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Let X be a Hilbert space, and let X ∈ X be a zero-mean Gaussian

random vector. Then, by the Karhunen-Lo�eve expansion, we have the

distributional equality

‖X‖2X
d
=
∞∑
1
λkξ

2
k ,

where ξk, k ∈ N, are independent standard Gaussian r.v.s while λk > 0

are the eigenvalues of the covariance operator

GXf := E(f,X)XX = λf.

Note that we require
∞∑
1
λk <∞, otherwise ‖X‖X =∞ a.s.

In fact,

‖X1‖2X
d
= ‖X2‖2X ⇐⇒ λ1k = λ2k ∀k (if λk 6= 0).



So, to prove the identity in law for L2-norms of two Gaussian r.f.,

it su�ces to verify the coincidence of spectra for their covariance

operators (excluding zero). In this case we call two Gaussian r.f. X

and Y spectrally equivalent and write X ∼ Y.

The following spectral equivalence is well known, see, e.g., Donati-

Martin and Yor (1991):

W (t)−
1∫
0

W (s) ds ∼ B(t).

Generalization for d = 2, Deheuvels, Peccati and Yor (2006):

W(t1, t2)−
1∫
0

1∫
0

W(s1, s2) ds1ds2 ∼ B(t1, t2) := W(t1, t2)−W(1,1)t1t2.



Q(x,y) =
d∏

`=1

(
1−max{x`, y`}

)
−2−d

d∏
`=1

(1−x2` )−2−d
d∏

`=1

(1−y2` )+3−d

Q(x,y) = K1(x,y)−
∫
Id
K1(x,y) dy −

∫
Id
K1(x,y) dx+

∫
I2d
K1(x,y) dxdy,

K1(1− x, 1− y) =
d∏

`=1

min{x`, y`} ←→ W(x)

Q(x,y) ←→ W(1− x) = W(1− x)−
∫
Id

W(1− y) dy.

Q̃(x,y) =
d∏

`=1

min{x`, y`} −
d∏

`=1

x`y` ←→ B(x) = W(x)−W(1)
d∏

`=1

x`.

W(1− x)
evidently∼ W(x)

for any d?∼ B(x)



W (t)−
1∫
0

W (s) ds ∼ B(t).

G
W
u = λu GBu = λu


− λu′′ = u,

u′(0) = u′(1) = 0
;


− λu′′ = u,

u(0) = u(1) = 0
.

λk = (πk)−2;

uk = cos(πkt);

(λ0 = 0, u0 ≡ 1)

λk = (πk)−2;

uk = sin(πkt).
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Multidimensional case, cf. Nazarov, Stepanova (2012),
is very complicated



Multidimensional case is very complicated

Example: d = 2


λuIVttss = u,

u′′ts(0, s) = u′′ts(t,0) = 0,

u′s(1, s) = u′t(t,1) = 0,

;



λuIVttss = u,

u(0, s) = u(t,0) = 0,

u′′′tss(1, s) = u′′′tts(t,1) = 0,

u(1,1) = 0

.
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In d-dim:

W(x)−
∫
Id

W(y) dy ∼ B(x).

Let w(x) be d-dim Gaussian white noise, Gw = I. Then

W(x) =
d
⊗
k=1

Tkw(x) =: Tw(x); W(1− x) =
d
⊗
k=1

T ∗kw(x) =: T∗w(x).

W(1− x) = W(1− x)−
∫
Id

W(y) dy =: ((I−P)T∗w)(x).

B(x) = W(x)−W(1)
d∏

`=1

x` = (T(I−P)w)(x).

G
W(1−x)

= (I−P)T∗T(I−P); GB = T(I−P)(I−P)T∗.



Stochastic integral:

FW (t) :=

t∫
0

f(s) dW (s), 0 ≤ t ≤ 1; f ∈ L2(0,1).

FW(t) ∼ f(1− t)B(t)
(
∼ f(t)B(t)

)
.

FW (t) = TMfw(t); FW (t) = (I − P )TMfw(t).

G
FW

= (I − P )TMfMfT
∗(I − P );

GfB =MfT
∗(I − P )(I − P )TMf .

In d-dim:

FW(x) =
∫ x1
0
· · ·

∫ xd
0

f(y) dW(y), x ∈ Id.

FW(x) ∼ f(1− x)B(x)
(
6∼f(x)B(x)

)
.



The Riemann�Liouville process:

Rα(t) := α

t∫
0

(t− s)α−1 dW (s), α >
1

2
,

We also de�ne the Riemann�Liouville bridge R◦α(t) and the generalized

centered Riemann�Liouville process R•α(t):

R◦α(t) := Rα(t)− tαRα(1); R•α(t) := Rα(t)− αtα−1
1∫
0

Rα(s) ds.

R◦α(t) ∼ R•α(t).

(Tαu)(t) = α

t∫
0

(t− s)α−1u(s) ds; (Pαu)(t) = α

1∫
0

(1− s)α−1u(s) ds.

GR◦α = Tα(I − Pα)(I − Pα∗)Tα∗ = Tα(I − Pα)S(I − SPα∗)TαS;

GR•α = (I − SPα∗)TαTα∗(I − PαS) = (I − SPα∗)TαSTα(I − Pα)S.



Integrated �elds:

X[0](x) =

x1∫
0

· · ·
xd∫
0

X(y) dy and X[1](x) =

1∫
x1

· · ·
1∫
xd

X(y) dy.

B[0](x) ∼W[0](x); B[1](x) ∼W[1](x)

(for d = 1, Beghin, Nikitin and Orsingher (2005)).

Since T∗ = STS and SP = PS = P, we have

GB[0] = T2(I−P)T∗2 = T2(I−P)ST2S = T2S(I−P)(I−P)T2S;

G
W[0]

= (I−P)T2T∗2(I−P) = (I−P)T2ST2S(I−P).

n-times integrated �elds:

B[0n](x) ∼W[0n](x).



Integrated-centered �eld:

X{0}(x) =
(
X
)[0]

(x); X{1}(x) =
(
X
)[1]

(x).

B{0}(x) ∼W{0}(x); B{1}(x) ∼W{1}(x).

G
B{0} =T(I−P)T(I−P)T∗(I−P)T∗

=
(
T(I−P)

)2(
(I−P)STS

)2
=
(
T(I−P)

)2
S
(
(I−P)T)2S;

G
W{0}

=(I−P)T(I−P)TT∗(I−P)T∗(I−P)

=
(
(I−P)T

)2(
STS(I−P)

)2
=
(
(I−P)T)2S

(
T(I−P)

)2
S,

n-times integrated-centered �elds:

B{0
n}(x) ∼W{0n}(x)

(for d = 1, Nazarov (2009)).



B[1](x) ∼W{1}(x)

For d = 1, also B[0] ∼W {0} (Beghin, Nikitin and Orsingher (2005)).

For d > 1, this relation does not hold.

G
B[1]

= (I−P)T∗T(I−P)T∗T(I−P)

=(I−P)STST(I−P)STST(I−P);

G
W{1} =T∗(I−P)TT∗(I−P)T = STS(I−P)TSTS(I−P)T

=ST(I−P)(I−P)STST(I−P)ST.

(B)[011](x) ∼
(
W[0]

)[11]
(x),

etc.



Detrended processes of high order:

X〈n〉(t) = X(t)−
n∑

j=0

ajt
j,

where aj are de�ned by the relations

1∫
0

X〈n〉(t)t
j dt = 0, j = 0, . . . , n.

Conditional (�bridged�) n-times integrated Wiener process, Lachal

(2002):

Bn(t) =
(
W [0n](t)

∣∣∣∣ W [0m](1) = 0, m = 0, . . . , n
)
.

(W [0n])〈n〉(t) ∼ Bn(t).
(in implicit form, Yu. Petrova (2017))



Online-centered processes:

X̂(t) = X(t)−
1

t

t∫
0

X(s) ds ≡ (I − T −1T )X(t) =: (T̂X)(t).

Kleptsyna and Le Breton (2002), Karol', Nazarov and Nikitin (2008):

Ŵ (t) ∼W (t).

Lemma: T̂∗T̂ = I − P ; T̂ T̂∗ = I.

T̂∗T̂ = (I − T ∗T −1)(I − T −1T );

(T̂∗T̂u)(t) = u(t)−
1

t

t∫
0

u(s) ds−
1∫
t

u(s)

s
ds+

1∫
t

1

s2

s∫
0

u(τ) dτds

= u(t)−
1

t

t∫
0

u(s) ds−
(
1

s

s∫
0

u(τ) dτ
)∣∣∣∣1
t
= u(t)−

1∫
0

u(s) ds.



X is a zero mean Gaussian process =⇒ X̂ (t) ∼ X (t).

GX̂ = T̂GX T̂∗ ∼GX T̂∗T̂
•
= GX(I − P )

= GX(I − P )(I − P ) ∼ (I − P )GX(I − P ) = GX
(the equality (•) follows from Lemma).

Question: Let X be a Green Gaussian process. Is X̂ GGp?

Ŵ (t) � yes; B̂(t) � no.

Answer: X is a GGp =⇒ X̂ [0] is a GGp.



Since X̂ (t) ∼ X (t), we have

‖X̂‖2L2(0,1)
d
= ‖X‖2L2(0,1)

.

However, we provide a much stronger statement.

Let X (t) be arbitrary random process on [0,1], square integrable a.s.

Then

‖X̂‖2L2(0,1)
= ‖X‖2L2(0,1)

a.s.

Using Lemma we derive

1∫
0

X̂2(t) dt =

1∫
0

(T̂X )2(t) dt =

1∫
0

(T̂∗T̂X )(t) · X (t) dt

=

1∫
0

((I − P )X )(t) · X (t) dt =

1∫
0

((I − P )X )2(t) dt =

1∫
0

X
2
(t) dt.


