
thus
,
we have :

IEpff.gl?Efa..CYtgu..ag )
9+10,11*1 - " " " l - ppl } )

= IEP / f- → ' 9m . )Honoris '
taek 2 /Eplfn , ) . lEp(9mi)forth - I

= IEP (f) . Ep (g)
Lecture ⑥ ☒

D- pal 227 = §
.

Keefer's theorem from 1980
.

Proof : exercises
.

Part of a more general
phenomenon "

• in percolation :

Pc ( GD + pace
't ) = £

• in other ( bond ) models
critical point oa 222
is self -dual .

(not always 's !) ( later]



10
.
Russo - Seymour -Welsh

estimates
. 222

Next question :
what happens at pc

?

this is in fact amore
important than the value

of pe
- this behavior

will not depend on the

lattice
( it is universal)
so far we know only that

② Cpc> = 0 .

Thus
,
A. S

. ,

there exists

a dual circuit around 0 .

Apply the some to w
.

ÉÉ¥E¥
④



Apply iteratively and obtain

infinitely wavy primal
and dual circuits around

0
.

Our goal :
show that these circuits
appear

of every scale .

How to prove that

?

I I :÷aByz
n
,

depend on 4.
If would suffice to cross
the rectangle !

* fit ¥0



Indeed
,
this is an increasing

event
.
Consider its rotation

by 7 , a. ¥ :
'

☒f]
Apply Harris ' inequality :

II. Ei☒n÷⇒nDn☐ )
- 7h h h 2h

'

II. (☒ • t.PH#. ? '÷÷¥¥:÷÷☒
Coran :
it remains to cross
a long rectangle .



So too we know only
how to cross a square :

'%CE.IE/--E
Going from a square
to a long rectangle
is very non-trivial .

Wrong ideas :

• cut the osygfuaoe
-

.

¥¥¥÷¥"÷÷÷There is

counter



Thu ( Russo
'

78
, Seymour -Welsh 1-+1

There exi to ← so
,
s
.

t
.

for

anync-ME.fi#).-c .

d

In fact
.
it's enough

to toke c- ÷ .

We will discuss a more

recent proof due to
Bolobas - Riordan

.

train 2006
.

Poet : ti i

s i
↳ Is•°

A

⑤
!

3h



S : - C •
,
a] ✗ 10

, I
§ : = L - n, n] ✗ L - heh]

R : = [ - h , > a) ✗ L - h . HI
.

Define the events :

A : = { S is crossed vertically
=L 9 }

B : = { exists a vertical
crossing of S that
is linked to the

left side of S
'

}

☒ 1
Once we prove that

1Pa (B) * c , we are
7- I ⑤

dome :



:(¥Éi.
.

7- Pig / B) - 1¥11? ) - 19
,
/☒)

Hartis reflection §of A

= ÷ -
- Is

How to estimate B ?
We'll consider a vertical

crossing of S ( exists up ?)
and explore it .

We cotnssder the

right -most coossicg¥=¥ Denote his
1

crossing by T



Let 8 be its realization
.

We define a
• 0TH - reflection of 2

.

• VCD - the part off 5$
to the letter

ru rcrs
.

Consider all possible
values of r :

"¥$)= 21%181 Antrim)
8C}

• 1Pa
,
CANG F- 24)

East:(rÉ%¥¥ .

(AiR=r})K
§ /Plovers # left of S1 )
" ⇒ t.P.gl- s

')
"

I



Overall
,

Rigid> 7¥ : 1%117^4=-04
= Ee - IR
,
(A) ⇒ ¥ .

We get the estimate that
we wanted .

☒
Ryu
Note that St u ✗ca - 1) end

E. t.SI ) .- ± .

Corollary ( Box - crossing
- property >
Let f > 0 . Then

,

there

exists C -Ccp -70
,

↳ & .

¥F"¥t:c .



Proofs

If f€ Zz ,
then Bee the theorem

.

Enough to consider only
D= & + §

,

where 6 c-W
,
k > 1

.

Take the rectangles :

Ri :'-(Ci -c) n , @ * 2) a) ✗L- n , n],
I = 1

, - .

.

26 - l
.

t.IE#sFereveryxRi:1PyzCMCRi
) ) 2C

9
horizontal crossing
of Ri

Toke the squares Si :

Si : - Cia
,

Ci - 2) a)✗ 1- 4. n]
Combine

⑧



In total
,

Pig (H( lo , @k-cyixl-u.us)
Han

7%115%4*1 its:D)
i= , i - r

flariiiiaeq .

7 <
26- 1. (E)

26-2

☒

glory ( one -arm exponent)
There exists o - ✗ £1,1k

,

for army v73

÷s%lsa.) ' ¥
Proofs :

hE÷¥i¥¥¥÷H☒



For
any ✗ n

i:(1¥11 ":!¥T
a-

P¥(f
Thus

,

IE h - Pig (☒ )
Upper bound :
Fido the event :

a :-.

i l
l

s

.¥⑤→



Consider also the tree

rotations of this event ,

Razo d- , Ra • A,RzqoA .

÷

f- TI :i
1 I

i. !
÷
:|

If all these rectangles
are crossed in a longdirection in w•

,

then 0 ⇒ @Nun
.

thence
,

1M€> dans ← Au@got)U(Rao -011

By the square - VERB; @ A)
root trick :

8*0



P (⇐ day,)E 1- a- HEAD
"

Rsw T
c _< PETE?

then
,

for any n :

lP( An→ Oden) £ t.ch
Assume 4k£ u < y

let

!
Apply the estimate on
these le Scoles :

to → date Quietly :*}

Independent

☒I④



then
,

IP ( o ⇐2 Au) Ea .
= 4971

F.
☒g

660


