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Recap :
Tpp - percolation measure

an # Ed)
p c- Lo ,
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For every edge e c- E-
d

:

11> (we = s ) =p finder .of other
IPC we - 0 )

= 1- A edges
w c- Go,

'Ed
- percolation

closed Jpeg config .

Consider the subgraph on

open edges .
When id zz ,

there exists ✗pets;

-É,
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App is : • translation - invariant

too every event A c- I

Pp (A ) - Pp Ctx A) ,
where T

,
is translation

by ✗ c- Id.

• ergodic
For every

event A- c- IF

that is translation - inv,
we have Ipp (A) c- 40,1}

.

Today :

5. Uniqueness of the
infinite cluster

.

Thus ( Aizenman - Kester -Newman
'A)

Tet p > pie .

Then

Ip ( Exists a unique § =Lp infinite cluster

⑧



We will follow a.
Beautiful

argument due to Burton
and Keane .

It is way more general !
Instead of e-dependence ,
it uses the

finite energy property :

thaw 3- e >o f so
, Sse /E ?

it sons, = and 1501,14154
,

then lppcwlsj-s.co/so--o)7C .

The weaning :
at any

finite set of edges
,

we can fix any config .

at a finite cost -

for any outside config.
E-xaunuple '

.

•Percolation on IED has this
property

• Percolation on lines of edges
does not hate it

.

( side remarks)④



Proof :
Feline a road

. var. :

N : -_ A- { infinite clusters}
Steps ceasy) :
Ikaw that either Paetus forks

or Pooch. steers)=f
In particular P( IsNed)⇒o

.

Proofs
Event {N=k} is translates

invariant
.

Hence
, by ergo dieting ,

IP (Nate) c- { 0, I }
.

then
,
for some KEANUhas

,

IP CN = 6) =L
,
cruel

IP CN - e) - o , too e -1-6 .
Now

,
assume that he > 1

and he is finite .

Id_ea : connect teres clusters
and get a contradiction .

②



for L c- IN large enough ,
we have

Exrs a:( III. 7¥clusters

%# EL , I]d

E- i
s%#→ Meese events

Open all edges in a
Ñ

"" "

IPP call edges in de) =p
Mel

are open

By independence :

Ipp (Kall
infinite clusters)z÷pintersect AL s

n 4 AL is opens
-
in this case

,

the infinite
cluster is unique.

①



thus
,
IPC unique in -1 ) so

,cluster

By ergodic
'

tug they

lP( unique iuf .
Cluster

) =L .

ccomntoadictieeer

Steps .
Exclude infinite

member of infinite clusters
.4

Ideas
"

In zzd there is not enough
peace too infinitely uraeus
infinite clusters .

Ideas
Te will prove that there

exists wavy trifurcate
'

on

points ( where 3 infinite
clusters meet)

.

These points will form
a binary tree -
iwhich grows faster
that Id

.

②



Proof:
Issue

LP CN - N) =L .

For large enough L :

(PCs infinite clusters) 21-2intersect die

% ' "
:-€É⇐1%1

,
•

a-

On this event , there
exist points ✗ • g. 2- Eddi,

s.f.in ②did
, the following

connections hold :

• ✗ ←> ←
, y ←soo, 2- too

• ✗ # y , y # 2-
, 2-☒ ✗

.

⑤



In the :
µ
disconnected

open paths from • to

✗
, y , 2-

And close all other

edges in dc .

this has a positive
probability 7- ( perp,>

1^-1

( in 22%404 exists IN

Pp (threeo-tiuiteooeconueaea.noclusters that 2

by open edges e

-

Trio
On the event Trio ,

we call

0 a ttifooe-ete.eu point .
For every ✗ c- 2d ,

define

Trix = titties

④



By translational invariance
of Ipp :

V-xc-ddlppftri.ge/--lPplTrio)zC.

Fix K very large - size ¥9
Let T : - A-qtriteration pointyin da
Estimate the expected
value of T:

LEFT)=AEp(211Trix )✗ FAR

=✗¥qelEp (* Trix )
= I P(Trix )

✗c-dak

7 c. 141
To get a contradiction
we will prove a

☒eteraeiuistie upper bound .

⑤



¥:#
Vaguely : .

• destroy all cycles
• revmo are all extra brandy

This doesn't pbreote

any trituration point .

Get a forest a

• all trituration points
have degree ⇒

• all leavers are on 2dg
.

Then
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