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Background: Link maps

A link mapis a map f: Xy U--- U X, — Y such that the images of the X;
are pairwise disjoint.
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Background: Link maps

A link mapis a map f: Xy U--- U X, — Y such that the images of the X;
are pairwise disjoint.

A link homotopy is a homotopy hy: Xy U--- U Xy, — Y, t € [0,1] such
that h; is a link map for each t.
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A link mapis a map f: Xy U--- U X, — Y such that the images of the X;
are pairwise disjoint.

A link homotopy is a homotopy hy: Xy U--- U Xy, — Y, t € [0,1] such
that h; is a link map for each t.

Link maps S"U---LUS" — S™, m > n: WLOG self-transverse immersions.
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Background: Link maps

A link mapis a map f: Xy U--- U X, — Y such that the images of the X;
are pairwise disjoint.

A link homotopy is a homotopy h: Xy U --- U Xy, — Y, t €[0,1] such
that h; is a link map for each t.

Link maps S"U---LUS" — S™, m > n: WLOG self-transverse immersions.
Example (J. Milnor, 1954). Milnor's link M, : Sly.--uSt — S3is not

link homotopic to the unlink:
7
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Background: Link maps

A link mapis a map f: Xy U--- U X, — Y such that the images of the X;
are pairwise disjoint.

A link homotopy is a homotopy h: Xy U --- U Xy, — Y, t €[0,1] such
that h; is a link map for each t.

Link maps S"LI---UUS" — S™, m > n: WLOG self-transverse immersions.
Example (J. Milnor, 1954). Milnor’s link M,: S* -+ U St — S3 is not

link homotopic to the unlink:
7
ﬁ) 0
% <
L b S

In fact, M,, is Brunnian, that is, if any component is omitted, it becomes
link homotopic to the unlink.
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Background: Kirk's invariant (1988)
Let f = f, L f_: S210S? — S* be a generic link map.

Let z = f1.(x) = f(y) be a double point of f;.

Let e, be its sign, which compares the two orientations of $* at z.
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Background: Kirk's invariant (1988)

Let f = f, L f_: S210S? — S* be a generic link map.

Let z = f1.(x) = f(y) be a double point of f;.

Let e, be its sign, which compares the two orientations of $* at z.
Let J, C S? be some arc connecting x and y.

Then £ (J;) is a loop in the complement of f_(S2) in S*.

Let ¢, be the linking number between i (J,) and f_.
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Background: Kirk's invariant (1988)
Let f = f, L f_: S210S? — S* be a generic link map.

Let z = f1.(x) = f(y) be a double point of f;.

Let e, be its sign, which compares the two orientations of $* at z.
Let J, C S? be some arc connecting x and y.

Then £, (J;) is a loop in the complement of £_(S52) in S

Let ¢, be the linking number between i (J,) and f_.

Then ¢, does not depend of the choice J,
and |¢,| does not depend on the choice of the ordering of (x,y).
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Background: Kirk's invariant (1988)
Let f = f, L f_: S210S? — S* be a generic link map.

Let z = f1.(x) = f(y) be a double point of f;.

Let e, be its sign, which compares the two orientations of $* at z.
Let J, C S? be some arc connecting x and y.

Then £, (J;) is a loop in the complement of £_(S52) in S

Let ¢, be the linking number between i (J,) and f_.

Then ¢, does not depend of the choice J,
and |¢,| does not depend on the choice of the ordering of (x,y).

Let o, (F) = 3 e (tll —1) € z[t],
ZEA(f+)
where A(f}) is the set of all double points of f.

Sergey Melikhov (Steklov Math Institute,  Brunnian link maps in the 4-sphere April 29, 2022 3/43



Background: Kirk's invariant (1988)
Let f = f, L f_: S210S? — S* be a generic link map.

Let z = f1.(x) = f(y) be a double point of f;.

Let e, be its sign, which compares the two orientations of $* at z.
Let J, C S? be some arc connecting x and y.

Then £, (J;) is a loop in the complement of £_(S52) in S

Let ¢, be the linking number between i (J,) and f_.

Then ¢, does not depend of the choice J,
and |¢,| does not depend on the choice of the ordering of (x,y).

Let o, (F) = 3 e (tll —1) € z[t],
ZEA(f+)
where A(f}) is the set of all double points of f.

Kirk's invariant o(f) = (o1 (f),0_(f)), where o_(f) is defined similarly.
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Background: Kirk's invariant (1988)
Let f = f, L f_: S210S? — S* be a generic link map.

Let z = f1.(x) = f(y) be a double point of f;.

Let e, be its sign, which compares the two orientations of $* at z.
Let J, C S? be some arc connecting x and y.

Then £, (J;) is a loop in the complement of £_(S52) in S

Let ¢, be the linking number between i (J,) and f_.

Then ¢, does not depend of the choice J,
and |¢,| does not depend on the choice of the ordering of (x,y).

Let o ()= 3 e (tll —1) € Z[t],
ZEA(f+)
where A(f}) is the set of all double points of f.
Kirk's invariant o(f) = (o1 (f),0_(f)), where o_(f) is defined similarly.
Theorem (Schneiderman—Teichner, 2019, Ann. of Math.) o is injective.
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Background: Koschorke's invariant (1991)

A string link is an embedding f: I x {1,...,m} — | x R?, where
I =0, 1], such that f(0,i) = (0,0,/) and f(1,i) = (1,0, ) for all i.
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Background: Koschorke's invariant (1991)
A string link is an embedding f: I x {1,...,m} — | x R?, where
I =0, 1], such that f(0,i) = (0,0,/) and f(1,i) = (1,0, ) for all i.

Link homotopies of string links are understood to keep the endpoints fixed.
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Background: Koschorke's invariant (1991)

A string link is an embedding f: I x {1,...,m} — | x R?, where

I =0, 1], such that f(0,i) = (0,0,/) and f(1,i) = (1,0, ) for all i.

Link homotopies of string links are understood to keep the endpoints fixed

A fibered disk link map is a self-link-homotopy of the string unlink.
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Background: Koschorke's invariant (1991)

A string link is an embedding f: [ x {1,...,m} — I x R2, where
I =10, 1], such that £(0,/) = (0,0,/) and f(1,/) = (1,0,/) for all i.

Link homotopies of string links are understood to keep the endpoints fixed.
A fibered disk link map is a self-link-homotopy of the string unlink.

Let h=h, Uh_:120U1% = I?> x R? be a generic FDLM.

Let z = hy(x, t) = hy(y, t) be a double point of h.

So x, y are naturally ordered. By symmetry we may assume that x < y.
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Background: Koschorke's invariant (1991)

A string link is an embedding f: [ x {1,...,m} — I x R2, where
I =10, 1], such that £(0,/) = (0,0,/) and f(1,/) = (1,0,/) for all i.

Link homotopies of string links are understood to keep the endpoints fixed.
A fibered disk link map is a self-link-homotopy of the string unlink.

Let h=h, Uh_:120U1% = I?> x R? be a generic FDLM.

Let z = hy(x, t) = hy(y, t) be a double point of h.

So x, y are naturally ordered. By symmetry we may assume that x < y.
Then hy([x,y] x t) is a loop in the complement of h_(/ x t)in [ x t x R?.

Let £, be the linking number between these.
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Background: Koschorke's invariant (1991)

A string link is an embedding f: [ x {1,...,m} — I x R2, where
I =10, 1], such that £(0,/) = (0,0,/) and f(1,/) = (1,0,/) for all i.

Link homotopies of string links are understood to keep the endpoints fixed.
A fibered disk link map is a self-link-homotopy of the string unlink.

Let h=h, Uh_:120U1% = I?> x R? be a generic FDLM.

Let z = hy(x, t) = hy(y, t) be a double point of h.

So x, y are naturally ordered. By symmetry we may assume that x < y.
Then hy([x,y] x t) is a loop in the complement of h_(/ x t)in [ x t x R?.
Let £, be the linking number between these.

Let Y, (h) = > e, (t% —1) e Z[tT].
zeA(hy)

Koschorke's invariant ¥(h) = (X4 (h), Z_(h)).
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Background: Koschorke's invariant (1991)

A string link is an embedding f: [ x {1,...,m} — I x R2, where
I =10, 1], such that £(0,/) = (0,0,/) and f(1,/) = (1,0,/) for all i.

Link homotopies of string links are understood to keep the endpoints fixed.
A fibered disk link map is a self-link-homotopy of the string unlink.

Let h=h, Uh_:120U1% = I?> x R? be a generic FDLM.

Let z = hy(x, t) = hy(y, t) be a double point of h.

So x, y are naturally ordered. By symmetry we may assume that x < y.
Then hy([x,y] x t) is a loop in the complement of h_(/ x t)in [ x t x R?.
Let £, be the linking number between these.

FDLM, —=— Z[t*'] & Z[t*]

Lt Ty = T el -DerE] |, [

zcaTh) t"—t
4 o

Koschorke's invariant X (h) = (Z+(h), Z,(h)). HHz Adee
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Background: Fenn—Rolfsen link map (1986)
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Background: Fenn—Rolfsen link map (1986)
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Background: Fenn—Rolfsen link map (1986)
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Background: Fenn—Rolfsen link map (1986)
SR =(-11-0
bz e=1L=1 ;@)y=(t-1,1-1)
o W
_/Q_J\ I f
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Images of o and
Theorem (Kirk, 1988). imo = kerd, where §: Z[t| D Z[t]| = Z S Z D Z is
given by (f,g) — (fle=1, gle=1, I + & + "+ g"]¢=1).
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Images of o and

Theorem (Kirk, 1988). imo = kerd, where §: Z[t| D Z[t]| = Z S Z D Z is
given by (f,g) — (f|t:1, gle=1, f'+g + 1" —|—g”|t:1).

Theorem (D: Koschorke 1991, C: M.—Repovs 2005). im X = ker A, where
A:Z[tF @ Z[tF] = Z® Z ® Z ® Z is given by

(f,8) = (fle=1, &le=1, ' + &'|e=1, " + &"]t=1).
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Images of o and X

Theorem (Kirk, 1988). imo = kerd, where §: Z[t| D Z[t]| = Z S Z D Z is
given by (f,g) — (f|t:1, gle=1, f'+g + 1" —|—g”|t:1).

Theorem (D: Koschorke 1991, C: M.—Repovs 2005). im X = ker A, where
A:Z[tF @ Z[tF] = Z® Z ® Z ® Z is given by

(f,8) = (fle=1, &le=1, ' + &'|e=1, " + &"]t=1).

O: because o(A, ) generate ker§ and ¥ (A, ,) generate ker A.

Sergey Melikhov (Steklov Math Institute,  Brunnian link maps in the 4-sphere April 29, 2022 14 /43



Images of o and X

Theorem (Kirk, 1988). imo = kerd, where §: Z[t| D Z[t]| = Z S Z D Z is
given by (f,g) — (f|t:1, gle=1, ' +g + 1" +g”|t:1).

Theorem (D: Koschorke 1991, C: M.—Repovs 2005). im X = ker A, where
A:Z[FN O Z[tT]) - ZOZ D Z ® Z is given by

(f,8) = (fle=1, &le=1, ' + &'|e=1, " + &"]t=1).

D: because O’(/A\mm) generate ker 0 and X(Ap, ) generate ker A,

C: because the generalized Sato—Levine invariant 3 satisfies

B(Ll) _/B(L) = Z 6zgzgz:

z€A(hy)UA(h_)

\Lvhere h=hyUh_is a link homotopyN between links L’ and L, and £, and
{, are the linking numbers of J, and J, with the other component.
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Images of o and X

Theorem (Kirk, 1988). imo = kerd, where §: Z[t| D Z[t]| = Z S Z D Z is
given by (f,g) — (f|t:1, gle=1, ' +g + 1" +g”|t:1).

Theorem (D: Koschorke 1991, C: M.—Repovs 2005). im X = ker A, where
A:Z[FN O Z[tT]) - ZOZ D Z ® Z is given by

(f,8) = (fle=1, &le=1, ' + &'|e=1, " + &"]t=1).

D: because O’(/A\mm) generate ker 0 and X(Ap, ) generate ker A,

C: because the generalized Sato—Levine invariant 3 satisfies
B(L) - B(L) = > exl,ls,
zeA(hy)UA(h-)
\Lvhere h=hyUh_is a link homotopyN between links L’ and L, and £, and
{, are the linking numbers of J, and J, with the other component.
Vi(2)

VL@V () k(L) + Z3B(L) + 2°(....).
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Images of o and X

Theorem (Kirk, 1988). imo = kerd, where §: Z[t| D Z[t]| = Z S Z D Z is
given by (f,g) — (f|t:1, gle=1, ' +g + 1" +g”|t:1).

Theorem (D: Koschorke 1991, C: M.—Repovs 2005). im X = ker A, where
A:Z[FN O Z[tT]) - ZOZ D Z ® Z is given by

(f,8) = (fle=1, &le=1, ' + &'|e=1, " + &"]t=1).

D: because O’(/A\mm) generate ker 0 and X(Ap, ) generate ker A,

C: because the generalized Sato—Levine invariant 3 satisfies

B(L) - B(L) = > exl,ls,

zeA(hy)UA(h-)

\Lvhere h=hyUh_is a link homotopyN between links L’ and L, and £, and
{, are the linking numbers of J, and J, with the other component.

Vi(2)

Vi (2)Vi_(2)

Theorem (Nakanishi-Ohyama, 2003). Ik and 3 classify two-component
links up to A-link homotopy.

= zIk(L) + Z38(L) + 2°(...).
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Images of o and X

Theorem (Kirk, 1988). imo = kerd, where §: Z[t| D Z[t]| = Z S Z D Z is
given by (f,g) — (f|t:1, gle=1, ' +g + 1" +g”|t:1).

Theorem (D: Koschorke 1991, C: M.—Repovs 2005). im X = ker A, where
A:Z[FN O Z[tT]) - ZOZ D Z ® Z is given by

(f,8) = (fle=1, &le=1, ' + &'|e=1, " + &"]t=1).

D: because O’(/A\mm) generate ker 0 and X(Ap, ) generate ker A,

C: because the generalized Sato—Levine invariant 3 satisfies

B(L") = B(L) = > el

zeA(hy)UA(h-)

\Lvhere h=hyUh_is a link homotopyN between links L’ and L, and £, and
{, are the linking numbers of J, and J, with the other component.

Vi(2)

Vi (2)Vi_(2)

Theorem (Nakanishi-Ohyama, 2003). Ik and 3 classify two-component
links up to A-link homotopy. [M., 2018: New proof via im ¥ = ker A.]

= zIk(L) + Z38(L) + 2°(...).
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Link maps with m components
Let f=fL---Ufp: S?U---1US? — S* be a generic link map.
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Link maps with m components
Let f=fL---Ufp: S?U---1US? — S* be a generic link map.

If z € A(f;) and j # i, let £,; be the linking number between f;(J,) and f;.
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Link maps with m components
Let f=fL---Ufp: S?U---1US? — S* be a generic link map.
If z € A(f;) and j # i, let £,; be the linking number between f;(J,) and f;.

Let () = Y e |T] 6" —1‘ e Z[tE!,. .., i
NG

n n —n
H= ("t =t ™.

,oo oy tE]/H, where

.t, ™ | nj € Z) (subgroup, not ideall)
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Link maps with m components
Let f=fL---Ufp: S?U---1US? — S* be a generic link map.
If z € A(f;) and j # i, let £,; be the linking number between f;(J,) and f;.

14

Let o?(F) = Y e [[ 8" —1‘ e [, ...

zeA(f)
H={t". ..t} —t;™...t," | nj € Z) (subgroup, not ideall)

2+1
’ t,‘

,oo oy tE]/H, where

Kirk—Koschorke invariant o®(f) = (o§P(f),...,020(f)).
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Link maps with m components

Let f=fL---Ufp: S?U---1US? — S* be a generic link map.

If z € A(f;) and j # i, let £,; be the linking number between f;(J,) and f;.

Let o2b(F) = > e,
zeA(f)

H={t". ..t} —t;™...t," | nj € Z) (subgroup, not ideall)

1 tfzf — 1‘ ezt ..t tEY/H, where

Kirk—Koschorke invariant o®(f) = (o§P(f),...,020(f)).

Theorem 1. ¢ is not injective for m > 2.

Sergey Melikhov (Steklov Math Institute,  Brunnian link maps in the 4-sphere April 29, 2022 15 /43



Link maps with m components
Let f=fL---Ufp: S2U---1US? — S* be a generic link map.
If z € A(f;) and j # i, let £,; be the linking number between f;(J,) and f;.

Let o°(F) = 3 &o| Tl t)
zeA(f)

H={t". ..t} —t;™...t," | nj € Z) (subgroup, not ideall)

£ tE1]/H, where

)

& —1‘ cZ[t?, ...

Kirk—Koschorke invariant o®(f) = (o§P(f),...,020(f)).
Theorem 1. ¢ is not injective for m > 2.

Let h=hyU---Uhy: 12U--- 1% = [? x R? be a generic FDLM.
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Link maps with m components
Let f=fL---Ufp: S2U---1US? — S* be a generic link map.

If z € A(f;) and j # i, let £,; be the linking number between f;(J,) and f;.

£ tE1]/H, where

)

Let o°(F) = 3 &o| Tl t)
zeA(f)

H={t". ..t} —t;™...t," | nj € Z) (subgroup, not ideall)

& —1‘ cZ[t?, ...

Kirk—Koschorke invariant o®(f) = (o§P(f),...,020(f)).
Theorem 1. ¢ is not injective for m > 2.
Let h=hyU---Uhy: 12U--- 1% = [? x R? be a generic FDLM.

If z= hi(x,t) = hi(y,t), where x <y, and j # i, let /; be the linking
number between h;([x, y] x t) and h;(/ x t).
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Link maps with m components
Let f=fL---Ufp: S2U---1US? — S* be a generic link map.

If z € A(f;) and j # i, let £,; be the linking number between f;(J,) and f;.

£ tE1]/H, where

)

Let o°(F) = 3 &o| Tl t)
zeA(f)

H={t". ..t} —t;™...t," | nj € Z) (subgroup, not ideall)

& —1‘ cZ[t?, ...

Kirk—Koschorke invariant o®(f) = (o§P(f),...,020(f)).

Theorem 1. ¢ is not injective for m > 2.

Let h=hyU---Uhy: 12U--- 1% = [? x R? be a generic FDLM.

If z= hi(x,t) = hi(y,t), where x <y, and j # i, let /; be the linking
number between h;([x, y] x t) and h;(/ x t).

Oy
Let T3°(h) = % e ([t — 1) € ZI ...
ZGA(h,‘)

2£1
(N =

[
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Link maps with m components
Let f=fL---Ufp: S2U---1US? — S* be a generic link map.
If z € A(f;) and j # i, let £,; be the linking number between f;(J,) and f;.

Let o°(F) = 3 &o| Tl t)
zeA(f)

H={t". ..t} —t;™...t," | nj € Z) (subgroup, not ideall)

£ tE1]/H, where

)

& —1‘ cZ[t?, ...

Kirk—Koschorke invariant o®(f) = (o§P(f),...,020(f)).

Theorem 1. ¢ is not injective for m > 2.

Let h=hyU---Uhy: 12U--- 1% = [? x R? be a generic FDLM.

If z= hi(x,t) = hi(y,t), where x <y, and j # i, let /; be the linking

number between h;([x, y] x t) and h;(/ x t).

Let T2°(h) = Y ([l t? —1) € ZI5, .. 85, i),
ZGA(h,‘)

Koschorke's invariant £2P(f) = (Z3P(f), ..., Z2P(f)).
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Brunnian link maps

Brunnian decomposition. Let [m] = {1,...,m} and 2,,, = 2,...,2.
(a) LM = Dmcim BLM3,
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Brunnian link maps

Brunnian decomposition. Let [m] = {1,...,m} and 2,,, = 2,...,2.
(a) LM = Dmcim BLM;3,,
(b)  o*(LM3)= @ucim o*(BLMS,)
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Brunnian link maps

Brunnian decomposition. Let [m] = {1,...,m} and 2, =2,...
(a) LM = Dmcim BLM;3,,
(b)  o*(LM3 )= @ucim o*(BLMS,)

()  FDLM3 = @®ucim  BFDLMS,
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Brunnian link maps

Brunnian decomposition. Let [m] = {1,...,m} and 2, =2,...
(a) LM = Dmcim BLM;3,,
(b)  o*(LM3 )= @ucim o*(BLMS,)
(©) FDLM3 = Dricim BFDLM3
)

(d) Z*(FDLM3, ) = @pyc(m E2(BFDLMS,)
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Brunnian link maps

Brunnian decomposition. Let [m] = {1,...,m} and 2, =2,...
(a) LM = Dmcim BLM;3,,
(b)  o*(LM3 )= @ucim o*(BLMS,)

()  FDLM} = @®upcim  BFDLMS,
(d) Z*(FDLM3, ) = @pyc(m E2(BFDLMS,)

Proof: Eilenberg—-MacLane, 1954 (“Cross-effect functors”).
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Brunnian link maps

Brunnian decomposition. Let [m] = {1,...,m} and 2,,, = 2,...,2.
(a) LM = Dmcim BLM;3,,
(b)  oTUME) = @uepm oU(BLME)

()  FDLM} = @®upcim  BFDLMS,
(d) Z*(FDLM3, ) = @pyc(m E2(BFDLMS,)

Proof: Eilenberg—-MacLane, 1954 (“Cross-effect functors”).

Theorem (Gui-Song Li, 1999) Brunnian link maps in S$% do exist. In fact,
o*P(BLM3 ) is nonempty for each m > 2.
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Brunnian link maps

Brunnian decomposition. Let [m] = {1,...,m} and 2,,, = 2,...,2.
(a) LM = Dmcim BLM;3,,
(b)  oTUME) = @uepm oU(BLME)

()  FDLM} = @®upcim  BFDLMS,
(d) Z*(FDLM3, ) = @pyc(m E2(BFDLMS,)

Proof: Eilenberg—-MacLane, 1954 (“Cross-effect functors”).

Theorem (Gui-Song Li, 1999) Brunnian link maps in S$% do exist. In fact,
o*P(BLM3 ) is nonempty for each m > 2.

(“Kirk's invariant may have mixed terms")
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Brunnian link maps

Brunnian decomposition. Let [m] = {1,...,m} and 2,,, = 2,...,2.
(a) LM = Dumcim BLM;3,,
(b)  oTUME) = @uepm oU(BLME)

()  FDLM} = @®upcim  BFDLMS,
(d) Z*(FDLM3, ) = @pyc(m E2(BFDLMS,)

Proof: Eilenberg—-MacLane, 1954 (“Cross-effect functors”).

Theorem (Gui-Song Li, 1999) Brunnian link maps in S$% do exist. In fact,
o*P(BLM3 ) is nonempty for each m > 2.

(“Kirk's invariant may have mixed terms")

Construction: A process of desingularization of towers of Whitney disks.
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Brunnian link maps

Brunnian decomposition. Let [m] = {1,...,m} and 2,,, = 2,...,2.
(a) LM;, = Ducim BLM;,,
(b)  oTUME) = @uepm oU(BLME)
(c) FDLM; = Ducim BFDLM§M
(d) Zab(FDLMgm) = @wmcim Zab(BFDLI\/IS'M)

Proof: Eilenberg—-MacLane, 1954 (“Cross-effect functors”).

Theorem (Gui-Song Li, 1999) Brunnian link maps in S$% do exist. In fact,
o*P(BLM3 ) is nonempty for each m > 2.

(“Kirk's invariant may have mixed terms")

Construction: A process of desingularization of towers of Whitney disks.

New construction: A single picture.
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Brunnian link maps

Brunnian decomposition. Let [m] = {1,...,m} and 2,,, = 2,...,2.
(a) LM;, = Ducim BLM;,,

(b)  oTUME) = @uepm oU(BLME)

(c) FDLM; = Ducim BFDLM§M

(d) Zab(FDLMgm) = @wmcim Zab(BFDLI\/IS'M)

Proof: Eilenberg—-MacLane, 1954 (“Cross-effect functors”).

Theorem (Gui-Song Li, 1999) Brunnian link maps in S$% do exist. In fact,
o*P(BLM3 ) is nonempty for each m > 2.

(“Kirk's invariant may have mixed terms")

Construction: A process of desingularization of towers of Whitney disks.

New construction: A single picture.

= Theorem 2: A computation of 0®*(LM3 , ).
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Brunnian example (m = 3)
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Brunnian example (m = 3)

- [ Y o

/\///:75(1
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Brunnian example (m = 3)

- [ Y o

N

“A Cx-move (Goussarov—Habiro move)”
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Brunnian example (m
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Brunnian example (m = 3)
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Brunnian example (m = 3)
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Brunnian example (m = 3)
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Brunnian example (m = 3)
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Brunnian example (m = 3)
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- [ N\

“A minimal solution of the Chinese Rings puzzle.”
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Brunnian example (m = 3)

™ -~ —

Sergey Melikhov (Steklov Math Institute,



Brunnian example (m = 3)
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Brunnian example (m = 3)
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Brunnian example (m = 3)
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Brunnian example (m = 3)

ha
10 _ K/s(:/j
\ 20 /\/\
ha 0 [/ﬁ _

hs
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Brunnian example (m = 3)

ha
10 _ K/s(:/j
\ 20 /\/\
ha 0 [/ﬁ _

hs

gl,'j?) = O
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Brunnian example (m = 3)

ha
210

Z

h 3

gl,'j?) = O

Ez,-jl =1
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Brunnian example (m = 3)

hy
10 _ K/s()j
K 20 /\/\
200 ﬁ_

ha

h 3

gz--3 =0
ij
Ez,-jl =1

€Z,'j = (_1)I+J
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Brunnian example (m = 3)

:: kﬁfﬁf

gl,'j?) = O
Ez,-jl =1
€Z,'j = (_1)I+J

T80 (h) = (1 —1)— (1 —1) =0

Sergey Melikhov (Steklov Math Institute,  Brunnian link maps in the 4-sphere



Sergey Melikhov (Steklov Math Institute,  Brunnian link maps in the 4-sphere



gz,-jk3 =k
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gz,-jk3 =k

gz,-jk2a =1, gz,-jk2b =J
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gz,-jk3 =k

gz,-jk2a =1, gz,-jk2b =J = gz,-jk2 =i+J
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ESS5

gz,-jk3 =k
gz,-jk2a =1, gz,-jk2b =J = gz,-jk2 =i+J

Ezjjp = (_1)i+j+k
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ESS5

gz,-jk3 =k

gz,-jk2a =1, gz,-jk2b =J = gz,-jk2 =i+J
ik

Ezp = (_1)I+J+

TP = Y (1) k(e ek - 1)
ij,ke{0,1}

ut
i
<
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gz,-jk3 =k

gz,-jk2a =1, ‘éz,-jk2b =J = éz,-jk2 =i+J

Ezjjp = (_1)i+j+k

TP(h)y = Y (F1)HK( P - 1) = (1- )21 - t)
ij,ke{0,1}

=] 5

i
9
¢
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Brunnian example (m = 3)

cSeh S Yeaarat ScSc

4 ¥3"(h) = 0 since hs is injective. \ Zijk
22 S

Az v
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Brunnian example (m = 3)

4 ¥5(h) = 0 since hs

is injective. \ Zijk
<< *(h) = ((1 - £)*(1 - t3),0,0)
lagsy) )
5522

\@ﬁ%ﬂ/ S5
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Brunnian example (m = 3)

S o5~ oS

¥5(h) = 0 since hs is injective

4 . \ Zijk
e || F = (@ -wr-n)o O)L
et NoSeS

Az v
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Brunnian example (m = 3)

S o5~ oS

¥5(h) = 0 since hs is injective

4 tive. \ Zijk
<3 T (h) = ((1 - 22)*(1 - t5),0,0)
L@ﬁﬂj o*®(h) = ((1 - t)*(1 - t3),0,0) WLH\@(/@?/Z\\\ v/j
\‘ lﬁ/\?\)?\ Every f: §? 11 5% — S with bﬁ\\lé\?\\l’\?\
I LT

injective f;. or f_ is trivial

(Schneiderman—Teichner '19)

Az Y
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Brunnian example (generalization)
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Brunnian example (generalization)

(@
Vs los
cS5c5

J1

A green — m — 2 injective ones
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Brunnian example (generalization)

=3 e

A green — m — 2 injective ones

§ #in
ith green — ~j-cable, v; € Z
L) @
S5l

ez Lagz!

(_((
\_<?\>\IJ_I? - - \\_/\/\/\/\_/“
(

-
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Brunnian example (generalization)
22l T_Saes T Bear
§ zisn

green — m — 2 injective ones

ith green — ~j-cable, v; € Z

4
L//@\\JQ\J first blue + f-cable, 5 € Z W%@\?
_K_</<“\</<\\_/(“ second blue — 3’-cable, 8/ € Z M\[\/\i\j&\\\\}\\}\u
=== S

ez Lagz!

(_((
\_<?\>\IJ_I? - - \\_/\/\/\/\_/“
(

S
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Brunnian example (generalization

)

Sehet s

green — m — 2 injective ones

ith green — ~j-cable, v; € Z

! y Zik
@@ﬂj first blue s f-cable, 8 € Z %@

second blue — ’-cable, 3’ € Z

S5 W =) T -8 S5

reen

Az v
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Brunnian example (generalization

)

Se5et

green — m — 2 injective ones

ith green — ~j-cable, v; € Z

! y Zik
@@ﬂj first blue s f-cable, 8 € Z %@//7@?}

second blue — ’-cable, 3’ € Z

S5 W =) T -8 S5

reen

Y2P(h) = 0 for i # r (r=red) V

-
@y Koy

=] 5
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Images of o and ¥

Theorem 2. Zab(BFDLI\/Ig’Q’z) = @2, im X2 and each im 2P = ker A3,
where

ATz e s e @ Z[ . B

c#a
is given by f — (%'q:m:tmzl; fla=1,---, f|tm:1)'

rt1 +1
N ==

gy be
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Images of o and ¥

Theorem 2. Zab(BFDLMim) = @2, im X2 and each im 2P = ker A3,
where

S| - +1 p
AT 7 L et s Ze @ Z[H . B
c#a

is given by f — (%'q:m:tmzl; fla=1,---, f|tm=1)-

Addendum. The inclusion im Z?b D ker A" also holds for m > 3.

rt1 +1
N ==

gy be
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Images of o®” and ¥2P
Theorem 2. Zab(BFDLI\/IiM) = @2, im X2 and each im 2P = ker A3,
where

AT Z[ER Bt sz o @Z[tfﬂ,...,fgﬂ,...,f?l,...,t,ﬂ,sl
Cc*a
is given by f — (%'q:m:tmzl; flo=1,---, f|tm=1)-

Addendum. The inclusion im Z?b D ker A" also holds for m > 3.

Theorem 2'. 6°P(BLM3,,) = @7, im 0% and each 02> = ker 67, where
el . _ _

6 2t ,...,t;“,...,t#]/(t{”...t,’(’k —t Mmoot ™| neZ)y —

Z@@CiaZ[tfﬁl,...,f;tl,...,fécl,...,t,ﬁl] is given by |f| — AT(f).
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Images of o®” and ¥2P

Theorem 2. Zab(BFDLI\/IiM) = @2, im X2 and each im 2P = ker A3,
where

AT Z[ER Bt sz o @Z[tfl,...,fgtl,...,f?l,...,t,ﬂ,;l
C*a
is given by f — (atf (';tm|t1_ —ty =1 Flv=t, - Flon=1)-

Addendum. The inclusion im Z?b D ker A" also holds for m > 3.

Theorem 2'. 6°P(BLM3,,) = @7, im 0% and each 02> = ker 67, where
el . _ _

6 2t ,...,t;“,...,t#]/(tfl...t,’(’k —t Mmoot ™| neZ)y —

Z@@CiaZ[tfﬁl,...,f;tl,...,fécl,...,t,ﬁl] is given by |f| — AT(f).

Addendum. The inclusion im o?b D ker 0" also holds for m > 3.
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Images of o®” and ¥2P

Theorem 2. Zab(BFDLI\/IiM) = @2, im X2 and each im 2P = ker A3,
where

AT Z[ER Bt sz @zl .t B et
c#a
is given by f — (atf (';tm|t1_ —ty =1 Flv=t, - Flon=1)-

Addendum. The inclusion im Z?b D ker A" also holds for m > 3.
Theorem 2. o*(BLM3, ,) = @, im 02" and each 07> = ker 57, where
5m: Z[tfl,...,E;“,...,t#]/(tfl...t,’(’k —t "™ n e Z)
YA @CiaZ[tfcl, o B EEL Lt is given by || — AT(F).
Addendum. The inclusion im o?b D ker 0" also holds for m > 3.

D: Previous pictures.
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Images of o®” and ¥2P

Theorem 2. Zab(BFDLI\/IiM) = @2, im X2 and each im 2P = ker A3,
where

AT Z[ER Bt sz @zl .t B et
c#a
is given by f — (atf (';tm|t1_ —ty =1 Flv=t, - Flon=1)-

Addendum. The inclusion im Z?b D ker A" also holds for m > 3.
Theorem 2. o*(BLM3, ,) = @, im 02" and each 07> = ker 57, where
5m: Z[tfl,...,E;“,...,t#]/(tfl...t,’(’k —t "™ n e Z)
YA @CiaZ[tfl, o B EEL Lt is given by || — AT(F).
Addendum. The inclusion im o?b D ker 0" also holds for m > 3.

D: Previous pictures. C: a (new) crossing change formula for fi(iijk).
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Images of o®” and ¥2P

Theorem 2. Zab(BFDLI\/IiM) = @2, im X2 and each im 2P = ker A3,
where

AT Z[ER Bt sz @zl .t B et
c#a
is given by f — (at? (';tm|t1_ —ty =1 Flv=t, - Flon=1)-

Addendum. The inclusion im Z?b D ker A" also holds for m > 3.

Theorem 2. o*(BLM3, ,) = @, im 02" and each 07> = ker 57, where
5m: Z[tfl,...,E;“,...,t#]/(tfl...t,’(’k —t "™ n e Z)
LZ® Dy, ZIE, .t B Lt s given by [f] = AT(F).
Addendum. The inclusion im 2> O ker 6 also holds for m > 3.

D: Previous pictures. C: a (new) crossing change formula for fi(iijk).

Theorem 3. Two 3-component links that are link homotopic to the unlink
are weakly A-link homotopic < they have equal ji-invariants of length 4.
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Images of o®” and ¥2P
Theorem 2. Zab(BFDLI\/IiM) = @2, im X2 and each im 2P = ker A3,
where

AT Z[ER Bt sz @zl .t B et
c#a
is given by f — (ﬁhzm:tm:l; flo=1,---, f|tm=1)-

Addendum. The inclusion im Z?b D ker A" also holds for m > 3.

Theorem 2. o*(BLM3, ,) = @, im 02" and each 07> = ker 57, where
5m: Z[tfl,...,E;“,...,t#]/(tfl...t,’(’k —t "™ n e Z)
LZ® Dy, ZIE, .t B Lt s given by [f] = AT(F).
Addendum. The inclusion im o?b D ker 0" also holds for m > 3.

D: Previous pictures. C: a (new) crossing change formula for fi(iijk).
Theorem 3. Two 3-component links that are link homotopic to the unlink
are weakly A-link homotopic < they have equal ji-invariants of length 4.

Weak A-link-homotopy: C3**-moves (=A-link homotopy) + C;”*"*-moves.
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Background: Milnor's link group (1954)
Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).
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Background: Milnor's link group (1954)
Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).

Let A; be the kernel of the inclusion induced map m1(f) — w1 (f \ flx;)-
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Background: Milnor's link group (1954)

Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).
Let A; be the kernel of the inclusion induced map m1(f) — w1 (f \ flx;)-
Milnor’s link group G(f) = m1(f)/(A} --- A},), where G’ =[G, G].
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Background: Milnor's link group (1954)

Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).
Let A; be the kernel of the inclusion induced map m1(f) — m1(f \ f|x;)
Milnor’s link group G(f) = m1(f)/(A} --- A},), where G’ =[G, G].

Example: unlink,: ST ... 1St — S3
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Background: Milnor's link group (1954)

Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).
Let A; be the kernel of the inclusion induced map m1(f) — w1 (f \ flx;)-
Milnor’s link group G(f) = m1(f)/(A} --- A},), where G’ =[G, G].
Example: unlink,: ST ... 1St — S3

m1(unlinky,) = Fy = F(x1, ..., Xm), the non-abelian free group.
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Background: Milnor's link group (1954)

Let f: Xy U+ U Xy — Y be alink map. Write my(f) = m (Y \imf).
Let A; be the kernel of the inclusion induced map m1(f) — w1 (f \ flx;)-
Milnor’s link group G(f) = m1(f)/(A} --- A},), where G’ =[G, G].
Example: unlink,: ST ... 1St — S3

m1(unlinky,) = Fy = F(x1, ..., Xm), the non-abelian free group.

A,' = ker [F<X1...,Xm> — F(Xl,...,)?,',...,xmﬂ
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Background: Milnor's link group (1954)

Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).
Let A; be the kernel of the inclusion induced map m1(f) — w1 (f \ flx;)-
Milnor's link group G(f) = m1(f)/(A] -+ Al), where G' =[G, G].
Example: unlink,: ST ... 1St — S3

m1(unlinky,) = Fy = F(x1, ..., Xm), the non-abelian free group.

A; = ker [F(Xl...,xm> — F(xl,...,>A<,-,...,xm>]

= the minimal normal subgroup containing x;.
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Background: Milnor's link group (1954)
Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).
Let A; be the kernel of the inclusion induced map m1(f) — w1 (f \ flx;)-
Milnor's link group G(f) = m1(f)/(A] -+ Al), where G' =[G, G].
Example: unlink,: ST ... 1St — S3
m1(unlinky,) = Fy = F(x1, ..., Xm), the non-abelian free group.
A; = ker [F(Xl...,xm> — F(xl,...,>A<,-,...,xm>]

= the minimal normal subgroup containing x;.

g(unlinkm) = Fm/(All .. Alm)
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Background: Milnor's link group (1954)
Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).
Let A; be the kernel of the inclusion induced map m1(f) — w1 (f \ flx;)-
Milnor's link group G(f) = m1(f)/(A] -+ Al), where G' =[G, G].
Example: unlink,: ST ... 1St — S3
m1(unlinky,) = Fy = F(x1, ..., Xm), the non-abelian free group.
A; = ker [F(Xl...,xm> — F(xl,...,>A<,-,...,xm>]

= the minimal normal subgroup containing x;.
G(unlinky,) = Fn /(AL -+ - A))

= Fm/(all commutators [...[x;, X;], Xi], - - -, x;,] with repeats)
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Background: Milnor's link group (1954)

Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).
Let A; be the kernel of the inclusion induced map m1(f) — w1 (f \ flx;)-
Milnor's link group G(f) = m1(f)/(A] -+ Al), where G' =[G, G].

Example: unlink,: ST ... 1St — S3
m1(unlinky,) = Fy = F(x1, ..., Xm), the non-abelian free group.
A; = ker [F(Xl...,xm> — F(xl,...,>A<,-,...,xm>]
= the minimal normal subgroup containing x;.
G(unlinky,) = Fn /(AL -+ - A))
= Fm/(all commutators [...[x;, X;], Xi], - - -, x;,] with repeats)

=: RF,, the reduced free group.
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Background: Milnor's link group (1954)

Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).
Let A; be the kernel of the inclusion induced map m1(f) — w1 (f \ flx;)-
Milnor's link group G(f) = m1(f)/(A] -+ Al), where G' =[G, G].

Example: unlink,: ST ... 1St — S3
m1(unlinky,) = Fy = F(x1, ..., Xm), the non-abelian free group.
A; = ker [F(Xl...,xm> — F(xl,...,>A<,-,...,xm>]
= the minimal normal subgroup containing x;.
G(unlinky,) = Fn /(AL -+ - A))
= Fm/(all commutators [...[x;, X;], Xi], - - -, x;,] with repeats)
=: RF,, the reduced free group.

Note: if n > m, any such commutator has a repeat.
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Background: Milnor's link group (1954)

Let f: X1 U---U Xy, — Y be a link map. Write m1(f) = 7r1(Y\im f).
Let A; be the kernel of the inclusion induced map m1(f) — w1 (f \ flx;)-
Milnor's link group G(f) = m1(f)/(A] -+ Al), where G' =[G, G].

Example: unlink,: ST ... 1St — S3
m1(unlinky,) = Fy = F(x1, ..., Xm), the non-abelian free group.
A; = ker [F(Xl...,xm> — F(xl,...,>A<,-,...,xm>]
= the minimal normal subgroup containing x;.
G(unlinky,) = Fn /(AL -+ - A))
= Fm/(all commutators [...[x;, X;], Xi], - - -, x;,] with repeats)
=: RF,, the reduced free group.

Note: if n > m, any such commutator has a repeat. So RF,, is nilpotent.
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = L;f;: S*U--- U S — S3 the Milnor
link group G(f) is an invariant of link homotopy.
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = L;f;: S*U--- U S — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = L;f;: S*U--- U S — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.
Corollary. If f is Brunnian, then G(f \ f;) ~ RFp,_1 for each i.
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = L;f;: S*U--- U S — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) ~ RFp,—1 for each i. Hence the
conjugacy class [fi] C G(f \ f;) = RFpn—1 is a link homotopy invariant.
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = L;f;: S*U--- U S — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) ~ RFp,—1 for each i. Hence the
conjugacy class [fi] C G(f \ f;) = RFpn—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x, y)/(all commutators of length > 3)
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = L;f;: S*U--- U S — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) ~ RFp,—1 for each i. Hence the
conjugacy class [fi] C G(f \ f;) = RFpn—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x, y)/(all commutators of length > 3)
= {4yl xe |
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = L;f;: S*U--- U S — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) ~ RFp,—1 for each i. Hence the
conjugacy class [fi] C G(f \ f;) = RFpn—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x, y)/(all commutators of length > 3)

= {5y ly, X1 |y Ty Ky Ty x =
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = L;f;: S*U--- U S — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) ~ RFp,—1 for each i. Hence the
conjugacy class [fi] C G(f \ f;) = RFpn—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x, y)/(all commutators of length > 3)

_ {Xky/[%x]c | xky /Ty, x< - XKy Ty, x] = Xk+k/yl+l’[ij]c+c’+k’l}
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = L;f;: S*U--- U S — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) ~ RFp,—1 for each i. Hence the
conjugacy class [fi] C G(f \ f;) = RFpn—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x, y)/(all commutators of length > 3)

_ {Xky/[%x]c | xky /Ty, x< - XKy Ty, x] = Xk+k/yl+l’[ij]c+c’+k’l}

1/
~ discrete Heisenberg group 01 k,l,ceZ
00

= X0
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = L;f;: S*U--- U S — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) ~ RFp,—1 for each i. Hence the
conjugacy class [fi] C G(f \ f;) = RFpn—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x, y)/(all commutators of length > 3)

_ {Xky/[%x]c | xky /Ty, x< - XKy Ty, x] = Xk+k/yl+l’[ij]c+c’+k’l}

1 |/ ¢
~ discrete Heisenberg group 0 1 k]l|kIl,ceZ
0 0 1
1/ ¢ 17 ¢ 1 1+ c+d+KI
0 1 k 01 K|=1|{0 1 k + k'
0 01 0 0 1 0 o 1
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = U;f;: ST L--- 11 ST — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) >~ RFp,_1 for each i. Hence the
conjugacy class [f]] C G(f \ f;) = RFm—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x,y)/(all commutators of length > 3)

= Dy X | Xy Ly, X1 XKy Ty X = Xy Ty jere

R
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = U;f;: ST L--- 11 ST — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) >~ RFp,_1 for each i. Hence the
conjugacy class [f]] C G(f \ f;) = RFm—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x,y)/(all commutators of length > 3)
= Dy X | Xy Ly, X1 XKy Ty X = Xy Ty jere

f: ST St 1St — S3 Brunnian link
( RF; = G(AUf)

T
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = U;f;: ST L--- 11 ST — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) >~ RFp,_1 for each i. Hence the
conjugacy class [f]] C G(f \ f;) = RFm—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x,y)/(all commutators of length > 3)
= Dy X | Xy Ly, X1 XKy Ty X = Xy Ty jere

f: ST St 1St — S3 Brunnian link
( RF; = G(A U ) D [f]

T
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = U;f;: ST L--- 11 ST — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) >~ RFp,_1 for each i. Hence the
conjugacy class [f]] C G(f \ f;) = RFm—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x,y)/(all commutators of length > 3)
= Dy X | Xy Ly, X1 XKy Ty X = Xy Ty jere

f: ST St 1St — S3 Brunnian link
( RF, = G(f U ) D [f] > x*y![y, x|

T
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = U;f;: ST L--- 11 ST — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) >~ RFp,_1 for each i. Hence the
conjugacy class [f]] C G(f \ f;) = RFm—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x,y)/(all commutators of length > 3)

= Dy X | Xy Ly, X1 XKy Ty X = Xy Ty jere
/\ f: S1u Sty St — S32 Brunnian link
/TN RR =GR UR) S [A] 5 Xy TN
w k = Ik(13) = 0 and / = Ik(23) = 0.
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = U;f;: ST L--- 11 ST — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) >~ RFp,_1 for each i. Hence the
conjugacy class [f]] C G(f \ f;) = RFm—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x,y)/(all commutators of length > 3)
= Dy X | Xy Ly, X1 XKy Ty X = Xy Ty jere

f: ST St 1St — S3 Brunnian link
RF, = G(fiU £) D [f] 3 x*y'[y, x|

o ( k =1k(13) =0 and / = 1k(23) = 0.
Hence c is well-defined up to conjugation.
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Background: Milnor's link group (1954)

Lemma (Milnor, 1954). For links f = U;f;: ST L--- 11 ST — S3 the Milnor
link group G(f) is an invariant of link homotopy.

Corollary. If f link homotopic to the unlink, then G(f) ~ RF,.

Corollary. If f is Brunnian, then G(f \ f;) >~ RFp,_1 for each i. Hence the
conjugacy class [f]] C G(f \ f;) = RFm—1 is a link homotopy invariant.

Example: m = 3. Here RF, = F(x,y)/(all commutators of length > 3)

_ {Xky/[%x]c | xky /Iy, x¢ XKy Ly, x]E = xR Iy X]c+c’+k’l}
f: ST St U S — S3 Brunnian link
RF, = G(fiL f) D[] 3 x*y/[y, x]°

q_p ( k = Ik(13) = 0 and | = Ik(23) = 0.

b Hence c is well-defined up to conjugation.

1(123) := c is a link homotopy invariant.

)
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Non-abelian invariant of link maps in S*

Lemma (Habegger—Lin, 1990) G(f) ~ RF,, for every string link
Folu---ul— I3
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Non-abelian invariant of link maps in S*

Lemma (Habegger—Lin, 1990) G(f) ~ RF,, for every string link
Folu---ul— I3

Lemma (Krushkal, 2012) G(F) ~ RF,, for every generic disk link map
F:D?U---1D? — B*.

Sergey Melikhov (Steklov Math Institute,  Brunnian link maps in the 4-sphere April 29, 2022 38/43



Non-abelian invariant of link maps in S*

Lemma (Habegger—Lin, 1990) G(f) ~ RF,, for every string link
Folu---ul— I3

Lemma (Krushkal, 2012) G(F) ~ RF,, for every generic disk link map
F:D?U---1D? — B*.

Corollary. G(F) ~ RF,, for every generic link map F: S?1J---1US% — S*.
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Non-abelian invariant of link maps in S*

Lemma (Habegger—Lin, 1990) G(f) ~ RF,, for every string link
folu---ul— 13

Lemma (Krushkal, 2012) G(F) ~ RF,, for every generic disk link map
F:D?U---1D? — B*.

Corollary. G(F) ~ RF,, for every generic link map F: S?2U---U §? — S%.

Addendum. If H: (S?1---1US2) x | — S* x I is a generic link homotopy
between link maps Fg, F1: S? 1 ---1JS? — S*, then the inclusion induced
maps G(F;) — G(H) are isomorphisms.
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Non-abelian invariant of link maps in S*

Let RF,/c be the set of conjugacy classes of the group RF,.
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Non-abelian invariant of link maps in S*

Let RF,/c be the set of conjugacy classes of the group RF,.

Let t: RF,,/c — RFy,/c be the involution induced by the
anti-automorphism g — g~ ! of RF,.
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Non-abelian invariant of link maps in S*

Let RF,/c be the set of conjugacy classes of the group RF,.

Let t: RFn/c — RFp/c be the involution induced by the
anti-automorphism g — g~ ! of RF,.

Remark. Z[(RF,/c)/t] ~ Z|RF,)/ T as groups, where T is the sugroup
(g—gtg- ghlg, he RFm) of the additive group of Z[RF)].
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Non-abelian invariant of link maps in S*

Let RF,/c be the set of conjugacy classes of the group RF,.

Let t: RFn/c — RFp/c be the involution induced by the
anti-automorphism g — g% of RF,,.

Remark. Z[(RFy/c)/t] ~ Z|RF,]/ T as groups, where T is the sugroup
(g—g '.g—g"| g he RFy) of the additive group of Z[RFpn).

Example. Let H C Z[RF:] be the copy of Z[Z] generated by the powers of
[y,x]. Then TN H = ([y,x]™ — [y, x]™™) and there is an epimorphism
ZIRF)/T — H/T A H = Z][4].
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Non-abelian invariant of link maps in S*

Let f=fL---Ufp: S?U---1US% — S* be a generic link map.
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Non-abelian invariant of link maps in S*

Let f=fL---Ufp: S?U---1US% — S* be a generic link map.

For each double point fi(x) = fi(y) = z let ¢, be its sign.
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Non-abelian invariant of link maps in S*

Let f=fL---Ufp: S?U---1US% — S* be a generic link map.
For each double point fi(x) = fi(y) = z let ¢, be its sign.
Let J, C S? be an arc between x and y.

Sergey Melikhov (Steklov Math Institute,  Brunnian link maps in the 4-sphere April 29, 2022 40 /43



Non-abelian invariant of link maps in S*

Let f=fL---Ufp: S?U---1US% — S* be a generic link map.
For each double point fi(x) = fi(y) = z let ¢, be its sign.

Let J, C S? be an arc between x and y.

Then £;(J;) represents an element of G(f \ f;) ~ RFpn_1.
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Non-abelian invariant of link maps in S*

Let f=fL---Ufp: S?U---1US% — S* be a generic link map.
For each double point fi(x) = fi(y) = z let ¢, be its sign.

Let J, C S? be an arc between x and y.

Then £;(J;) represents an element of G(f \ f;) ~ RFpn_1.

Its conjugacy class in RF,—1/c is invariant under homotopy of J; rel 9.
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Non-abelian invariant of link maps in S*

Let f=fL---Ufp: S?U---1US% — S* be a generic link map.

For each double point fj(x) = fi(y) = z let £, be its sign.

Let J, C S? be an arc between x and y.

Then £;(J;) represents an element of G(f \ f;) ~ RFpn_1.

Its conjugacy class in RF,—1/c is invariant under homotopy of J; rel 9.

Its orbit A\, € (RFm—1/c)/t is also invariant under exchanging x and y.
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Non-abelian invariant of link maps in S*

Let f=fL---Ufp: S?U---1US% — S* be a generic link map.

For each double point fj(x) = fi(y) = z let £, be its sign.

Let J, C S? be an arc between x and y.

Then £;(J;) represents an element of G(f \ f;) ~ RFpn_1.

Its conjugacy class in RF,—1/c is invariant under homotopy of J; rel 9.

Its orbit A\, € (RFm—1/c)/t is also invariant under exchanging x and y.

Let O'I-(f): Z 62()\2—1) 6Z[RF(X]_,...,)?,',...,Xm)]/T.
zeA(f)
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Non-abelian invariant of link maps in S*

Let f=fL---Ufp: S?U---1US% — S* be a generic link map.

For each double point fj(x) = fi(y) = z let £, be its sign.

Let J, C S? be an arc between x and y.

Then £;(J;) represents an element of G(f \ f;) ~ RFpn_1.

Its conjugacy class in RF,—1/c is invariant under homotopy of J; rel 9.

Its orbit A\, € (RFm—1/c)/t is also invariant under exchanging x and y.

Let O'I-(f): Z 62()\2—1) 6Z[RF(X]_,...,)?,',...,Xm)]/T.
zeA(f)

Let o(f) = (Ul(f), .. .,Um(f)).
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Non-abelian invariant of link maps in S*

Let f=fL---Ufp: S?U---1US% — S* be a generic link map.

For each double point fj(x) = fi(y) = z let £, be its sign.

Let J, C S? be an arc between x and y.

Then £;(J;) represents an element of G(f \ f;) ~ RFpn_1.

Its conjugacy class in RF,—1/c is invariant under homotopy of J; rel 9.

Its orbit A\, € (RFm—1/c)/t is also invariant under exchanging x and y.

Let O'I-(f): Z 62()\2—1) 6Z[RF(X]_,...,)?,',...,Xm)]/T.
zeA(f)

Let o(f) = (Ul(f), .. .,am(f)).

Lemma. o(f) is a link homotopy invariant.
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Nontrivial link map A with vanishing ()

Lf CULC T J Lfs“wﬂ

r/\\./\\/\

Iy

Lfvw»ﬂ

\ \/i_/\\/\
l/ f r

Coy - ey

r\r c5




Nontrivial link map A with vanishing ()

Lf CULC T J L@«V\(ﬂ

/\\/\\/\

Iy

L@EE/\OJ T1(h) = 0 since hy is injective.

c Jr\xr\

Coy - ey

r\r c5




Nontrivial link map A with vanishing ()
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Nontrivial link map A with vanishing o2(h)
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o(h) = (z = 1)(x = 1)([z,x] = 1)
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Nontrivial link map A with vanishing o2(h)
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Az h3
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Sah) = (z-D(x -z -1) = IR =0
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Nontrivial link map A with vanishing ()

AT
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ha

Az hii
|

Lo(h)=(z-1)(x - 1)([z,x] -1) =  X3°(h)=0
oo(h) = (z = 1)(x = 1)([z,x] = 1) =lzx-1#0
T
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Nontrivial link map A with vanishing ()
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Nontrivial link map A with vanishing o2(h)
+$

v ho
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Se fﬁ f
hs
3(h) =1 —-x)(1—y)(1-[xy])
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Nontrivial link map A with vanishing o2(h)
+$

b V i lﬁ f
hs
Y3(h) = (1—x)(1—y)(1—[xy]) =  ¥3"(h)=0.
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Nontrivial link map A with vanishing o2(h)

|
h3

v ho ﬁ ) [/ j/

L3(h)=(1-x)1-y)1-[xy) = IP(h)=0.

o3(h) = (1 =x)(1 = y)(1 = [x,¥]) =1-[xy] 7T'5 0.
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