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Let X be a Hilbert space, and let X € X be a zero-mean Gaussian
random vector. Then, by the Karhunen-Loéve expansion, we have the

distributional equality

2 d &\ .2
| X || = %:Akfk,

where &, kK € N, are independent standard Gaussian r.v.s while A > 0

are the eigenvalues of the covariance operator

OGxf =E(f, X)xX = \f.

oo
Note that we require " A\, < oo, otherwise || X||y = oo a.s.
1

In fact,

d i
XM= 1X%E <= M =X Vk (if Ay #0).



So, to prove the identity in law for L,-norms of two Gaussian r.f.,
it suffices to verify the coincidence of spectra for their covariance
operators (excluding zero). In this case we call two Gaussian r.f. X
and Y spectrally equivalent and write X ~ Y.

The following spectral equivalence is well known, see, e.g., Donati-
Martin and Yor (1991):

1
Wi(t) — /W(s) ds ~ B(t).
0

Generalization for d = 2, Deheuvels, Peccati and Yor (2006):

11

W(ty,t0) — //W(SLSQ) dsidso ~ B(t1,t0) := W(t1,t2) — W(1,1)t1to.
0 0



d

d d
Q(x,y) = [] (1 —max{zpy}) -2 [[A-27)-27¢ [T (1 —y7)+377
/=1 /=1 /=1

Q(x,y) = K1(x.y) = [ Ka(e,y)dy — [ KaGxy)dx+ [ Ki(x,y) dxdy,
7d 7d 72d

d
Kil-x,1-y) =[] min{z,y;} +— W(x)

/=1
O(x,y) +— W(l-x)=W(1-x)— /W(l —y)dy.
Id

d

d d
o(x,y) = [[ min{zp,ue} — [] zeve +— Bx)=W(x)-W(Q) [] =
(=1 (=1 (=1

W(l B X) em’dfgntly W(X) for any d? B(X)



1
W(t) — /W(s) ds ~ B(1).
0

Gt = Au Gpu = Au
— 2 = u, | — 2 = u,
{u’(O) =4/ (1) =0 {u(O) =u(l) =0
A, = (k) ™2 A = (k) ™%
up, = cos(wkt); up, = sin(wkt).

(A=0, uyg=1)



|

Wi(t) —

Qwu = \u
— X\ =, |
J(0) =4/ (1)=0"
A = (k) ™%
up, = cos(wkt);

()\Q:O, ug = ].)

1
/W(S) ds ~ B(t).
0

gpu = A\u
— 2 = u,
w(0) =u(l) =0

A\, = (k)%

— up, = sin(wkt).



|

Wi(t) —

Qwu = \u
— X\ =, |
J(0) =4/ (1)=0"
A = (k) ™%
up, = cos(wkt);

()\Q:O, ug = ].)

1
/W(S) ds ~ B(t).
0

gpu = A\u
D, — 2 = u,
w(0) = u(1) =0

A\, = (k)%

— up, = sin(wkt).



1
W(t) — /W(S) ds ~ B(1).
0

QWU’ = A\u gpu = A\u
— 2 = u, | D, — 2 = u,
: < :
w'(0) =4/(1) =0 u(0) = u(l) =0
M = (k) ™% M = (mk) ™%
up, = cos(wkt); N up, = sin(wkt).

()\Q:O, ug = ].)

Multidimensional case, cf. Nazarov, Stepanova (2012),
IS very complicated



Multidimensional case is very complicated

Example: d = 2
Auttss — U,

1(0,s) = u(¢,0) = 0O,

)‘U’ttss — U,
uts(o s) = u (t7 0) =0,, <
\us(la S> — ut(ta 1) — Oa

7\

u(1,1) =0

upr (1,8) = u)/,(t,1) =0



MEMOPAHIVM O PABEHCTBE L,-HOPM TAVCCOBCKIHIX ITPOITECCOB

Cama, st He 3a0BLT 0 HaIlleM PasroBope 0 BO3MOKHOM 000DIIeHHE H pacnpocTpaneHnn
PABEHCTE HOPM TayCCOBCKHX NPOIeccoB | moseii. #l HneMuoro noprelicd B anteparype. Bor
4TO YV MeHs BeIpHcoBaioch. Hanpapiaennii g BHKY 7Ba (BepodATHO, eCTh H eIe).

OBO3HAYEHI? Yepra naBepxy - Beerga NpoHHTerpHPOBAHUBI npomece ot 0 10
t wan 1o (t),1), W - Beerga crapgapruoe 6poyHoBCKoe ABHXKeHHe Win juct, Wy npn-
komoreiii B (1,1) 6poyvuoBeknii auer, B - Beerga OpoyuoBcknil moct, B, - OpoyHoBcKas
MOIVIIKA,

B.(s,t) =W(s,1)—sW(lt)—tW(s, 1)+stW(1,1),

K(s,t) = W(s,t) —sW(l,1) - noae Kudepa. B ognom uz npumepos nogsisercsa on — line
npotece Kiaennbinoii, KOTopsIil MBI HCTOIL30BATH B cTaThe Hpo nojis B Transactions.

1) Ilepenoc papeHcTB 1O pacnpefiesienuio Ly-HOPM ¢ JIBYMepHBIX NoJeil Ha MHOTO-
MepHBle. Oaun Takoil nepenoc Bel ocymecTBuan "onepaTopHeIMH MeTogaMu' B CBA3H
co craTncTukoii oMera-kBagapar. ¥ Jleosenbca-Ilekkarn-Tlopa ecrs 3 uan 4 aByMmepHbx
TOMK/IECTBA TAKOTO POJIa.

Cuerd
[Ipumep 1. (paBencTBO 3/1€Ch H BUpeJIh O3HAYAET = ):

l |
Wis,t)—stW(l,1)=W(s,1) —/ / W (u,v)dudv. Bui nokazamn, uto 8 R? 310 coxpansercs.
o Jo

B ognomepnom cayvvae OpoyVHOBCKHI MOCT paBed 1o HOpMe IeHTpHpoBannoMmy Bunepy,
3T0 ecTh Jake v berun- Hukutun-Opeunrep, no, Bo3aMoyKHo, BlepBbie goKazamn /lonaTn-

Maprun u [op (1991), npuyem y Tex OBLIO Jayke MOKpyUe:



2) B OgMmoMepRpnoOM CaViae HMeeTCHA HeCKOJILKO TOXIeCTE, B OCHOBIOM 1A IMPpOHITerpH-

POBAOHLIX H HNEHTPHPOBANHBIX NMpOIecCcoB, KOTOPLIe HHKTO He IMBITATICHA DGDGHJ,E.TL JasKe

Ha JBYMepHBI ciay4aii. leoBeibe 1 coaBTOps BOOOIIE NIPOHHTETPHPOBAHHBIMHE ITPOIECCA-
MH He 3aHuMatnchk. Mue Kaykercd, 370 Hanpap/IeHHe JlayKe HHTePecHee M0 TOCTIeCTBHAM
(Tpy/amo ckasars, npore gu). I TyvT n Tam #a1o yragarh, 9TO HMEHHO HATO JT0KA3BIBATE.
¢l mpuBexy Tpm npHMepa ¢ OYeBHIHBIMEH THIOTE3aMi (BepoATHO, HeBepHbIMH). Brosme
BO3MOZKHO, YTO BMeCTO NPHKOJIOTOT0 MOCTa JOMAKHA NOSABIAATLCH MOIVIIKA HJIH YTO-TO

HHIoe.



1
W(t) — /W(s) ds ~ B(t).
0

Let w(t) be Gaussian white noise, G, = I. Then

t
W(t) = /w(s) ds =: (Tw)(t):
0
- 1
W(t) = W(t) — /W(s) ds =: ((I — P)Tw)(t).
0]

B(t) =W(t) — W(1)t?

Gy = —P)TT*(I - P);



1
W (t) —/W(s) ds ~ B(t).
0

Let w(t) be Gaussian white noise, G, = I. Then

t
W(t) = /w(s) ds = (Tw)(t):
0

1
W(t) = W(t) — /W(s) ds =: ((I — P)Tw)(%).
0]

t

1
B(t) = W(t) — W(1)t = / (w(s) - /w(u) du)ds = (T(I — P)w)(t).
0]

0

G- =(I—P)IT*(I-P);  gg=T(~P)(I—-P)T"



1
W(t) — /W(S) ds ~ B(t).
0

Let w(t) be Gaussian white noise, G, = I. Then
1

t
W(t) = /w(s) ds =: (Tw)(t);  W(l —1) = /w(s) ds = (T*w)(4).
0

t
- 1
W(t) = W(t) — /W(s) ds =: ((I — P)Tw)(t).
0]

t

1
B(t) = W(t) — W(1)t = / (w(s) - /w(u) du)ds = (T(I - P)w)(t).
0

0

G = —P)IT*(I - P); Gp=T(I—-P)(I - P)T*



1
W(t) — /W(s) ds ~ B(t).
0

Let w(t) be Gaussian white noise, G,, = I. Then

1

t
W(t) = /w(s) ds = (Tw)(t): W(l —t) = /w(s) ds = (T*w)(1).
0]

t
- 1
W(l—t)=W(1l—t)— /W(s) ds =: ((I — P)T*w)(t).
0]

t

1
B(t) = W(t) — W(1)t = / (w(s) - /w(u) du)ds = (T(I — P)w)(t).
0

0

Gy = (I — P)T™T(I — P), Gp=T( - P)(I - P)T*



1
W(t) — /W(s) ds ~ B(t).
0

Let w(t) be Gaussian white noise, G,, = I. Then

1

t
W(t) = /w(s) ds = (Tw)(t): W(l —t) = /w(s) ds = (T*w)(1).
0]

t
- 1
W(l—t)=W(1l—t)— /W(s) ds =: ((I — P)T*w)(t).
0]

t

1
B(t) = W(t) — W(1)t = / (w(s) - /w(u) du)ds = (T(I — P)w)(t).
0

0

Giviip=U~P)I"TU = P);  Gp=T(I~P)(I - P)T".



In d-dim:

W(x) - [ W(y)dy ~ B(x).
7d

Let w(x) be d-dim Gaussian white noise, Gw = 1. Then

W(x) =

P
| &=

1Tkw(x) =: Tw(x); W1 —x) =

=y
| @
|_l

Trw(x) =: T*w(x).

W(1 —x) = W(1 —x) — /W(y) dy =: (I — P)T*w)(x).
7d

d
B(x) = W(x) - W(1) [] z, = (T(I - P)w)(x).
/=1

O =A-P)T'TA-P);  Gy=T(I-P)I-P)T"



Stochastic integral:

t
Sw(®) = [[(dW(s), 0<t<1  feLy(0,1).
0

Sw ) ~ F(1L—t)B@®) (~ F(&)B(®)).

Sw () =TMpw();  Fw(t) = (I — PYTMuw(®).

g@ = (] — P)TMfoT*(I— P);

Grp = M{T*(I — P)(I — P)TMj.
In d-dim:
Swix) = /oxl' B /oxd F(y)dW(y), xez%

Fw(x) ~ F1 - x)B(X) (£f()B(X)).



The Riemann—Liouville process:

t
Ra() = o [(t—)* LW (s), o> %
0]

We also define the Riemann—Liouville bridge RS(t) and the generalized
centered Riemann—Liouville process R3(t):

1
R2() ‘= Ra(t) — t*Ra(1): R%() := Ra(t) — at®1 /Ra(s) ds.
0]

Ry () ~ R&(1).

t 1
(To) (£) = o / (t — ) Lu(s) ds: (Pou)(t) = / (1 — $)* Lu(s) ds.
0] 0]

gRg — Ta(I_Pa)(I_PJ)T&k — Ta(l_ Pa)S(I_ Spc;zk)TaS;

gR& — (I — SPOT)TOATOT(I — PaS) — (I — SPOT)TQST@(I — Pa>s°



Integrated fields:

1 T 1 1
XOley = [+ [X(wydy and xBG)= [ [X()ay.
0 0 1 X
BlO(x) ~ WI0l(x); Bt (x) ~ Wlll(x)

(for d = 1, Beghin, Nikitin and Orsingher (2005)).
Since T* = STS and SP = PS = P, we have

Gglo) = T?(I— P)T** = T*(1 - P)ST?S = T°S(I - P)(I1 - P)T"S;

G = (I-P)T?T*?(I1-P) = (I- P)T?ST?S(I — P).

n-times integrated fields:

BlO"l(x) ~ WI0"(x).



Integrated-centered field:

x0e) = (X) %00 xWe) = (X) M.

B0} (x) ~ Wi0}(x); Bil}(x) ~ Will(x).

Igoy =TI -P)TA-P)T"(I - P)T"
= (1 - P))2 (- P)sT8)? = (101 P))’S((1 - PYT)S:

g% =1I-P)TOA-P)TT*"A-P)T*I - P)

= (1-P)T)*(STSI - P))” = (I - P)T)?S(T(L - P))’S

n-times integrated-centered fields:

B0} (x) ~ W{0"}(x)
(for d = 1, Nazarov (2009)).



Bl (x) ~ W{l}(x)

For d =1, also BIOl ~ w10} (Beghin, Nikitin and Orsingher (2005)).
For d > 1, this relation does not hold.

G = (I=P)T*T(I - P)T*T(I - P)

— (I — P)STST(I — P)STST(I — P);
Gy =T (I -~ P)TT*(I - P)T = STS(I - P)TSTS(I - P)T
—=ST(I — P)(I — P)STST(I — P)ST.

(B)[011](x) ~ (WION) 1 (5,

etc.



Detrended processes of high order:
n .
X<n>(t) = X(t) — Z a,jt],
=0

where a; are defined by the relations

1
/X<n>(t)tjdt=0, ]:O,,n
0

Conditional (“bridged”) n-times integrated Wiener process, Lachal
(2002):

B, (1) = (W[O”](t) | wlo™(1) =0, m = O,...,n).

(in implicit form, Yu. Petrova (2017))



Online-centered processes:
t
X() = X(t) — %/X(s) ds= (I — T IT)X®) =: (TX)(*2).
0

Kleptsyna and Le Breton (2002), Karol’, Nazarov and Nikitin (2008):
W(t) ~ W (t).

Lemma: T™*T = I — P: TT* = J.

TT={-TT (I -7T17);

1

(T*Tw) (t) = u(t) — %/t (s)ds — / u(s) ds + /1%/816(7') drds
t o)

S S
0 t

— u(t) — %/tu(s) ds — G/Sum dT)E — u(t) — /1u(s) ds.
0 0 0



X is a zero mean Gaussian process — X (t) NE(t).
G =TGxT* ~GoT*T = Gx(I — P)
=0x(I-P)I-P)~U—-P)Gx(I—-P)=07,

(the equality (e) follows from Lemma).

Question: Let X be a CIs X

W(t) —yes; B(t) — no.

Answer: X is a —  xl0] s a



Since X(t) ~ E(t), we have

112 ad 152
1X1Z,0,1) = I¥1 50,0
However, we provide a much stronger statement.

Let X(t) be arbitrary random process on [0, 1], square integrable a.s.
Then

112 v n2
||X||L2(o,1) = ||X||L2(o,1) a.s.

Using Lemma we derive
1 1 1

/ X2(t) dt = / (TA)2(t) dt = / (T*T) (1) - X (L) dt

O o) o)

1 1 1
— /((I—P)X)(t)-)((t) dtz/((I—P)X)Q(t) dtz/X (t) dt.
0 0] 0]



