=. G-$#*)/$)#.#)7 82"*$D#)7 ($#16#)7 -$-.1%) M → |OP5(n)| $ #).0/)(5#21

n, "(7 ?2.2/+, 8)/) (P5, 6nM) $%11. #1?)#2#$<1-?$1 2-231##2-.$. C2’") ")(5-

#16I)7 -./).1’$7 – $-?(=<1#$1 #1?)#2#$<1-?$, 41#./2* /)&#26 /)&%1/#2-.$ d,

d ↔ {0, 1, 2, 3, 4}.

d = 4: L-?(=<)1.-7 )*.2%).$<1-?$, ..?. -$-.1%) M 82"*$D#).

d = 3: R1#./+ ")##26 /)&%1/#2-.$ $-?(=<)=.-7, ..?. #) P5
#1. G-$#*)/$)#.#+,

./G,%1/#+, ’$81/82*1/,#2-.16 %)(1#5?26 -.181#$.

d = 1 $ d = 0: 91/16"G% 2. 8)/+ (P5, 6nM) - ?)#2#$<1-?$%$ 2-231##2-.7%$ ? 8)/1

(P5, 8nM) - #1(2’?)#2#$<1-?$%$ 2-231##2-.7%$. M2-82(5&01%-7 ./=?2% S)*)%).+-

T2?0/2*). 92-(1 %)(2’2 *2&%0>1#$7 ’/)#$4+ %2D#2 -<$.).5, <.2 %#2D1-.*2 Z

(2’?)#2#$<1-?$, 2-231##2-.16 8/1"-.)*(71. -2326 "$&U=#?.#21 23U1"$#1#$1 %$-

#$%)(5#+, (2’?)#2#$<1-?$, 41#./2*, 23/)&0=>$, 2"#0 G-2/3$.0. 92 .12/1%1 Q)-

"1(7 23 23/)>1#$$ * #2(5 $%11%: h1(P5,OP5(3)↗IZ) = 0. !.?0") %2D#2 82(0<$.5

($32 8/2.$*2/1<$1 - "($#)%$ G-2/3$. #) P5
(* -(0<)1 d = 0), ($32 8/2.$*2/1<$1

- 241#?26 #) ?2($<1-.*2 ?2%82#1#. Z $ -.181#5 %$#$%)(5#2’2 41#./) Z1 (* -(0<)1

d = 1).

453)(* 6320-,27-8
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Flexibility of a!ne
horospherical varieties

Veronika Kikteva
HSE, Moscow

Preliminaries

Let K be an algebraically closed field of characteristic zero. For an a!ne variety X over K
denote by Aut(X) its group of regular automorphisms.

Flexibility

An algebraic subgroup of Aut(X) is called a Ga-subgroup if it is isomorphic to the

additive group of the ground field K. We denote by SAut(X) the subgroup of Aut(X)

generated by all Ga-subgroups and call it the group of special automorphisms. An a!ne

algebraic variety X is called flexible if every regular point x → X
reg

is flexible, that is, its

tangent space TxX is spanned by tangent vectors to Ga-orbits.

A group G acts on a set X infinitely transitively if for each m → Z>0 it acts transitively

on the set of m-tuples of distinct points of X.

Theorem. [1, Theorem 0.1] For an a!ne variety X of dimension ↑ 2, flexibility of X is

equivalent to transitivity of SAut(X)-action on the regular locus X
reg

and is equivalent

to infinite transitivity of SAut(X)-action on X
reg

.

Rational polyhedral cones

Let V be a finite-dimensional Q-vector space. A subset ω ↓ V is called a finitely

generated cone if there exists a finite set v1, . . . , vk → V such that

ω = Q↑0v1 + · · · +Q↑0vk.

All cones considered here are assumed to be finitely generated.

Let ω ↓ V be a cone. Denote by ↔·, ·↗ the natural pairing between V and the dual

space V
↘
. Consider the dual cone ω

∨
in V

↘
, defined by

ω
∨ := {w → V

↘ | ↔w, v↗ ↑ 0 for all v → ω}.

Since the cone ω is finitely generated, the cone ω
∨

is also finitely generated and we have

(ω∨)∨ = ω. A face ε of ω is a subset of ω given by

ε = ω ≃ u
⇐ = {v → ω | ↔u, v↗ = 0}

for some u → ω
∨
. Each face is also a finitely generated cone.

The dimension of ω is the dimension of its linear span Qω. A cone ω ↓ V is called strictly

convex if ω ≃ (!ω) = {0}. A cone ω is strictly convex if and only if the cone ω
∨

has

dimension equal to the dimension of V . An extremal ray of ω is a face of dimension one.

If ω is strictly convex, its extremal rays are cones Q↑0vi for a minimal set of generators

{v1, . . . vk}.

There is a one-to-one correspondence between faces of ω and faces of ω
∨
. A face ε ⇒ ω

correspons to the face

ε̂ = ω
∨

≃ ε
⇐ = {u → ω

∨ | ↔v, u↗ = 0 ⇑v → ε} ⇒ ω
∨
.

Note that dim ε+ dim ε̂ = dimV .

Let N be a lattice and NQ = N⇓ZQ be a rational vector space spanned by N. Consider

the lattice M = HomZ(N,Z) and the vector space MQ = M ⇓Z Q = N
↘
Q. Let ω

be a strictly convex cone in NQ. Denote by v1, . . . , vk the primitive integer vectors on

extremal rays ϑ1, . . . , ϑk of ω. For each ray ϑi = Q↑0vi we define

Rϑ(ω) := {e → M | ↔vi, e↗ = !1 and ↔vj, e↗ ↑ 0 for all j ⇔= i}.

Elements of Rϑ(ω) are called Demazure roots of ω with distinguished ray ϑ.

By a semigroup we mean a finitely generated semigroup with unit. Consider a

subsemigroup F ↓ M and the corresponding cone ω
∨ := Q↑0F ↓ MQ. We say

that F is saturated if ω
∨

≃ ZF = F. The semigroup Fsat := ω
∨

≃ ZF is called the

saturation of F and elements of Fsat\F are called holes of F. An element m of F is said

to be a saturation point of F if (m+ ω
∨) ≃ ZF ↓ F, that is, the shifted cone m+ ω

∨

has no holes. A face ε of ω
∨

is called almost saturated if there exists a saturation point

of F in ε. Otherwise ε is called nowhere saturated.

Horospherical varieties

An irreducible algebraic variety X is horospherical if it admits an action of a connected

linear algebraic group G such that the stabilizer of a generic point contains a maximal

unipotent subgroup of G. We say that a horospherical variety X is complexity-zero if

the action of G on X possesses an open orbit O. We may assume that G is reductive.

For each character ϖ → X(B) consider the weight subspace

Sϖ := {f → K[G] | f(gb) = ϖ(b)f(g) for all g → G,b → B}.

The set

X+(B) := {ϖ → X(B) | Sϖ ⇔= {0}}

coincides with the set of dominant weights of G.

Let F ↓ X+(B) be a subsemigroup. Then the spectrum X = X(F) of the algebra

SF :=
⊕

ϖ→F
Sϖ

is an a!ne horospherical G-variety, and all a!ne horospherical G-varieties can be

obtained in such a way.

Let M := ZF be the lattice generated by F and N = Hom(M,Z) be its dual lattice.

Consider the rational vector spaces MQ = M⇓ZQ and NQ = N⇓ZQ = M
↘
Q. Let ω

∨

be the cone generated by F, that is,

ω
∨ := Q↑0F ↓ MQ.

By ω we denote the cone in NQ dual to ω
∨
. Note that ω is strictly convex.

There is a one-to-one correspondence between faces of ω and G-orbits on X. Namely, if

Oε ↓ X is a G-orbit on X, corresponding to some face ε of ω, then the vanishing ideal

of its closure Oε has the form

Iε = I(Oε) =
⊕

ϖ→F\ε̂
Sϖ.

Results

Let X = X(F) be an a!ne complexity-zero horospherical G-variety. Denote by ω and ω
∨

the corresponding pair of dual cones.

Let C be the fundamental Weyl chamber, that is, the cone in X(B) ⇓Z Q generated

by X+(B). We denote by θ
∨

the cone C ≃ MQ. Consider θ ↓ NQ dual to θ
∨
. An

extremal ray ϑ ⇒ ω is significant if Oϑ has codimension one in X and consists of regular

points. Denote by γ = γ(X) the cone in NQ generated by θ and the significant extremal

rays of ω. We say that γ is the regularity cone of X.

Lemma 1. [2, Lemma 3.2] The algebra of regular functions on the regular locus X
reg

of X

has the form

K[Xreg] =
⊕

ϖ→γ∨≃M

Sϖ.

Lemma 2. [2, Lemma 3.3, Lemma 3.4] Let ϑ be an extremal ray of the cone ω such that

codimXOϑ = 1. Then the following conditions are equivalent.

(1) There exists an M-homogeneous LND φe on K[X] of degree e → θ
∨
, where e is a

Demazure root of ω with the distinguished extremal ray ϑ.

(2) The orbit Oϑ consists of regular points of X, i.e. ϑ is significant.

(3) The face ϑ̂ ⇒ ω
∨

is almost saturated.

The following flexibility criterion for an a!ne complexity-zero horospherical variety is

the main result of this work.

Theorem. [2, Theorem 4.1] Let X be an a!ne complexity-zero horospherical variety.

Then the following conditions are equivalent.

(1) The variety X is flexible.

(2) The regularity cone γ of the variety X is not contained in any hyperplane in NQ.

(3) For each non-constant regular function f → K[X] the intersection of the zero

locus V(f) and the regular locus X
reg

is not empty.

Corollary 1. [2, Corollary 4.2] Suppose the semigroup F has finitely many holes. Then

the variety X is flexible if and only if ω is not contained in any hyperplane of NQ.

Corollary 2. [2, Corollary 4.3] Suppose the semigroup F has a finite number of holes.

Then the variety X is flexible if and only if it admits only constant invertible regular

functions.

!"#$%& ’#()*+(,*-
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!""#$$%& ’($(#)% * +,-#.$(/ 01233(/
(41+-#’%5 67&’&$-(.

!"#$%& ’&($)*"+(

!"#, $%&’()

,#+-.+/) 0-+1$"1

!"#$% X & ’()*+,%’(- ’-.)/0(1/*(- +22/’’(- +,-
3-4)+/5-#6(- *’(3((4)+7/-, / ."#$% 1+’ *()2/7*
X → X → X, (x, y) ↑→ x ↓ y. 8(31+ X ’+790+-$#:
+,3-4)+/5-#6/* *(’(/1(*, -#,/ 1,: 0#-; x, y, z ↔ X

09.(,’-’( x ↓ (y ↓ z) = (x ↓ y) ↓ z / ’+<1-$#: $+6+:
$(56+ 1 ↔ X, 5$( x ↓ 1 = 1 ↓ x = x. = >$(* #,"-
5+- 1 ’+790+-$#: ’-<$)+,%’9* >,-*-’$(*. ?)"..+
(4)+$/*9; >,-*-’$(0 G +,3-4)+/5-#6(3( *(’(/1+ X

:0,:-$#: +,3-4)+/5-#6(< 3)"..(< / ($6)9$+ .( @+-
)/##6(*" 0 X.

A+# /’$-)-#"-$ #,"5+<, 6(31+ G = U ↭ T , 31- T &
$(), U & "’/.($-’$’+: 3)"..+, .(,".):*(- .)(/7-
0-1-’/- 7+1+-$#: 3(*(*()2/7*(* ω : T → AutU.

B-**+ 1 [YZ] !"#$% X & +22/’’9< *(’(/1 # 3)".-
.(< (4)+$/*9; >,-*-’$(0 G = U ↭ T . 8(31+
’+ U *(C’( 00-#$/ 6(()1/’+$9 $+6/* (4)+7(*,
5$( ω(t) = diag(ε1(t), . . . ,εk(t)) ↔ GL(U), 31-
ε1(t), . . . ,εk(t) & ;+)+6$-)9 $()+ T .

= "#,(0/:; ,-**9 1 3)".." (4)+$/*9; >,-*-’$(0
4"1-* (4(7’+5+$% Gε, 31-
ε = (ε1, . . . ,εk) & ’+4() ;+)+6$-)(0.

2&$".+/) 3-+-"4/

D.)-1-,-’/- !(,".):*(- .)(/70-1-’/- G = U ↭ T

’+790+-$#: +6$/0’9*, -#,/ dim T + dim Imω =

dimG.

!(’:$/- +6$/0’(3( .(,".):*(3( .)(/70-1-’/: 49,(
00-1-’( 0 )+4($- [YZ].

B-**+ 2 [YZ, ,-**+ 2] ?)"..+ G = Gε +6$/0’+ $(-
31+ / $(,%6( $(31+, 6(31+ ;+)+6$-)9 $()+ ,/’-<’(
’-7+0/#/*9.

E,-1#$0/- !"#$% G = U↭T +6$/0’+. 8(31+ dimU ↗
dim T .

!)-1,(C-’/- [YZ, !)-1,(C-’/- 2] !"#$% X & +2-
2/’’9< *(’(/1 # +6$/0’(< 3)"..(< (4)+$/*9; >,--
*-’$(0 Gε. 8(31+ X :0,:-$#: $()/5-#6/* *’(3((4-
)+7/-*, + 3)"..+ (4)+$/*9; >,-*-’$(0 Gε /’0+)/-
+’$’+ ($’(#/$-,%’( 1-<#$0/: $()+.

F$0-)C1-’/- !"#$% .(,".):*(- .)(/70-1-’/- U↭T

+6$/0’(. 8(31+ 3)"..+U :0,:-$#: 6(**"$+$/0’(<, /,
#,-1(0+$-,%’(, U ∼= Gk

a
.

5-*+" 6)3(7%*(

!"#$% Xϑ & +22/’’(- $()/5-#6(- *’(3((4)+7/-, +
p1, . . . , pm ↔ N & .)/*/$/0’9- 0-6$()9 ’+ (1’(-
*-)’9; (4)+7"GH/; 6(’"#+ ϑ. I,: 6+C1(3( 1 ↗ i ↗
m (.)-1-,/* *’(C-#$0(

Ri = {e ↔ M | ↘pi, e≃ = !1, ↘pj, e≃ ⇐ 0

1,: 0#-; i ⇒= j, 1 ↗ j ↗ m}.

J,-*-’$9 *’(C-#$0+ R = ⊔
1↗i↗mRi ’+790+G$#:

6()’:*/ I-*+7G)+.

D.)-1-,-’/- !"#$% ϖ = ↘p1, . . . , pk≃⇐0 & )-3",:)-
’+: k-*-)’+: 3)+’% 6(’"#+ ϑ. A+7(0-* ’+7(0-* ’+4()
6()’-< I-*+7G)+ e

(i)
r

, 31- i = 1, . . . , k, r = 1, 2, #(-
3,+#(0+’’9* # 3)+’%G ϖ, -#,/ ↘pj, e

(i)
1 ≃ = ↘pj, e

(i)
2 ≃ =

!δij, 31- δij & #/*0(, K)(’-6-)+, i, j = 1, . . . , k.

58(##"9"&(:"1

T-()-*+ 1 !"#$% X = Xϑ & +22/’’(- $()/5-#6(-
*’(3((4)+7/-, 6(’"# ϑ #(1-)C/$ k-*-)’"G #/*.,/-
L/+,%’"G )-3",:)’"G 3)+’% ϖ ⇑ ϑ / e

(i)
1 / e

(i)
2 &

’+4() 6()’-< I-*+7G)+, #(3,+#(0+’’9; # ϖ. 8(31+
2()*",+ 6("*’(C-’/: [X] → [X] ⇓ [X]

ε
u ↑→ ε

u ⇓ ε
u

k↑

i=1

(1 ⇓ ε
e
(i)
1 + ε

e
(i)
2 ⇓ 1)↘pi,u≃

, (1)

31- [Xϑ] = ⊕
u↔Sϑ ε

u, 7+1+-$ ’+ X #$)"6$")" *(’(-
/1+ # 3)"..(< (4)+$/*9; >,-*-’$(0 Gε, 31- εi =

ε
e
(i)
1
!e

(i)
2 .

T-()-*+ 2 BG4(< +22/’’9< +,3-4)+/5-#6/< *(’(-
/1 # +6$/0’(< 3)"..(< (4)+$/*9; >,-*-’$(0 /7(*()-
2-’ *(’(/1" /7 $-()-*9 1 1,: ’-6($()9; 6(’"#+ ϑ,
-3( k-*-)’(< #/*.,/L/+,%’(< )-3",:)’(< 3)+’/ ϖ /
’+4()+ 6()’-< I-*+7G)+ e(i)1 / e

(i)
2 , #(3,+#(0+’’(3( #

ϖ (i = 1, . . . , k). M(,-- $(3(, 3)"..+ (4)+$/*9; >,--
*-’$(0 *(’(/1+ /7 $-()-*9 1 +6$/0’+ $(31+ / $(,%6(
$(31+, 6(31+ )+7’(#$/ e

(i)
1 !e

(i)
2 ,/’-<’( ’-7+0/#/*9.

;4)30-$)+$/

A+.(*’/*, 5$( x ↔ X ’+790+-$#: /1-*.($-’$(*, -#-
,/ x ↓ x = x.

T-()-*+ 3 !"#$% Xϑ & 6()’-0(< *(’(/1, γ & 3)+’%
6(’"#+ ϑ. D4(7’+5/* 5-)-7 Eγ *’(C-#$0( /1-*.(-
$-’$(0, ,-C+H/; 0 ()4/$- Oγ. 8(31+ 0 (4(7’+5-’/:;
$-()-*9 1:

1 N#,/ ϖ ⇔ γ, $( Eγ = {xγ};

2 N#,/ ’+<1-$#: ,"5 pi /↔ γ, / #(($0-$#$0"GH/-
6()’/ I-*+7G)+ e

(i)
1 , e

(i)
2 /↔ γ

↖ /,/
e
(i)
1 , e

(i)
2 ↔ γ

↖, $( Eγ = ⊋;

3 N#,/ 1,: 0#-; ,"5-< p1, . . . , ps /↔ γ /7
#(($0-$#$0"GH/; 6()’-< I-*+7G)+ e

(i)
1 , e

(i)
2

)(0’( (1/’ ,-C/$ 0 γ
↖, $(

Eγ = {εu = 1 ↙u ↔ (ϖ,γ)↖ ∝ Sϑ}

<*"3)*/

O+##*($)/* 6(’"# ϑ 0 4-*-)’(< )-P-$6- N # (1-
’(*-)’9*/ (4)+7"GH/*/ p1 = (1, 0, 0, 0), p2 =

(0, 1, 0, 0), p3 = (0, 0, 1, 0), p4 = (0, 1, 0, 1), p5 =

(1, 0, 0, 1). 8(31+ 10(<#$0-’’9< 6(’"# ϑ
∨ ⇑ M 4"-

1-$ 7+1+0+$%#: (4)+7"GH/*/ q1 = (1, 0, 0, 0), q2 =

(0, 1, 0, 0), q3 = (0, 0, 1, 0), q4 = (0, 0, 0, 1), q5 =

(1, 1, 0,!1). O+##*($)/* 2"’6L// xi = ε
qi. 8(-

31+ +,3-4)+ )-3",:)’9; 2"’6L/< #(($0-$#$0"GH-3(
$()/5-#6(3( *’(3((4)+7/: 4"1-$ /7(*()2’+ [X] ∼=

[x1, x2, x3, x4, x5] # #(($’(P-’/:*/ x1x2 = x4x5. 8(-
31+

X = {x1x2 = x4x5} ⇔ A5
.

O+##*($)/* 10"*-)’9< )-3",:)’9< 6(’"# ϖ =

↘p1, p2≃⇐0. =94-)-* 6()’/ I-*+7G)+, #(3,+#(0+’’9-
# 6(’"#(* ϖ (.( 2 1,: 6+C1(3( .)/*/$/0’(3( 0-6$(-
)+ p1, p2).

e
(1)
1 = (!1, 0, a1, b1), e

(1)
2 = (!1, 0, a2, b2),

31- ai ⇐ 0, bj > 0,

e
(2)
1 = (0,!1, c1, d1), e

(2)
2 = (0,!1, c2, d2),

31- ci ⇐ 0, dj > 0;

!)/ $+6(* 094()- 6()’-< I-*+7G)+ 2()*",+ (1) 4"-
1-$ /*-$% 0/1:

ε
u ↑→ ε

u⇓ε
u(1⇓ε

e
(1)
1 +ε

e
(1)
2 ⇓1)↘p1,u≃(1⇓ε

e
(2)
1 +ε

e
(2)
2 ⇓1)↘p2,u≃

F*’(C-’/- ’+ X 4"1-$ /*-$% 0/1:

x ↓ y = (x1y
a1

3 y
b1

4 + y1x
a2

3 x
b2

4 , x2y
c1
3 y

d1

4 + y2x
c2
3 x

d2

4 ,

x3y3, x4y4, x5y
a1+c1
3 y

b1+d1!1

4 +x1x
c2
3 x

d2!1

4 y2y
a1

3 y
b1!1

4 +

+ x2xa2

3 x
b2!1

4 y1y
c1
3 y

d1!1

4 + y5x
a2+c2
3 x

b2+d2!1

4 ).
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[YZ] Yulia Zaitseva, A!ne monoids of corank one, Results in
Mathematics. 79 (2024), no. 7, article 249

[PZ] Ekaterina Nistiuk (Presnova), Yulia Zaitseva,
A!ne monoids with active group of invertible elements,
submitted

3)4%.) (2+%-5/5) +0, +%66/07’/ +0%/’.) ( 0)8’)9 +0%:0)882 $;* <=,4’%&.> , (2?,&-,./->52/ 8/.%62@ ABC !"#.



T

X k
0 Aut(X )

Vi ω→ Vi+1

Aut(X )→

Aut(X )/Aut(X )→

Aut(X ) G

Aut(X ) Vi
G ↑ X → X

g ↓ Aut(X )

G ↔ Aut(X ) Autalg(X )

U(X )

k+ Aut(X )

X k+
Aut(X )

X

X Aut(X )→ =

T ⊋U(X ) T

Aut(X )→

Aut(X )→

Aut(X )→

Aut(X )→ = T ⊋ U(X ) T Aut(X )

• Autalg(X )

• Autalg(X ) ↔ Aut(X )→

• Autalg(X ) = T ⊋ U(X )

• U(X )

• X

X

k[X ]↑ = k↑ Cl(X )

T Aut(X ) dim T = dim X ! 1 Aut(X )→ = T ⊋ U(X )

Aut(X )→ =

Autalg(X ) Aut(X )

U(X ) NAut X(T )

T Autalg(X ) = T ⊋ U(X )

NAut X(T )→

X

X H

X X//H

1 H NAut X(H) Aut(X ) 1.

T T

ω

↔ ↔

X T

Aut(X ) dim X ! 1 X T
dimT = dim X ! 1

ω!1(T )→ = T
NAut X(T)→

T
T

T
k[X ]

T
X

k[X ]/k↑
NAut X(T)

NAut X(T)

X = {1+ x
3+ y

2
z

2
w = 0}

T t, s

x ↗→→ x , y ↗→→ ty , z ↗→→ sz , w ↗→→ t
!2

s
!2

w .

y , z ,w NAut X(T )

y , z

Aut(X ) = Z/2Z⊋ (((Z/3Z) ↑ T )⊋ U(X ))).

Z/2Z y , z (Z/3Z)↑ T

x
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!"#$%$&’()%* +,+$&%-./+*0 -’’(++*0
#$&(1,23(0 4$",&0+$2#,5

!"#$% &$’$## (#)*$+$’,-$.

!"#, $%&’()

/0%,-%1" 2,%34$3 $ ,5,6%)."%$3

!"#$% N ∼= Z2 & ’()($*+ ’+,-+ 2, M = Hom(N,Z) – ./01#$/(,,+2 * ,(1 ’()($*+,
+ →m,u↑ – #3+’4/+,4( #00$/($#$/"5647 89(:(,$0/.

;<<4,,=1 :0,04. S >+.+($ ,(3’4/0.4:0( +<<4,,0( $0’4?(#*0( :,0-00@’+>4(
XS = Spec k[S] # .(1#$/"564: $0’0: T ∼= G2

m. !0/(’7,0#$% XS 2/92($#2 ,0’-
:+9%,01 $0-.+ 4 $09%*0 $0-.+, *0-.+ :0,04. S ,+#=6(,, $0 (#$% S = Ssat.

A(,0’:+9%,0( :,0-00@’+>4( 034#=/+($#2 ,(,+#=6(,,=: :0,04.0: S ↓ Ssat, *0$0-
’0( / #/05 0?(’(.% >+.+($#2 *0,"#0: ω(S) 4 :,0B(#$/0: C.=’D A(S) = Ssat \ S.

E3’(.(9(,4(. F0’,(: G(:+>5’+ :0,04.+ S, +##0H44’0/+,,=: # 9"?0: ε ↓ ω(S),
,+>=/+($#2 7+’+*$(’ e ↔ M, $+*01 ?$0 →e, uε↑ = !1, -.( uε & 3’4:4$4/,=1 -(,(-
’+$0’ 9"?+ ε, 4 e+m ↔ S .92 /#(7 m ↔ S, " *0$0’=7 →m,uε↑ > 0.

I#2*41 *0’(,% e 4,."H4’"($ 0.,0’0.,0( 90*+9%,0 ,49%30$(,$,0( .4<<(’(,H4’0-
/+,4( +9-(@’= k[S] 4 .(1#$/4( +..4$4/,01 -’"33= Ga ,+ XS. J00$/($#$/"56+2
30.-’"33+ / Aut(X) ,+>=/+($#2 *0’,(/01. !0.-’"33", 30’0B.(,,"5 $0’0: T 4 /#(-
:4 *0’,(/=:4 30.-’"33+:4, := @".(: 0@0>,+?+$% ?(’(> Aut

↗(X).

7,04)%,-8) 6)*).$

E34#+$% -’"33= Aut(X) .92 3’04>/09%,=7 ,(,0’:+9%,=7 $0’4?(#*47 30/(’7,0-
#$(1 4 /=2#,4$%, /#(-.+ 94 #/2>,+2 *0:30,(,$+ Aut(X)0 #0/3+.+($ # 30.-’"3301
Aut

↗(X).

96-"04%1" ’"6:#;4)41

K’"33= +/$0:0’<4>:0/ ,0’:+9%,=7 30/(’7,0#$(1 70’0)0 4>"?(,=. L5@+2 ,(/=-
’0B.(,,+2 ,0’:+9%,+2 0#0@+2 +<<4,,+2 $0’4?(#*+2 30/(’7,0#$% 4:(($ /4.
Xd,e = A2/Gd,e, -.( Gd,e

∼= Z/dZ. !"#$% N ±
d,e & ,0’:+94>+$0’= -’"33= Gd,e

/ 30.-’"33+7 .( M0,*%(’+ Jonq
±(A2), Nd,e & ,0’:+94>+$0’ Gd,e / GL2(k), +

N+
d,e = Nd,e ↘ Jonq

+(A2).

N(0’(:+ (O. ;’B+,H(/, P. Q+1.(,@(’-, 2013). K’"33+ Aut(Xd,e) 4:(($ #$’"*$"’"
+:+9%-+:4’0/+,,0-0 #/0@0.,0-0 3’04>/(.(,42. ; 4:(,,0:

Aut(Xd,e) ≃ N+
d,e/Gd,e ↗T/Gd,e

N!
d,e/Gd,e 3’4 e2 ⇐⇒ 1 (mod d),

Aut(Xd,e) ≃ N+
d,e/Gd,e ↗N+

d,e/Gd,e
Nd,e/Gd,e 3’4 e2 ⇒ 1 (mod d).

O> #$’"*$"’= +:+9%-+:4’0/+,,0-0 3’04>/(.(,42 ,+3’2:"5 #9(."($, ?$0 .92 95@01
,0’:+9%,01 30/(’7,0#$4 #/2>,+2 *0:30,(,$+ Aut(Xd,e)0 /#(-.+ 30’0B.+($#2 .(1-
#$/"564: $0’0: T 4 *0’,(/=:4 30.-’"33+:4, $0 (#$% #0/3+.+($ # Aut

↗(Xd,e).

!0,2$4( *0’,2 G(:+>5’+ @=90 3(’(,(#(,0 ,+ ,(,0’:+9%,=( :,0-00@’+>42 / ’+@0$(
R. Dı́az 4 A. Liendo. J 47 30:06%5 @=90 .0*+>+,0 #9(."56(( "$/(’B.(,4(

N(0’(:+ (R. Dı́az, A. Liendo, 2024). !"#$% Xω & ,0’:+9%,+2 +<<4,,+2 $0’4?(-
#*+2 30/(’7,0#$%. J"6(#$/"($ ,(,0’:+9%,+2 30/(’7,0#$% XS, ,0’:+94>+H42 *0$0-
’01 (#$% Xω # Aut(Xω) = Aut(XS), $0-.+ 4 $09%*0 $0-.+, *0-.+ Xω 0$94?,+ 0$ G2

m,
Gm ⇑ A1 4 A2.

O> 8$0-0 ’(>"9%$+$+ #9(."($, ?$0 #"6(#$/"5$ ,(,0’:+9%,=( 30/(’7,0#$4, -’"33=
+/$0:0’<4>:0/ *0$0’=7 "#$’0(,= $+* B(, *+* 4 " ,0’:+9%,=7. I ?+#$,0#$4, 47
#/2>,+2 *0:30,(,$+ #0/3+.+($ # Aut

↗(X).

<"8:=$" ’"6:#;4)41

G+9(( X & ,(,0’:+9%,+2 +<<4,,+2 $0’4?(#*+2 30/(’7,0#$%. P,0B(#$/0 0#0@=7
$0?(* 30/(’7,0#$4 X 2/92($#2 0@R(.4,(,4(: 0’@4$ $0’+, #0#$02647 4> 0#0@=7 $0-
?(*. I >+/4#4:0#$4 0$ $0-0, *+*4( 0.,0:(’,=( 0’@4$= / ,(-0 /70.2$, /0>,4*+($ $’4
’+>94?,=7 #9"?+2.

J9"?+1 1. E@( 0.,0:(’,=( 0’@4$= 9(B+$ /0 :,0B(#$/( 0#0@=7 $0?(*.

I 8$0: #9"?+( :0,04. 7+’+*$(’0/ ,( .03"#*+($ *0’,(1 G(:+>5’+ 4 $+*4( 30/(’7-
,0#$4 2/925$#2 BS#$*4:4.

!’(.90B(,4( 1. !"#$% ,0’:+94>+H42 X 4>0:0’<,+ Xd,e, + :,0B(#$/0 0#0@=7 $0?(*
X 2/92($#2 0@R(.4,(,4(: ./"7 ,(3’4/0.4:=7 *’4/=7. N0-.+ Aut(X) ∼= Z/2Z⊋ T

3’4 e2 ⇒ 1 (mod d), 4 Aut(X) ∼= T / 3’0$4/,0: #9"?+(.

J9"?+1 2. N09%*0 0.,+ 0.,0:(’,+2 0’@4$+ 9(B4$ /0 :,0B(#$/( 0#0@=7 $0?(*.

I#( *0’,4 G(:+>5’+ +##0H44’0/+,= # (.4,#$/(,,=: 9"?0:, 308$0:" /#( *0’,(/=(
30.-’"33= *0::"$4’"5$, $+* ?$0 8$0$ #9"?+1 #00$/($#$/"($ 30?$4 BS#$*4: 30/(’7-
,0#$2:.
E@0>,+?4: ?(’(> U 30.-’"33" / Aut(X), 30’0B.(,,"5 /#(:4 *0’,(/=:4 +/$0:0’-
<4>:+:4. G+,,+2 -’"33+ U 4>0:0’<,+ +..4$4/,01 -’"33( #?($,0-:(’,0-0 /(*$0’-
,0-0 3’0#$’+,#$/+.

!’(.90B(,4( 2. T#94 ,(,0’:+9%,+2 +<<4,,+2 $0’4?(#*+2 30/(’7,0#$% X 4:(-
($ ,(3’4/0.4:0( 0.,0:(’,0( :,0B(#$/0 0#0@=7 $0?(*, $0 (( -’"33+ +/$0:0’<4>-
:0/ 30’0B.+($#2 .(1#$/"564: $0’0: 4 *0’,(/=:4 30.-’"33+:4. U09(( $0-0,
Aut(X) ∼= U ⫅̸ T . I ?+#$,0#$4, -’"33+ +/$0:0’<4>:0/ #/2>,+.

J9"?+1 3. T.4,#$/(,,+2 0#0@+2 $0?*+.
F0’,4 G(:+>5’+ +##0H44’0/+,= # 0@04:4 9"?+:4 *0,"#+. I 0$94?4( 0$ ,0’:+9%-
,0-0 #9"?+2, >.(#% Aut(X)0 ,( 0@2>+$(9%,0 30’0B.+($#2 $0’0: 4 *0’,(/=:4 30.-
-’"33+:4. V0$2 / #49" ’(>"9%$+$0/ Dı́az 4 Liendo .92 ,(*0$0’=7 30/(’7,0#$(1 8$0
$+*, / 0@6(: #9"?+( #4$"+H42 4,+2.

W+##:0$’4: 30/(’7,0#$% X ↓ A4, >+.+,,"5 "’+/,(,42:4:

z3 = w2, zx2 = v2, xw = vz, vw = xz2

T( ,0’:+94>+H42 – 390#*0#$% A2, + (.4,#$/(,,+2 C.=’+D :0,04.+ – 7+’+*$(’ (0, 1).

N(0’(:+ 1. G92 .+,,01 30/(’7,0#$4 X #"6(#$/"($ ,(3’4/0.4:0( +9-(@’+4?(#*0( #(-
:(1#$/0 +/$0:0’<4>:0/ ϑ(ϖ,β) (-.( ϖ,β ↔ k), *0$0’0( ,( #0.(’B4$#2 / Aut

↗(X).
I ?+#$,0#$4, 30.-’"33+ Aut

↗(X) 2/92($#2 #0@#$/(,,01 30.-’"3301 / Aut(X)0.

*+,&%’ -,./0).102
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!"#$%&’( ’%’)*(+,- $%%./"+)’+,-
0.%&’.)+&’1

!"#$%& ’()*+), -#.+%%&)/

!"# $%. !.&. ’(%()(*(+,, -.# &/0, !(*1+,

01#2&#3% 42#5*)5

!"#$%& "’(")%( (% ’")*+’,("- .%/",+ ’ 0. 1%-23$$4(5* 4 6. 7%8*%,")5*.
93’,: K ; %$<+/.%4=+’#4 >%*#(3,"+ ?"$+ 8%.%#,+.4’,4#4 0. @%’’*",.4* %224(("+
(+?.4)"&4*"+ *("<""/.%>4+ X.
A3&+* (%>5)%,: Ga-&+-’,)4B*4 %$<+/.%4=+’#4+ &+-’,)4B %&&4,4)("- <.3??5 "’-
(")("<" ?"$B.

C?.+&+$+(4+ 1. ,"=#% x → X (%>5)%+,’B <4/#"-, +’$4 #%’%,+$:("+ ?."’,.%(’,)"
Tx(X) ?"."D&%+,’B #%’%,+$:(5*4 )+#,".%*4 # ?."8"&BE4* =+.+> x "./4,%* Ga-
&+-’,)4- (% X.

FG/%B <4/#%B ,"=#%, #%# (+’$"D(" ?.")+.4,:, B)$B+,’B <$%&#"-.

C?.+&+$+(4+ 2. H("<""/.%>4+ X (%>5)%+,’B <4/#4*, +’$4 )’+ +<" <$%&#4+ ,"=#4
B)$BG,’B <4/#4*4.

@%’’*",.4* <.3??3 SAut(X) ’?+I4%$:(58 %),"*".24>*") (% X, ," +’,: ?"&<.3??3
) <.3??+ )’+8 .+<3$B.(58 %),"*".24>*"), ?"."D&J((3G )’+*4 %$<+/.%4=+’#4*4
?"&<.3??%*4, 4>"*".2(5*4 %&&4,4)("- <.3??+ "’(")("<" ?"$B (Ga-?"&<.3??%*4).

K(,+.+’ # <4/#4* *("<""/.%>4B* "/3’$")$+( ,+*, =," ) .%/",+ [1] &$B %224((58
*("<""/.%>4- X .%>*+.("’,4 8",B /5 2 &"#%>%(% L#)4)%$+(,("’,: ,.J8 3’$")4-:
1) <4/#"’,4 X, 2) ,.%(>4,4)("’,4 &+-’,)4B SAut(X) (% Xreg 4 3) /+’#"(+=("- ,.%(>4-
,4)("’,4 &+-’,)4B SAut(X) (% Xreg. 9"’$+&(++ 3’$")4+ >%#$G=%+,’B ) ,"*, =," &$B
$G/"<" (%,3.%$:("<" m 4 &$B $G/58 &)38 3?".B&"=+((58 (%/".") (a1, . . . , am)

4 (b1, . . . , bm) ?"?%.(" .%>$4=(58 ,"=+# ’3E+’,)3+, ω → SAut(X) ,%#"-, =,"
ω(aj) = bj &$B )’+8 j.

M%#D+ ) .%/",+ [1] ?"#%>%(", =," <4/#4+ ,"=#4, +’$4 "(4 +’,:, "/.%>3G, ",#.5,3G
SAut(X)-"./4,3.

C?.+&+$+(4+ 3. H("<""/.%>4+ X (%>5)%+,’B "/"/E+((" <4/#4*, +’$4 (% (+* +’,:
8",B /5 "&(% <4/#%B ,"=#%.

K> )5N+(%?4’%(("<" ’$+&3+,, =," (% "/"/E+((" <4/#"* *("<""/.%>44 /3&+, ",#.5-
,"+ *("D+’,)" <4/#48 ,"=+#.

C?.+&+$+(4+ 4. H("<""/.%>4+ X (%>5)%+,’B <4/#4* ) #".%>*+.("’,4 1, +’$4 &"-
?"$(+(4+ &" *("D+’,)% <4/#48 ,"=+# 4*++, #".%>*+.("’,: (+ *+(:N+ 2.

93’,: ,+?+.: *("<""/.%>4+ X (".*%$:(", (% (+* (+, (+?"’,"B((58 "/.%,4*58 .+-
<3$B.(58 23(#I4-, 4 +<" <.3??% #$%’’") &4)4>".") Cl(X) #"(+=(" ?"."D&+(%.

!$B #%D&"<" &4)4>".% O+-$B D .%’’*",.4* $4(+-("+ ?."’,.%(’,)":

O(X,D) := {f → K(X) | div(f) +D ↭ 0} ↑ {0}.

O ’$3=%+, +’$4 <.3??% Cl(X) ’)"/"&(%, )5/+.+* ?"&<.3??3 K <.3??5 &4)4>".")
O+-$B, 4>"*".2(" ?."+#,4.3GE3G’B (% Cl(X), 4 "?.+&+$4* ’$+&3GE3G %$<+/.3:

R(X) :=
⊕
D→K

O(X,D).

P,% %$<+/.% (+ >%)4’4, ", )5/".% <.3??5 K 4 (%>5)%+,’B #"$:I"* 6"#’% *("<""/-
.%>4B X.
O ’$3=%+, #"<&% <.3??% #$%’’") (+’)"/"&(%, ,%#D+ *"D(" "?.+&+$4,: #"$:I" 6"#’%.

Q’$4 #"$:I" 6"#’% #"(+=(" ?"."D&+(", ," *"D(" .%’’*",.+,: +<" ’?+#,. X, #","-
.5- (%>5)%+,’B ,",%$:(5* #"".&4(%,(5* ?."’,.%(’,)"* *("<""/.%>4B X. H("<"-
"/.%>4+ X .+%$4>3+,’B #%# #%,+<".(5- 2%#,". *("<""/.%>4B X ?" &+-’,)4G (+#"-
,"."<" #)%>4,".% N. H".24>* 2%#,".4>%I44 q : X →→ X ↓ X//N (%>5)%+,’B
.+%$4>%I4+- 6"#’% &$B *("<""/.%>4B X.

01#2&#3% +%6"78*$*3

O .%/",+ 4>3=%$’B )"?."’ " ,"*, ?+.+("’4,’B $4 <4/#"’,:/"/"/E+((%B <4/-
#"’,:/<4/#"’,: ) #".%>*+.("’,4 1 ’ %224(("<" *("<""/.%>4B (% +<" ,",%$:("+
#"".&4(%,("+ ?."’,.%(’,)". !$B L,"<" ’(%=%$% &"#%>5)%+,’B #.4,+.4- <4/#"’,4
,"=#4 (% *("<""/.%>44:

9.+&$"D+(4+ 93’,: (+?.4)"&4*"+ %224(("+ *("<""/.%>4+ X &"?3’#%+, .+%$4>%-
I4G 6"#’% q : X → X. R4#’4.3+* ,%#3G ,"=#3 y → X, =," ,"=#% q(Y) .+<3$B.(%.
M"<&% ’$+&3GE4+ 3’$")4B L#)4)%$+(,(5:

1 M"=#% q(y) B)$B+,’B <4/#"-.
2 6%’%,+$:("+ ?."’,.%(’,)" Ty(X) ?"."D&%+,’B ?."’,.%(’,)"* Ty(N · y) 4

#%’%,+$:(5*4 )+#,".%*4 # "./4,%* ,"=#4 y )’+8 Ga-?"&<.3??,
#"**3,4.3GE48 ’ N.

9"$:>3B’: L,4* 3,)+.D&+(4+* *"D(" &"#%>%,:, =," <4/#"’,: ) #".%>*+.("’,4 1 ?+-
.+("’4,’B ’ *("<""/.%>4B (% +<" ,",%$:("+ #"".&4(%,("+ ?."’,.%(’,)":

M+".+*% 93’,: (+?.4)"&4*"+ %224(("+ *("<""/.%>4+ X &"?3’#%+, .+%$4>%I4G
6"#’% q : X → X. M"<&% +’$4 X B)$B+,’B <4/#4* ) #".%>*+.("’,4 1, ," X ,%#D+
B)$B+,’B <4/#4* ) #".%>*+.("’,4 1.

K> L,"- ,+".+*5 ,%#D+ ’$+&3+, 2%#,, #",".5- .%(++ /5$ &"#%>%( ) [2]:

0$+&’,)4+ 93’,: (+?.4)"&4*"+ <$%&#"+ %224(("+ *("<""/.%>4+ X &"?3’#%+, .+-
%$4>%I4G 6"#’% q : X → X. M"<&% +’$4 X B)$B+,’B <4/#4*, ," X ,%#D+ B)$B+,’B
<4/#4*.

M%#D+ /5$ ?"’,."+( ?.4*+. ,"<", =," "/"E+((%B <4/#"’,: *"D+, (+ ?+.+("’4,:’B
’ *("<""/.%>4B (% +<" ,",%$:("+ #"".&4(%,("+ ?."’,.%(’,)":

9.4*+. @%’’*",.4* <4?+.?")+.8("’,: Y, #",".%B >%&%+,’B ,%#4* 3.%)(+(4+*:
xy3 + z3u3 + v4w4 = 0.

C?.+&+$4* (% (+- &+-’,)4+ "&("*+.("<" ,".% T, >%&%) ’,+?+(4 "/.%>3GE48 #"".-
&4(%,("- %$<+/.5:

deg(x) = 0, deg(y) = 4, deg(z) = 5, deg(u) = !1, deg(v) = 4, deg(w) = !1.

O .%/",+ &"#%>%(", =," #%,+<".(5- 2%#,". ?" &+-’,)4G L,"<" #)%>4,".% X := Y//T
"#%>5)%+,’B .+%$4>%I4+- 6"#’%. 9.4 L,"*, *("<""/.%>4+ Y (+ *"D+, /5,: "/"/E+(-
(" <4/#4*, ,%# #%# ) .%/",+ &"#%>5)%+,’B, =," K[Y]SAut(Y) = K[y]. S *("<""/.%>4+
X B)$B+,’B "/"E+((" <4/#"4*, =," $+<#" ?.")+.4,:, ?"$:>3B’: #.4,+.4+*.
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