
Lattice models of

st-as-ikneca-nis.I.bgChapter I. Percolation
Hyper cubic lattice :
• vertices :
Id : -_ { ( Xs

,
. . ,Xd) : ✗it

• edges :
Ed : - Kay) : 1×-915-1 }

← {x-yn-CQ.IO,-1-1,0-0$
[ Fog differ in one

coordinate ]
Let G=(V. E) add - finite subgraph

.

Take p c- 10,13

Percolation model :

each edge is open with
probability p , independently
of the others :
☒ ( e is open) =p .

Def :
7-
pace of configurations :
I:* to , sy

E

closEd →
open ②



I = { (we )e
←⇐

: we c- 10,14 }
On every edge , we have

a Bernoulli rand . var . :

we
→ 1 ( open ) w

. prob . p

→
0 Closed) - u - S - p .

Probability measure our :
product of Bernoulli
distributions :

IPCW ) = p
# Odhecw )

,,- p ,#
closedan

p

Parameter :p :

p
- density • f open edges

If p no ,
then almost no

open edges
It p - & . then alsovosf all

edges are open .

By the law of Large Naeucubers :
the expected cucumber of

open edges is p . I F- 1
.

②



Configurations → subgraphs .
w c- sash

☒
← he _- IV

,
{e : we - sy)

a
subgraph on open edges

.

Defcon ② d. E.9)
Tr = Go

,

I fled
6- algebra generated by
cylinder events
Leeeafs that depend on

finitely many edges]
.

Percolation measure odd
is the product of ←

Ipp
Bernoulli round .

var
. on

edges e. c- Ed

[Kolmogorov 's extension them .

Carathéodoory 's then ?
Basic question :
is there an tafia ite
connected component
on open edges ?

Our that the component of-0
is infinite ? o←→oo

③



Depends on p !

ÉPÉE,

pop , pop , s

chono tonicity in p
?

2. chou¥y
i-p.MY#E.y:e-2d

. Events :

• 4 ✗C-> y y : ={ 3- path on open

edges from ✗ to y }
• 4 ✗⇒ ooy : - { ✗ belongs to
an anti- ite component }Celerster )

F-✗*c { ✗→ y 4
,
h ✗→ -4 are

in the G- algebra I.
Def :
-

• connectivity function :
☒ (p) : = Ipp (o ← so)

• Existence of an infinite cluster;
44ps :== Pp (¥z, * ←> •b)

⑨



Expected behaviour :

i
e
-1s p

Pc

Big open problem :
☒ Cpe ) =D in 2 ?

Pres . Cuomo tonicity )

4,0-oreuoa-decoeasingiap#
Proof :
Je 'll construct a coupling
for percolation measures
with different p .

On every edge , we put
a uniform round

. Vor . Ue
o- EO

,
I] s

that are iudep .

of each
other !

⑤



{ the be ←* d
" he ~ uniform 10.5g
Cle and Ut are indeed .

it e # f.

Let p c- ¢0,17
.

Define we epercolation config .
) :

• we = 1 if he c- p
• we

= - if we > p

Claim : w - Ipp .

Proof :
TPC Ue =p) =p .

So IPC we
= 1) =P

.

and IPC we __ 01--2 - P .

Every we is a function
of lie

.

Since (Ue ) eggo are idea,
so are CWelected

☒
Let q e- lp , I ] .

Define w
'
:

• WE = 1 if He €9
• wie = o it Ue > q .

⑥



As before
,

W
'
~ /Pq .

Cvrueilally :

we = we
' at every ec-lf.it

Indeed ,
if we = I . then

we c- p c- 9 . thence Wf # 1 .

Then
,

if w ☒ {0 ⇒ ooh
then also W' e- {☒→ In } .

Hence
,

PCO⇒ a) a- IPCOEÉ A)
If 11

☒ (p) = Rp ( o→ D) ☒q(• ⇒a) ⇐0cg,
For 4 - analogously

☒
3. Phase transition
-

Def :
-

Critical density :

pe : = int h p : Ocp) > o }
.

⑦



F-xrc

THEY p, (2) = 2. Ino phase transition]
cii ) dzz . Then

Ocp , Cd d) < is

Proof:
Parts : Pe > 0

.

We want to prove that
when p ios small enough

,

Ipp ( o → • ) ⇐ 0
.

we will use a counting
argument :

the weight of a along
path will dominate the
camber of such paths,

paths : a simple )
Josef -avoiding works
SAWN : - set of ill

•→• self - avoéeg walks
¥I→M of oleaster n

,

starting from 0
,

⑧



Pp (o← a) =/Pp ( Fn 3- 8 c- SAWN :

all edges in &

Fu dire open )

f EI Pp ( 2 is open)
←•T→E

2d- ,

zd
✗ c- SAWA=

ph

=p
"

. I SAWul
E p

"
. 2d . @d -y

" -1

Toit paste
,

Thus
,
too any p ¥-1 :

Pp ( o → • ) = 0 .

Hence Pc 72¥ .

⑦


