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Aizeeeunau conjecture that
the eéurif is invariant

to eoatoo-malttaeetoowotioe.si
if he :(I. a. b. c.d) →Car ! a :b :c:D?

conformal
then the eiaeeéfs are the

same too Cha b. c-d) and
car ? 1. b:c:

In 1992:

glandes - Poeeléeot - Saint-Aubin :
numerical evidence

• Cooddg : exact value .

⑤



Ia 200s
,
Smirnov proved

Cordy 's formula for
the site percolation on
the triangular lattice .

( implies also that the interface
between ooea/closed sites

converge to Schramm- Loewaer

Evolution - random fractal
curves ]

let IT be a triangular lattice
let 1-1-1 be the hexagonal lattice

dual to IT
.

Consider a site percolation
on IT : •

•÷÷→ÉÉ¥¥¥
l⇐⇐

Propositions
The same behavior as
in the bond percolation on 22?
• sharp phase toousih.ae
- pc=¥
• at pc : RSW estimates

⑧



Thur (Smirnov ' -200s)
Tet he @ be finite

, simply-
connected

,

with
a smooth bdref .

Pick a. b
,
c. d c-2h

Cia this cyclic order)
For 8>0

,

consider old
,
a?b?c?d§

approximation of CA a. 5. C. d)

by 8 . V7: a?b9c ? d d-

centers of faces
.

Note that there exits
a unique conformal map
ie :X .

a. b. c) → CF, 1. t.TT
T = e

>Rios

: →
→

Clearly d is mopped to
ta boundary point Qld) :

cecd) - Xt 1-41 - X),
where K C- Eo , b)

.

Then
,

IR
,
Ccadb 's→ add9)→ so

8-70 ^

P
'

g - percolation on the faces of 0TH
⑨



Proof boy

E&g¥ÉT¥Mikhail khnsitoforov .

colorings of:¥¥É¥E:¥¥¥¥¥⇒±i÷¥ " -÷.the Poles itch

-→ p€¥ and
y
bijection

boundaries C domain walls)
separating blue from red

.

They have degree 0 or 2

at every vertex
- they

split into simple cycles
C loops]

We have a uniform

measure of collections
of loops .

We're interested in crossing
eueatg

Consider

a configurations

a ng
's WIN loops

¥€¥ND paths :
ac→d

,
c → db



Trick :

Consider paths ending
inside the domain

⑥
'

Ñq¥FFE¥ The paths start
and aead at

¥¥¥I , arid - edges .

Notation :¥¥*¥IÉ¥?a gas ." - set
of all confess
with loops and

paths a←b , cat .
Let N:-# {faeces in A }
Key in the proof :
Souirnov 's paradermelanic

observable

Def
faces : -

'"/
Fb CZ) : = / Eb

-2
, act 12N

Fc CZ) : = / E
' ? AH /2N

2-
N
= # { colorings in blue

and red}
⑦



lehYfac-zj-fgczj-F.CZ)= As

proof:

Tqaz-cbo.pe/g&Ea4+/gc2-.ab/
= # { config . with loops

and 2 paths with

? endpoints at a. b. a. 7}
⇐ IE I - IN
P
do XOR with

any fixed

config .

with endpoints
•
t a

,
b
, C
,

F
.

Wo KBR w

#i•¥%⇒⇐7É¥T¥¥?÷¥¥* ¥¥¥-
¥¥¥¥¥¥¥?¥÷¥!¥¥¥¥¥¥¥:-

=☒s

⑦



Combine these three

projections :

Fff) : = Fake t.Fpb-J-P.FR
e
para fermionic observable .

( complex-valued)
.

P←ÉCdiscrete holomorphic

←☒¥y÷* -41--9>+ ce - ↳ Foster- DFW"

F 0

This means that the contour

integral ever is 0
.

☒ Fasd -2--21=(7-+1-+1) .
s i

• ( Titan
- ri )

Any dual contour can be
split into triangles :

⑦



of contour¥i¥¥¥¥¥¥⇒:÷:÷
.

integrals over

Fenner edges will coerced out.
In conclusion :

contour integral
over any closed contour

is 0 .

as
split all config .

-s (that
contribute)

into triples that agree
outside of v :

all iag.ae?bc
contribution:• ¥Ñ #cp-vi-eq-y-cr-wjc.LTof q€ 9 "

0
.

if I µi

cp-vsttcq-vlfy-TYF-va-o.ge?Hga.#-:-oEFE"

☒



CÉ(Pre compactness)
Extend For to the interior

of her by convexity .

Family of ⑤% has

sub sequential limits that

converge oeniforwlg on
every compact subset of Ñ.

Proof :
-

Use RSW ( exercise )
to prove equi continuing ☒

nov 's thou)
Let a- c- Ccd, ad
Id • C Fifa) -0

☐ Recall that :*,
I is Fadczse FIQH FEA) =L

:-.thence :

FÉCZ\- Fed =L



f- %-) = Faiz + c-
a Fatso)

Then Forces c- I 1. T
'] .

Conclusion : •
T

F? cedar) → Ct:b !¥*:
similarly :

For :( ardors → a,t,
Fo :(b%9 →t.is
Overall :

e-
•
: oils 2T

choreeoveo
,
c*) gives that

F ? r→T
.

Consider
any subsequential

ldcuif of FS ;
function ☒ .

• The dboue also holds for E.

• Contour integrals of Fore
0

④



chore ra 's there !

this Implies that F is
holomorphic .

F : I → T

or → or

cake ) '→ Csa T
,
T ?)

then F ⇐ 4
.

- the unique

conformal weep
CA
,
a
,
b. c) →F. 1. Tai)

thence F is an actual
limit.

What about ad :
• it 's on Cesar)
• Fat d7 + Fcjcd ) + Feild} =L

÷
• f- Tdd) = Faded d) + T ' Field)
I
need) = ✗ c- TT s - x)

⑦ Factor> → se



Fadedd) =
be
/

Yeah betg-fgab.cat/
¥g Easing

- "% (Diii)
☒,

Proof (pre compactness :

É '
"

1=1%-1,
"

=P ( a and 2- are not

§
¥ disconnected b-y )r :b→ c

l is
a

⑦



Look at Forces - Fiz ') :

pc

.
1FÑ→ - Eia))

c- CPC 's disconnect
•

RSW
+2 2- owned 2)

b

E c. 12 -2in

(details are misses )
Then f- d) are equ-ieoutiaeoo.es
By Arzola - Ascoli , you
can select a

convergent subsequence .

✗☒


