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General definitions

By definition, a function f(x) on R belongs to the Lipschitz class
Lip(a,p;R), 0 <a <1, p>1,if f € LP(R) and

1 (x = t) = F )l r(m) = O(t)

as t — 0.
It is known the following classical theorem of E. Titchmarsh:
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General definitions

Theorem 1 ([T], Theorem 84)

Let f(x) € Lip(a, piR), 1 < p< 2,0 < a <1, and f()) the
Fourier transform of f. Then f belongs to the Lebesgue classes
L"(R) for
P p

— < < A

p+ap—1 =1
and the bounds ﬁ and £ p 7 be sharp, in the sense that the
range of values of r cannot be extended

[T] Titchmarsh E. C., Introduction to the theory of Fourier
integrals, Oxford: Clarendon Press, 1937.
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General definitions

There are many analogues of Theorem 1: for the Fourier series on
compact Vilenkin groups, that is, on compact metrizable
zero-dimensional Abelian groups (see [Onnl], [QLY], [Yo]); for the
Fourier series on compact homogeneous manifolds ([DDR]); for the

Fourier transform on finite-dimensional metrizable locally compact
Abelian groups ([Bl1], [BI2]).
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General definitions

[Onn1] Onneweer C. W, Absolute convergence of Fourier series on
certain groups, Duke Math. J. 39 (1972), 599-609.

[QLY] Quek T. S., Leonard Y. H. Yap, Absolute convergence of
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[BI1] Bloom W. R., Absolute convergence of Fourier series on
finite-dimensional groups, Collog. Math. 46, 97-103 (1982).
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General definitions

We prove an analogue of Theorem 1 for the the Hankel transform
of functions from Nikol'skiT type function classes on the half-line
[0,4+00). Let us present necessary information from Bessel
harmonic analysis (see, for example, [Lev51], [Kip97], [Tri01],
[P1a07]). In what follows, « is a real number greater than —3.
[Lev51] Levitan B.M. Expansion in Fourier series and integrals with
Bessel functions. Uspekhi Mat. Nauk. 1951; 6(2): 102-143.
(Russian)

[Kip97] Kipriyanov |.A. Singular elliptic boundary value problems.
Moscow: Nauka; 1997. (Russian).

[Tri01] Triméche K. Generalized harmonic analysis and wavelet
packets. Gordon and Breach, Amsterdam; 2001.

[PIa07] Platonov S.S. Bessel harmonic analysis and approximation
of functions on the half-line. Izvestiya: Mathematics. 2007; 71(5):
1001-1048.
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General definitions

Let
d? 2a+1 d

dx2 + x  dx
be the Bessel differential operator and denote by j,(x) the
normalized Bessel function of the first kind, that is

) = {2wxa+ )x~%Jo(x)  ifx#0,

B =By :=

1 if x =0,

where J,(x) is the Bessel function of the first kind and I'(x) is the
gamma function. The function y = j,(x) satisfies the differential
equation By + y = 0 with the initial conditions y(0) = 1 and
y'(0) =0.
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General definitions

All function classes consist of complex-valued functions on R, but
it is convenient to assume that the functions are extended to the
whole of R as even functions. Let C(R;) be the set of even
continuous functions on R and let C(K)(R) be the set of even
k-times differentiable functions on R. For any p € (0,400) let Ly,
be the class of all measurable functions f(x) on R for which

/ |F(x)|P x*** ! dx < oo.
Ry

For p € [1,+00) the class L, is a Banach space with the norm

1/p
1Fllpa = ( [1rGoen dx> |

Ry

For p = oo we denote by L o the Banach space of all measurable
functions f(x) that are essentially bounded on R with the norm

[fllco.a = lIflloo = ess supyer, |[F(X)].

S. S. Platonov



General definitions

Following [Lev51], we define for every f € C(?)(R,) the generalized

Bessel translation operator TYf(x) = u(x,y), x,y € R4, to be the
solution of the Cauchy problem

Byu(x,y) = Bxu(x, y), (1)
u(x,0) = f(x), %(x, 0) =0, (2)

where B, and B, are Bessel differential operators acting with

respect to the variables x and y, respectively. The solution of the
Cauchy problem can be written in explicit form,

™

TYf(x) = u(x,y) = ca / f (\/X2 + y2 — 2xy cos go) (sin 90)20‘ do,

where | ;
Co = (](sin ) d<P> e \/m

0
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General definitions

By formula (3), the operator T can be extended to all functions
felpa 1<p<oo, and to all locally integrable functions on R
and the operator T7 is a linear continuous operator in the Banach
space Lpq.

For every f € L, , the differences AKf(x) of order k
(k=1,2,3,...) with step h > 0 and the modulus wi(f,d)p,qa of
smoothness of order k are defined by the formulae

A},f(x) = Apf(x) = f(x) — Thf(x),

ARf(x) = Ap(AFTH (X)), k> 1; (4)

wk(f,0)pa = sup || Affllpa, & >0. (5)
0<h<s

respectively.
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General definitions

Let r > 0 be a real number, k be a natural number such that
2k > r (for instance, we can take k = [r/2] + 1, [x] is the integer
part of x).

Definition 1

A function f(x) belongs to the space Hy, ., p € [1,00], if f € Ly
and for some constant As > 0 we have

wk(f;(S)p@ < Ar (5’, 6> 0. (6)

For f € Hj , we define the seminorm

r wk(fv 5) Xel
hpo(f) :=sup Tp‘ (7)
>0
H} o is a Banach space with norm
1FllHg o = [ llp.a 4 Bp o ()- (8)
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General definitions

It can be proved that H] , do not depend on k (see, [Pla07]). Also,
the paper [Pla07] contams other descriptions of the classes Hy .

The classes H;, , are analogues of the classical Nikol'ski function
classes HIQ(R) on R (see [Nik75]).

[Nik75] Nikol'skii S.M. Approximation of functions of several
variables and imbedding theorems. Grundlehren Math. Wiss., Vol.
205, Springer, New York - Heidelberg; 1975.
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General definitions

For every f € L ,, the Hankel transform is defined by

(e}

-~

Ffx) e F) = / F(x)jaOX) 2 dx,  AeR,. (9)
0

For every g € L o the inverse Hankel transform is given by

o0

Fg() o B0) = (2°T(a + 1)) 2 [ g L an
0
(10)
that is 71 = (2°T(a + 1))72 F. Hankel transforms are sometimes

also called Bessel transforms. In what follows, by f(\) we denote
the Hankel transform of the function f(x).
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General definitions

Suppose that S is the space of test functions, i.e., the set of all
infinitely differentiable functions p(x) decreasing together with all
derivatives faster than any power of |x|~1. The space S is equipped
with a topology and a locally convex space structure in the usual
way. By St we denote the subspace in S consisting of even
functions. The subspace S is equipped by the topology induced
from the space S. It is known that the direct and inverse Hankel
transforms are mutually inverse automorphisms of the space S, .
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General definitions

For any p € [1,+00) let p’ := %. If 1 < p <2 then for any
function f € S; we have the Hausdorff — Young inequality

H}—(f)”p’,a < Az/”'Hpr,m (11)

where
A=2T(a+1). (12)

It follows from (11) that Hankel transform F : Sy — Sy can be
uniquely extended by continuity up to the linear continuous
mapping of the Banach space L, ,, 1 < p < 2, onto the Banach
space L . The extended mapping is also denoted F : f — f and
it is called Hankel transform. The Hausdorff — Young inequality
(11) remains true for any f € Ly, 1 < p < o0.
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General definitions

The following theorem is an analogue of Theorem 1 for the the
Hankel transform.

Theorem 2

Let f € H;a, 1<p<2 r>0, and let f be the Hankel transform
of f. Then f belongs to the Lebesgue classes L o, for

p p
<g< —— 13
p/(Ra+2)+p—1 q_p—l (13)

Y - _P_ /
and the bounds T Gat ) p=T and o1 be sharp, in the sense that

the range of values of r cannot be extended.
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General definitions

Also note the limiting case of inequalities (13) as o — —1/2. For
o = —1/2, the Bessel operator takes the form B = d?/dx? and the
generalized Bessel translation becomes

1
Tf(x) = S(Fix +y) + fx = y));
we also have j_; 5(x) = cos x and the Hankel transform coincides

with the Fourier cosine transform. For the case a = —1/2 the
inequalities (13) coincide with the Titchmarsh inequalities.
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Elements of the proof of Theorem 2

For any a > 0 and for any function f on R let
(Fef)(x) = f(ax) (14)
be the dilatation operator. Then we have
F(rof) = a22TY2(F(f)),  felpa, 1<p<2,

that is, R
F(f(ax)) = a 2*72f()/a), (15)

if F(f(x)) = F(N).
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Elements of the proof of Theorem 2

The convolution of functions f(x) and g(x) on R is defined by
the relation

(f « g)( / (TYf(x x24T . (16)
0

The convolution is well defined if the integral on the right-hand side
of (16) is well defined (in particular, when f, g € L; o, which
implies that f * g belongs to Ly ,).

The convolution has the following properties.

1) It is associative, that is,

(Fxg)xh="f=x(gxh).
2) It is commutative, that is,
frg=gxf.
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Elements of the proof of Theorem 2

)Iffeligandgelpn 1 <p<oo then fxgand g=xf are
well defined and belong to L, ,. In this case

pa < IF

If *g g llp.a- (17)

1«

4) The Hankel transform of the convolution of functions is equal to
the product of their Hankel transforms, that is,

— o~

(fFxg)(A) =f(N) g, (18)

forany felin, g€ lpa, 1<p<2

S. S. Platonov



Elements of the proof of Theorem 2

Let g(x) be any nonnegative function on R, satisfying the

conditions:
g(x) € Liq; (19)
/g(x) Xty =1 (20)
0
+o00
/ g(x) x?kF2etl gy < o0, (21)
0

For any n € N we define the function

2k—1

n 2a+2 )
LCEDS g(5) " (e) (22)

S. S. Platonov



Elements of the proof of Theorem 2

Proposition 1

Let f € Ly, 1 < p < o0, k€ N. The following inequality holds for
anyn=1,223...:

1
1Ko+ — Fllp < cek (f; ) , (23)
n P&

where ¢ > 0 is a constant independent of f and n.
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Elements of the proof of Theorem 2

In what follows, let

g(x) = pt (jas1(x))*", (24)

where N is any positive integer such that N > k+«a+ 1 and p is a
constant such that (20) holds. This functions satisfies the
conditions (19) — (21).

Proposition 2

The Hankel transform R\,,()\) is a continuous function with compact
support on the segment [0, 2Nn].
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Elements of the proof of Theorem 2

Proof of sufficiency of the conditions (13)

We shall use the notations

Iy = [-N2"FL N2" Y] S =1 i\, neZi={0,1,2,...}.

(25)
For any measurable subset A C R let 11(A) be the Lebesgue
measure of A. We note that
u(ln) = n(Sn) = N2™2. (26)

Let f(x) € H[,’a, 1<p<2 a>0, and r € R satisfies the
conditions (13). The bounds in the inequalities (13) can be
expressed by p’ := %. Then rp/(zaf2)+p71 = rf&;?_fz and the

conditions (13) have the form

/
(2a +2)p" _ <y
p 4+ 2a+ 2

S. S. Platonov
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Elements of the proof of Theorem 2

Let us prove that fe Lg.o. The case g = p’ is obvious since

fe Ly « for any function f € L, . In what follows we assume that
qg < p’. We denote ¢, ¢1, ¢, ... positive constants that do not
depend on n but can depend on p, k, r, g and some unimportant
parameters.

It follows from Proposition 1 that for any n € Z, we have the
inequality

[Kan s F = Fllpa < cwn(fi27")pa < 27", (28)
where c; is a positive constant. It follows from Proposition that
suppKon C In, (29)

hence -
Kon(A) =0 VA€ S,. (30)

It follows from (18) that

o~

F(Kan  f — F)(N) = (R;()\) - 1) (). (31)
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Elements of the proof of Theorem 2

Next, the proof that € Lq o we consider separately for cases
p>1and p=1. Let p > 1. Using the Hausdorff — Young
inequality (see (11)) and the inequality (28) we obtain that

| (Koo 1)l < 4207 K F = Fllpa € 2277, (32)

where ¢ = A%/P'¢; is a constant. Using (30) we note that

” (R2\" — 1) ?Hz:@ = / ’Rz\n(/\)—llp"f()\)‘p’ /\2o<+1d)\ > /‘;c\(/\)’p/ )\2a+i
0 Sn

whence, using (32), we obtain

/ IFN)P ATdA < z27™' | nez., (33)
Sn

!

where ¢z = ().
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Elements of the proof of Theorem 2

Using the Hdlder inequality, we have that

/|?(A)|qA2a+1dA :/|?(A)\q x 1dpa(N) <
Sn Sn

(oo anm)" ( f1am)” " <

Sn Sn

= / afe 2a4+2)m\ (P’ —q)/p’
c4< / 1F(\)]P dﬂa(x)> (2(2a2)m) , (34)

Sn

where ¢; = (D, )P'=9/P" 1t follows from (33) and (34) that

_~ / / / / /
/,f()\)|q A2+l gy < cs (2fnrp )q P 2(2a+2)n(p -q)/p" — Cs 276n7

Sn
(35)
where c5 = (3)9/P ¢,
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Elements of the proof of Theorem 2

PR Cl 2;(;3’ —q) _ rap’ - (204; (P =4q) (54

It follows from (27) that 6 > 0.
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Elements of the proof of Theorem 2

Using (35) we have

i / [F(A)|9 A2 dA < o5 (i 2—"5> < 0. (37)
n=1

n=0 S,

Using the Hdlder inequality we obtain that

/!f(A)|q>\2a+1d)\ :/yf(wf < 1dpa()) <
Io Sn

~ o /q a/p’ (p'—q)/p'
</(|f(A)| )7 dua(k)> <S/1dua(A)> <

n

o
R , q/p’ ) ) R
([1FooP an) ™ ()09 < o (1) < 0, (39)
lo

where cg = (B,)(P'~9/P".
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Elements of the proof of Theorem 2

It follows from (37) and (38) that

/ (M[I N2 Td) = /|f \qA2a+1dA+Z/|f )9 N2 < o0,
0

IO n= Osn
~ (39)
therefore f € Lq 4.
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Elements of the proof of Theorem 2

The main results of my report are published in the papers [PI2] and
[PI13].

[PI2] S. S. Platonov, On the Hankel transform of functions from
Nikol'ski type classes, Integral Transforms and Special Functions
(2020) 1-17, DOI: 10.1080/10652469.2020.1849184

[PI3] S. S. Platonov, On the Fourier transform of functions from
the classes Hy(R), Bollettino dell'Unione Matematica Italiana
(2021) 1-16, DOI: 10.1007/s40574-021-00291-8

S. S. Platonov



	General definitions
	Elements of the proof of Theorem 2

